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LOI NOI DAU

Sau khi b6 gido trinh GIAI TICH (2 1dp) ctia tic gid do Nha xudt
bdn Khoa hoc va K§ thudr an hanh (1998 - 2000), nhiéu déc pid da dé
nghi viét tiép bé Bai tdp gidi tich gidi sdn cé phdn tém r1dt 1y thuvéi
nhie mét 86 tay todn hoc gidi tich cho sinh vién ky thudr va kv su, dica
trén bo gido trinh G1Al TICH.

Pé ddp img yéu cdu do nhdm ndng cao chdt hiong ddo tao trong
hién ral va neong lai, 1de gid dd soan bg bal 1dp nay (Tdp I (11) Gidi
tich I (11, I11), wng v6i cde néi dung hoc o hoc ky I (11, I1]).

Phdn bai tdp, tdc gid dd chon loc cde bai nr dé, trung binh dén
khé, dai dién cho cdc loai neong ting voi cdc phdn Iy thuyét theo
chitong trinh todn gidi tich hién rai. Nhiing bai khé ¢6 ddnh ddu *
nham béi dudng thém cho sinh vién (nhdt la cdc sinh vién khd, gioi).
Cudi sdch cé phdn phu clieong: Cdc dé rhi Gidi tich hoc ky | cdc ndam
2025 - 2009 cria Pai hoc Bdch khoa dé sinh vién tham khdo.

Téc gid xin chdn thanh cdm on cdc ban déng nghiép, nhdt la
PGS. TS. Duong Quéc Viét dd doc rdt kj bdn thdo va cho nhiéu y kién
gy bau.

Vi sdch moi xudt ban, khéng tranh khdi nhitng thiéu sé1, rdt mong
ban doc cho nhitng y kién chi gido.

Xin chdn thanh cdam on.
Ha Noi thang 5 ndam 2009
TAC GIA
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CHUONG 1
SO THUC - GIGI HAN CUA DAY SO THUC
§1. KHAI NIEM CO BAN

1.1. Ky hi@u logique

Xét A, B, C, ... |1A cdc ménh dé todn hoc:
A (khong A) (ménh dé phi dinh cia A)
A & B (A va B) (ménh dé hoéi)
A v B (A hoac B) (ménh dé tuyén)

A = B (A kéo theo B, né€u A thi B, ...) (ménh dé kéo theo,
diéu kien dé)

A & B (A tuong duong v6i B: A = B & B = A) (menh dé
tuong duong)

Vx P(x) (vé1 moi x, P(x)) (ménh dé khai quit)

3x P(x) (16n tai hay ¢é m&t x, P(x)) (ménh dé tén tai)
Ao A (quy luat pht dinh cua pha dinh)
(A=>B.B=>C)= (A = C) (quy luat bic ciu)
AS>Bo B = A (quy luét phan dio)

Vx Plx) < dx P(x)

(quy luat déi ngau)
Ax P{x) < Vx F(;}



1.2.Tép hop: A, B, ...

x € A(x € A) x thudc A (A chia x) (x khong thudc A))
x: phén 13 cua A

A c B (A bao ham trong B: x € A = x € B)

A=B (Abianrng B: Ac B& Bc A)

AUB(AhopB:xe AuUBS xe AvxeB)

AnB(AgiaoB:xe AnBo xe A& xeB)

A\B (AtrtB:xe A&x € B)

A= X\ A (phdn bl cha A), X: tap ¢8 dinh

A=A . A, ... A, (tap hop tich: (X, X3, ... X,) € A & X,
€ A, X: € A, ..., X, € AY). Al tich Decartes.

@: tap hap réng (réng). (khdng chita phin tr ndo)
1.3. Aph xq

f:X>Y

(quy luat tuong ¥ng: ¥x € X, dng v6i mot phén tir duy nhal y
€Y)

y = f(x) (anh cua x € X qua 4nh xa f)

f : don 4ah (to2n 4nh) (phuong trinh f(x) = y, Vy € Y ¢6
nhiéu nh4&t mot nghiém (c6é nghiém) trong X.

f : song 4nh (vira 12 don 4nh vira 12 todn 4nh).
f': x = f'(y) (4nh xa ngugc)
f.g:z=g[f(x)] (4oh xa hop).

1.4. Phuong phép quy nap todn hoc

Cho ménh dé P phy thuécn:n e N=(1,2,3,....n, ...}.

Néu P(1) ding va (¥ gii thi€t P(n) ding ta chitmg minh dugc
P(z+1) ding thi P(n) ding ¥vn  N.

12



1.5. Nhij thilc Newton

n'!=1.,2.3...n (n giai thita hay piai thra a, n € N).

A = n(n- 1)n-2)...(n-k + 1) (s6 chinh hgp khéng lap
chap k cla n phédn ti, mbéi chinh hgp khéng lap chip k cia n phin
ta 13 mdi nhém k phin tir 14y t& n phén tir dé sao cho cidc nhém
d6 khic nhau vi bdn than cdc phin tir hodce vi thd ty cdc phdn tu
va mbi phin tir c6 mat khédng qui mot 14n trong m8i nhém d6).

) 3

Cck = . (s6 t8 hgp chap k cha n phdn tit, m8i té hgp chap k
n!

cuz r phin tir |3 mét chinh hgp khong lap chap k cha n phin tir

khéng ké thy tu).

0t = 1 (quy udc),

Av oM cv__ ™
" (n-K)r * kn-k)
Cl=C" =1

Ck =Cn»-k

crlecy, =)
Nhi thifc Newton:

(x +a)° = Y Chix™ a" =Cox" +C,x""a+ ... +
k=0

1.6. Déng thic va b&! déng thirc cén ding

n(n + 1)
2

1% 142+3+4+ ...+n=

n(u + l)(2n + l)
6

2% 1°+ 2+ .. +n'=



14

39 P+27+ .+ nP=(1+2+ .. +2)
X, + X, o+ X,

4%) —— > X X,.X
n

(] 5E)

1=]

(Cauchy)

n

X,, ¥, muy ¥ (Cavchy - Bouniakovski)

6%) (1 + X))+ X)) oo (1 +X) 21 +X, + X, + ...

X, cing d4u, >-1(Bernoulli)

7% (l+x)"’.>.1+nx, n>1,x>-1

8°) [2] <n!<[n+l] . n>1
3 2

n n
9%) siny x,|<Y sinx,,0<x,<7,i=1,2,...,n
=1 1=1
sin Xsin—Xx
10%) sinX + sin2x + ... + sinnx =
. X
sin —
2
n+l _ n
€OS —— X.SIn — X
11°) COSX + COS2X + ... + COSNX = 2
. X
sin =
2
1 sin{2n +1
129 — 4 COS§2%X + ... + cos2px = __(____)x
2 2sinx

BAI TAP
1. Bing phuong phdp quy nap, ching minh:

1) n"'>@m+ D) nx=3

+ X,



2y X, Xy Xp,= 1 = X, + x4+ ..0X

L}
Y
=

x,>0,1=1,2,..,n

3) §.23"2 4 33! chia h&€t cho 19

4) §, = arctgl+ arctg1 + + arctg L. arctg
- 2 8 2n? o+l

Bai gidi
1) n=3:3"">(3+ 1) ding
Gia sit: n™' > (n + 1)" ding, nhan hai v€ b4t ding thic nay

n+2
+
vai % ta duoc:
n
(n+1)
n+2 (n-‘-l)‘2
(n + l) > ——"n'r
2(n+|)
mat khéc: M— > (n+2)"' vi

1
n"

(n + 1)2(n4 1) . nnn(n + 2)n‘l =
=(m*+2n+ D™ -@+ 20" >0
Vay (n + 1)™? > (n + 2)™!

2)n=1,tex, =1, tacéd x, 2 1: ding
Gia sir diéu khing dinh ding véin = k.
XECX,) Xgy coey Xpw Xpay > 0 VA X, . X3 o0 Xy @ Xy = 1.

C6 thé xay ra hai trudng hop: hoac x, = X, = ... Xy = Xy, = 1
khi d6: x; + X, + ... + X, + X, =2k + 1 [A didng, hoac trong cic s6&

d6 ¢6 mot s6 khdc 1, chdng han x, > 1 khi d6 phai c6 it nh4&t m6t
s& khdc, ching han: x,,, < 1.

Bay gid xét k s4:

Xys Xay ceea Xy XXy

Theo gia thiét quy nap:



Xy + XgF oo + Xioy + XXy 2 K

Do do:
Xp+ Xo + o+ X F X 2 K= XXy, + X+ Xy
=k+ 1+ x(1 — X)) = (I = X))
=k+1+x,-D=-x4)2k+1
(Chu y: D4u = chi xay ra khi v chikhi x, = x, = ... = x, = 1).
Dao=1 5.2+ 3 = 10+9=19: ding

Gia stn =k: 5.2"™?* + 3 chia hét cho 19. Khi dé:
5. 2)(k+l)-2 + 33(kﬁl)-l = 8 i 5 R 23k-2 + 27 . 33k-|

=8(5. 2% 4+ 3% 4 19 . 3* ! theo giad thiét quy
nap, téng ndy chia hé€t cho 19.

4)n=1: §, = arc(gJ—- = arctg -1-: diing
1+1 2

Gia st §, = arctg—ﬂ— : ding
n+1

Xét S,., = arctg—n—— + arclg

n+1l 2(n+l)2
n + 1
n+1 2o +1) n+1
= arclg = arctg ——
s n 1 n+2

n+1 2(n 1)

a+
(arctga + arctgb = arctg ath )
1 -ab
Vay cong thic ddng Vn € N.
2. Chuing minh
X, +X, +o X,
1) ——2 2% X, X, . %, 20

1}



2)

o (B = (85

Bai gidi

Iy Xétx,>0G=1,2, ...,n), {trudng hgp mat trong cic 86
bing 0 hoac moi 58 bang 0 (hi bat dang thnte hién nhién 1a ding).

Xét cac s6:

X

)] x2
ViI‘XZ"'xn I)\/xl‘x'_‘“‘xn "XI.X-,.-.X

rd rang tich cia chéng bang 1, dp dung bai 1.2) ta cé:

X X X
! + 2 + ... + Deen > 1]
‘vxl‘xl“‘xn VXXX, VX X5 X,

Do d4, ta c6: 1) Ro rang daw = chi xay ra khi va chi khi:

X, = Xa= ... =X

2) Ap dung 1) véi cic s6

17



V& trdi 1a not tam thitc bac hai vGi bi€n t, tam thioc 2 0 khi:

A= (va} —[ilx?\(iyf] <0

1= J\ =1

do d6é ta ¢ 3).

Dau = chi xdy ra khi vd chi khixt +y, =0 (@G =1, 2, ..., n)
nghia 13 t6n tai ~ # 0 sao cho y, = Ax, (i = 1, 2, ..., n) hol3c moi
x, hodc moi y, déu bing 0 (i=1, 2, ..., n).

§2. TAP HOP CAC 5O THYC

Tap hgp s8 tix nhién:
N={(L2,..,n ...}

Tap hogp s6 nguyen:
Z

Tap hgp s6 hitu ti:

1}

=2,-1,0,1,2, ...}

Q={x=§‘p.q62,q¢0}

Tap hop s6 thuc R, cdc phdn tir 12 cdc s6 thuc.
Tri s6 tuyét d&i cha s6 thuc:

x @ x20
k-
-Xx: x<0O

Vx,y € R:
-lxlsxs!xl

K <MM>0e-M<x<M

AN

be+yl < i + 1y

v

=yl 2 -



Pyl = [x|- 19l

i

== (y=0)
1y

X

y

A c R got la bi chan trén (dudi, bi chan) < 3c € R, Vx € A
x <c(=2c, le <c¢ (¢c>0)).

M(m) € R go1 1 supremum (infimum) cia A < R, k¢ hicu M
= sup A (m = inf A)

o 1° ¥YX € A:x <M (2 m)
2° Ve>0,3x e A:x>M-g(<m+¢)
Tap hgp cac s6 thuc R théa man moi tinh chat cda tap hop
cdc s8 hitu ti Q, ngodi ra cdn thod mdn tinh chat san day goi la

tien dé lién tuc cua R (1ién dé supremum).

Tien dé Supremun: Moi A € R. A = @ bi chan rrén (dudi)
déu ¢6 supremun (infimum) trong R.

Tap hop R ciing goi 1a dudng thing sé thuc R.
Ky hiéu R = (- o, + x). Trong R:

Poan {a,b] = {x:a

IA

X < bj
Khodng (a.®) = {x:a<x <b)
{a,by={x:a<x<b}
(a. bl ={x:a<x < b}

Ta goi 1an cin cia didm x, € R 12 khofing (x5 - €, x, + £) V&
> 0.

Theo dinh nghia Q « R. $6 thuc x khéng phai la s hiau u,
gol lamot s vo ti. R =Q u I, 1: tap hop cdc s6 vo 1t .

Néu M = sup A (m = infA) € A thi M(m) goi 14 phan tir 1on
(nho) nhat cia A.



20

BAl TAP
3. Chimg minh:
b ol o) < fa-b <l + [
2) ja+a, +a.+.+a,| 2 o - Qat\+“":}+-~+\ﬂnn
Bai gidi
1) fa-b] = fas(-b) < faf + |0 < o] + o
mat khic a=a-b+b = [a| <a-b| + b
= fa-b 2@l -l b=b-a+a=|bf <la-b + 4
=tz b=

|-} <

a

- b)) vay [a|-[o] < fa-b]

va

a—bl < Ial + kbl (d.c.m).

2yPaty=a, + 2.+ ... + a,
=k-Cyl 2@ - |-y = Bl -

Mat khéc: Jy| < fa,|+]a,|+ .. +h,|

la+a, +a, +..+a,

vay: l+a, +a, +..+a,| > || - (ja,|+|a2|+...+|an|).
*4. Ching minh
1) Va,be R,a>0=3Ine N:na>bh
(Tinh chat Archimede)
2) Va,beR,a<b=>dJreQ:a<r<b
(Tinh tro mat cia Q trong R).
Bat gidi
1) Gia st nguge lai: vVn e N:na € h.

Khi d6 A = {x = na, YVn € N} bi ¢han trén boi b.



Theo tién dé sup ¢cO M = sup A : Ve >0,3me N, ma € A, M
—g<ma. Via>0nén M>0ldy e = % thi :
M - M < ma
2

hay M < 2ma € A:
Clhing to M khéng phai la sup A, vo 1.

1
b-a

2) Theo D thi: 3 ne N:n. | >

hay l<h-'l,l%_1i theo 1)z 3p € N

n

p. 1l >nb. Goip' la s6 bé nhit sao cho:

P somi p -t <nb hay Ll
n n
e 4. p-i p |
I'tr d6: — = — - —=>b-(b-a)y=1a
n n n
vk a < p-l < b, nghia i 3r = p-! eQ:a<r<h
n n

Chd §¢: Tinh chat (rd mat cia R: Va,b e R,a<b = 3c e R:
a<c<b
#& Choe A = {x}, B=(-x)} ching minh:
Iy inf B=-sup A
2y sup B=-1inf A
Bai gidi

Iy Néu A bi chan trén thi B by ¢chan dudi vi tr x « M =

- x -t - Mo Do dé sy tén tai sup A suy ra su 18n tai inf 3.

Gia sursup A = M nghiald: Vx e A x s M

2t



vVAIVE> O, 3x e A: M-g<x <M khidé; -x2-M
vi-M<-x<-M+evdi-x e Bunghiala

inf B=-M=-supA

2) Chang minh trong tu nhu 1)

¥6.Cho A={x}.B={y},C={x+yl.D={x .y}

Xx20,y20
Chitng minh:
8] inf C=inf A + inf B
2) sup C = sup A + sup B
3) sup D = sup A . sup B
4) inf D=inf A.infB

Bai gidi

1) Gia str A, B bi chan dudi, khi dé tén tai:
m, =inf A, m.=inflB

Theo dinh nghia: Vx € A:x zC,

VyeB:yz2C,

Do dé V(x + y) € C 1 x +y 2 C, + C,, nghia 12 C by chan
duédi, vay tén tai inf C.

Theo dinh nghia cua wnf : Ux € A:x 2m,

YveB:yzm,

Vay ¥V(x+y) e C:x +y2m +m,
£
Ve > 0 dx e A mle<m,+—2-
£
dv e B : m_.55'<m_‘+5

Vaym, +m, < x +vsm, + m. + ¢«

22



nghia 12 inf C = m, + m,.
2) Ching minh tuong tu 1).

HTux<C,,y<C,,dox,y20.

nén xy < C,C,: nghia 12 sy 18n tai cia sup A, sup B kéo thco
su tén lai cua sup D.

Gia sU M, = sup A, M, =sup B
nghia 1a: Vx € A: x < M,
VyeB:y< M,
Do d6 V(x.y) e D: xy < MM, (do x, y 2 0).
Ve, >0:3x e A: M, -g, <x £M,
Ve, >0:3Jy e B: M,-e <y <M,
Do dé: (M, - e )DL, - €,) <x.y £ M,.M,
MM, - (£,M, + &M, - £,62) < X.y € M, .M,
R6 rang .M, + ¢ M, - g,6, =€ > 0.

Vay supD =M, . M,.
4) Chimng minh tuong tu nhu 3).

*7. Cho l)A:{x:-rP—.m,neN‘0<m<n}

n

2)B=(x.x € Q,x>0: x> <2)

3)C={x:x=n_
n+

l‘neN}

A, B, C ¢6 cdc phén tir nho (16n) nhat khong?
Tim sup, inf cda ching.

Bai gidi



1) Theo 2id thidt thi 0 < = < 1.
n

Ym, n € N, 1én tai m’, n' € N sao:
m’ m . . .
0< — < —,changhanm'=m,n" >n
n' n
Nghia 13 A khong c6 phdn tir nhd nhat.
RG riang A cing khong cd phan 1u 16n nhat.

Vi Vm, n € N, m < n, theo tinh chidt Archimeéde (bai 4.1)

3peN: p. 1> ! hay —‘£+—l-<l.
-2 noP
n
m 1 m
—_—— > — o
n p n '
R6 rang inf A = 0,
Vivi= 2 e A:x>0.

0
vivm e N. 3np e N:n">m.

m
viVe>0theo (4.1)dn" € N:na" > —

3

. Vo . m m
Goin=max{n', n""ythin>mvin> — hayx = — <¢+ 0,
£ n
vav inf A = 0.

m

RO rdngsup A=1vivxe A, x= — <1 (dom <n)vd Ve >
n
0, Yp € N {theo bai 4.1) 3m € N.
p(l—s‘,) m - \- ,
m> ~-——= hay —— > 1 -gnghialdAvéin=m + ptacé

€ p+m

mn )
— > 1 - e vavsup A = L.
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RoranginfA=0F A, supA=1€ A.
2) RS rang B bi chan trén (b&i 2 ching han: x* <2 < 27 = 4),

Tir x* <2,3dn € N : [x+~l~] <2
n

. 2x | 2x 1 ’
hay X"+ — + — <2> — 4+ — <2-Xx"
n n- n n-

Bit ding thic ndy thod man néu:

2x + 1 R [2){ 1 2x+1]
<2-x —+—<

n n n- n

-

hay n > ol bat phuong trinh nay luén luén cé nghi¢m
X+
(theo bai 4.1). Vay B khong cé phdn tr 1dn nhat.

C6 thé ching minh sup A = M, M° = 2, M € Q. (Gidr tich |
cha tdc gia).
) Rorang Vx € C: 0 £ x < 1 ching minh tvong tu nhu 1)

supC=1¢€ C,infC=0¢€¢C
§3. DAY 58 THYC - GIBI HAN

3.1, Oinh nghia

Diy s0 thuc (x,) = (f(n)), ¥n € N Ia mat danh xa:
f: N>R (1a citng ky hiéu: x,, x.. ..., X, .- hay (x,) hay x,,.

Day (x,) goi 12 bi chan trén (duéi, bi chan). ncu tap hop {x, |
1A bi chan trén (dudi, bi chan).

Day (x,) goi la don digu khang gidm (1ang) néu:

25



Vn € N X, < Xnel (2 xn“)
Né&u khong c6 ddu = (hi goi 12 don didu tang (giam).

a = limx, hay a = lim x, hay x, - a.

n—o

< Ve >0,3n,, Vn>n, > |xn—a[ <€

+ o (- ©) = lim x, hay x, = +® (- ®)

= YM>0,3n, Yn>n, = x,> M (< - M).

3.2 Tinh chét vé phép todn

1Y x,—>a, x,»>a =>a =a

2%y x, > ao (x,-a)>0

3 x,=cVneN=x,->c

3% x, - a = x, bi chan

5y x, > a,a>p(<q)=>3n,, Vn>n,:x,>p(<q)
6y x, > a,3n,.Yn>n,:x,<p(2q)=>ac<p(=q).
7Y x, d>a,y,o>box,ty, >aztb,x,y, > ab,

X a
- 5— (b0
;. b( )

3.3. Tiéu chudn 16n al gidi han

1Y x, >a,2,>a,Yn:x,<Y, 17,
=y, = a (ticu chuin kep)

2°) Moi day (x,) don di¢u khdng gidm (tang) va bi chan trén
(dudi) dén ¢é gidi han va x, < (2) lim x, (nguyén ly Weier-
strass).

3% Dav (x,) ¢é gidi han khi v chi khi

ve >0, Ang, Yn > ng, Ym > ng = fx” -X

< f.

m

20



D3y (x,) thod man diéu kién nay goi 1A mot diy ca ban
(nguyén Iy Cauchy).

Mot day ¢ gidi han cang goi la day hor v, nguye lai thi goi
fa diy phan ky.

. _ 1y
So e: e = lun[l+-] .
n—+ml n
log.x = Inx goi I1a logarithme neper hay logarithme ty nhién.
Chu y: Tap hop R =R U (+2) U (- ®) goi 1a tap hop cdc 50

thuc md réng: + o (- o) ky hi¢u chung li .

BAl TAP
8. Chirng minh

n+t
1) 1im(_')2 =0

n

2) him n+1

=2
n+2

3) limﬂ =0
n

n?-n+2 1

4) lim———
An” +2n-4 3

Bai gidi

1} Ve > 0, theo bai 4.1): In, e N:ny I >

fg'
ar .

n

1 p |
hay — < &,dodé Vn > n,: — < & hay
n, n-

’ . ) (— l)u 1
ching 1o: him — = 0.

n-
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2
2) Ve > 0, xét: |xu—2|= n+1_2: -3 < = <g
n+2 n+2 n
W 3 3 . . , .
Tr — <& suy ran > =, bat phuong trinh ndy luén cé nghiém
0 E

L . 3
theo bai 4.1) lAy n, = E(=)
E

(E(x): phin nguyén coa x, E(%) < x) tht Vn > n,, theo trén ta
co: :

x, ~2| <&, nghia 1a lim 2271 = 5
n+2

3) Ve > 0, xét:
xn—Oi =
4) Ye > 0, xét:

ll
X ——| =

2+(_1 < 3 < ¢ 1y luan nhu 2), ta ¢é limx, = 0.
n u

n“-n+2 1

5n-10
= . <
3{3n° +2n-4|

"3 3n°+2n-4 3
< S_n < 1 < €} n> 2.
9n- n
. |\

1y ludn twong tu nhu 2) ta ¢é limx, = .
*9, Ching minh

1) X, > a,y,2b, Vn:x,sy,2ac<h

2) Xy > a = |x, —)]n]

3) X, = (-1)" phan ky

4) X, = sin n phan ky

28



Bai gidi

1) Gia st nguge lai a > b, theo tinh trit mat cua R : 3¢ € R :
a>c¢>b.

Theo gid thiét va 5° & §3: 3n,, Vn > ny

X, >, Yy, <C Dy,
< %, : mau thuln vdi gia thicl.

2) Theo gia thi€t: Ve > 0, Ing, Yo > n,y, = |x“ —a| <€

mat khac: nxni—[au < ]x" —a]

(3.1)
do dé: “x“i—ia“ <eva x| > ia|
NXp=(-D"=1 51
x2m01 - (_l)ﬁmol =-1 = -1

Theo 1°(3.2) x, khéng cé gi6i han, nghia 1a x, phan ky.

4) Gid st nguge lai x, = sin n hoi tu, khi dé sin(n+2) - sinn
- 0

= 2sinlcos(n + 1) > 0 = cosn —» 0 = cos2n = 0O
Mat khac sin2n = 2sinncosn - 0, vay:

cos*2n + sin®2n » 0 : vo ly, do 46 x, = sinn phan ky.

10. Chitng minh

1) lilxl(‘dl\+l—%)=0‘ k>1(eN)

1

2) lima® = 1. a>o0

3) Iim'\'/; =1

4) 2o en =

5) Iim:'-' =+ 7 a>1. k>0
)

2u



Bai gidi
1) Ta ¢6:

<iAn+t-Vn = !
’ o T

(Nhan va chia véi lueong lién hop cia Yn+ —‘\/1_1_)

nhung 0 - 0, — 0, do d6 theo tiéu chudn kep (3.3):

lim {a+r1-Ya) =0

k’ k-t

2) Xéta> 1, ta cé:

a~1 -
O<a" -1= (al

Ya"' +¥a " . +1 n

L
Ly tuan tarong (v nhu 1), ta cd lima" = 1.

! t

l « l 1_
Xéta< 1,data" = — > t thi a" = —— theo trén a™ - 1|

a —
a'n
1

- 1
theo tinh chat (3.2), a" — -1- =1.

3y xér: @l = (+9n ) =
:l+n(§[l-l-- 1) + 9(—1‘2-19(\/; - !):+.>_+(%A "

(khai trién theo nhi thite Newton (1.§) x = |, a = Vl—l - 1.

Tir dé:
n(nz—l)(% 1y
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(bo cdc s6 hang duong & v phai, chi d¢ lai s6 hang thd ba)

V2
Vo1’

hay 0 < %{-!( n>1

V2

nhung 0 - 0, —=—== — 0.

-t

Viay theo (3.3) lim¥n = 1.

)R
4) Theo (1.6)  Y1+2+4..4n = 20T _ J;“Jn+l=

2 L
2“
\ !!:_f
= —:_‘ (n+l)m
2n
|
Theo 2). 3) ta ¢cé: Y142+...4n — T(l). =1.
Syata=1+X2 > ri=a-1.
Tuong tu nhu 3) ta cé:
"l P " - El
a® > "(“—)(a S hay A s Py
n
nhung %(a - 1) > + o, vay lim 2- = +
N-$v'aQ I‘
n x n
1 i
o= >+ oVl —— 5> + ®
n n n

(theo trén, a* > 1).



Chi y: R6 rang: a”" > + @@ (a> 1), 0¥ 5> + = (k > ) nén i‘—

¢6 dang vd dinh N

20
11, Tim
. 1
1) lim
Vnt!
2) lim 2
n!
3) Iim“,fl +x,, né€u limx, =0OvAVn:x, 2-1
2ety 2
4 lim D3 .+ (2n+1)

X

n’

Bai gidi

1) Theo (1.6): n! > [%]

)

2) Xét: 0 < |—
n!

_ B R R

T' 2 "mm+1l n

WL R YT R Y
m! | m+ l)' m |l m+1

]

Giasrtm + 1 > H didu gid thi€t ndy hap Iy vi theo 4.1) luon

[a| \ - 0 va lin i = ().
m+lJ n!

luon ton tai m € N nhu vay, do do L
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3) Néu x, = 0 thi:

A
Avﬁ
+
Il
o
~
1t

15%/!+xn l+x, =1+

nl®

néu - 1 < x_ < O thi:

1> gfl+x, 2[’1+xn)p=l+xn=1-

do d6: Vx, > -1 ta ¢é:

fl+x, <1+

Theo gia thi€t v theo titu chudn (3.1) ta ¢6 lim{f1+x, =

1 -

X
n

X
n

4)Tacé: 12 +32 4+  + 20 +1)2=124+224+ .+ (2n)* +
+2n+ DF- 27+ 4+ .+ (20 =

_ (en+1)en+2)4n+3) 2%n(n+1)20+1)
6 6

(theo 6.1).

2 2 2
Vay liml +3 +...+(2n+1) - %_%:

hY
n

Wis

12.* 1) Cho (x,) héi tu, (y,) phan k¥

(X4, Yo cUng phan ky) thi téng x, + y,, tich x,.y, hoi
tu hay phan ky?

2) Cho x, . y, = O thi cé6 thé k&t luan x, = 0 hoac
y. —> 07

3 Cho x, > 0, y, tuy ¥ thi x, .y, -» 0?
Bai gidi
1) Xét t8ng x, +y,, gia st t8ng nay hoi tu, khi d4:

(x, + y.) - X, =y, hoi tu, trdi véi gia thiét, vay x, + vy,
phan ky.



Xét tich x,, . y,, khong thé k&t luan ddat khoAr tich nay héi tu

hay phan ky, chidng han x, = (_—])— hoi tu, y, = n phan ky khi doé
n

XY, = (-1)" phan ky.

1 R . 1 .
x, = — hoéi tu, y, = n phéan ky, x,y, = — héi tu
n- n

(X,» Yo cOng phan k¥ thi x, + y,. x,y, khéng thé k&t luan dt
khoat 13 hoi tu hay phan ky, chiang han x, = n, y, = n* ddu phéan

ky, 16ng x, + y, = v + n’ phan ky, x, = vn+1,y, = -Jn

X + ¥, = v+ _Jl::

[ .
—m hoéi tu
Trudng hop tich x,y,: X, = 1, y, = n° : phan ky
X.¥. = n' phan ky
X, =1-(CD"%y, =1 +(1)": phan k¥ x,y, = 1 - (-1)>* = 0!
hoéi tu).

2) Khong thé k&t luan x, = 0 hoac y, - 0 vi x, = 1 - (-1)",
Yo=1+ (D" x,.y, =0 - 0, shung x,, y, khéng dan t6i 0.

3) Khong thé k&t luan x,y, — 0, ching han:

IS

Xn =
n

Xo¥n = (-1)" phan k¥, khéng dan téi 0.

-0 Yo = m.

13. Ding nguyén |y Weierstrass (W), xét sy héoi ty cda céc

n

a
) x, = — (a > 0)
n!
a a, 2
2} x, =aq + 4+—"~‘+...+ i (0<a, £9,i=1,2, ...,n)
o 10 10"
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SR
G CORCES

Bai gidi

; X _ ﬂn+| 1n a
1) X<t L £ -_<
X, (n + l)! n ou+l

ré ring 3n, e N, Vo>u,: n+1>a

Ve x *
do 46 —=

X

< 1 hay x,,, < x

o

Vay day x, la don diéu giam, rd rang x, > 0 nghia 1a day x,
bi chan dudi, theo tiéu chuin (W), x, la diy hoi tu.

a

(Theo tren x,,, = X, . e gia sir x, = /- thi x,,, &> [ va:
1 =1.0, suy ra { = 0).
2) )‘(él.x"+J - X, = la(;'—!:l >0 = x, < X,,, : X, 12 diy don diéu
tang.
9,
Mat khdc x, < a, + —?—+i‘+...+ o +... = a, + 10_ _
10° 10" b
10
= a, + |

Vay x, b1 chan trén.

Do dé theo ticn chuan(W)y: limx, tén tai.

,OX |
3) Xétr = = [I——I] <]
X" ) 2n»

is



Xper < %X, @ vay x, 12 don ditu giam, mat khic Vn : x, > 0
(tich cia cdc s6 duong) nghia 12 x, bi chan dué6i, theo tiéu chuén
(W)Y: lim x_ tén tai.

,, X 1 .
4) Xét 2 = 1 4+ —— > 1 = X,,, > X, : X, 12 don diéu tang.
X 2n+

n

Mat khéc, theo b&t dang thic Cauchy:

1

l n
[n+5+—1-2—+...+—n] LY
n S 2 2 < (H—] <3

X

n" n

(Theo chting minh sy tén tai cla s6 e (Giai tich I, C2, tdc
gra).
Vay x, bi chén trén, theo tien chudn (W): lim x, t8n tai.
%14,

1) Cho x, don diéu tang, y, don di¢v gidam vi lim(x, - y,) =
0. Ching minh x,, y, 12 cic diy hoi tu va limx, = limy,.

2) Ap dung 1) chitng minh:

. 1 1 . 1 1 1 1
Ihm{l+—+—+..+— | =lim|l+-+—+..+—+—| =€
P2 n 2 nl nin
3) Ching minh e € [ va tinh gin ddng e vdi d6 chinh x4c 1075,
Bai gidi
l) Dat Zn: X, - Yo

Xeét Zn+l - Zn = (XnH - yn#l) - (xn = yn) = (xntl - xn) + ()’n -
Yoa1) > 0, thco giad thiét.

Vay 7, 1a ddy don dieéu tang, ciing theo gia thi€t Z, » 0,
theo tiéu chudn (W): Z, £ 0. Do dé: Vn : x, < y,. hay:
X <Xy < .. €X, € ... €Y, <Yy <o <Y,y

Diéu n2y ching td x, (y,) 12 day don diéu (tang) gidm va bi
chan trén (dudi) (bd y, (x,) ching han), theo tiéu chudn (W):
limx, (limy,) tén tai va theo gia thi€t: limx, = limy,.
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2) Dat Xp= l+—+—+_+—
1 n!

1 1 1 1

Yo = 1+—+—+ —+— =X, + —

2 n! ao'n n'n

RG rang x, 1& don diéu tang vi:

_ 1
XKgat — Xa = (n+l)

y. 12 d3y don diéu gidm vi:

>0 = X, > X,

1 1 1

Yoo "V E ) T e r) e

(n+1).n+n A (n+l)2
+ )+ (+1)tfo+1n
_ —1

——m<0:yn>3’nu

Xét tlim{y, -x,)= lim —— = 0

04 no+e nln

1]

Vay theo 1) limx, = limy,.

- 1Y
Ta s€ chiing minh limx, = e. Thuc vay, ta biét lim [1+——] =e.
n

1Y . o
bat, = [l+—‘J ., khai trién theo nhi thifc Newton:
n

t, = LN N 3+ML‘+
n n 2 n-

L n(n—l)...(n—k-kl)_[k_t'j__ S

k! n n



n

>+ 1+ L[|_lj+_”+l(|_l]___(1_k_:_l]‘ vk <€ n.
2! k!

Chon - + =

ezl 4+ —+— +— =%X,., vk <n
2
. | } I
dac biét ez 1 + —+—+ .. +— =X,
o2 nt
) , 1 n ] 1
mit khdct, = [1+—| <1 + —4+—4 ..+ =X,
n 1 2! nl
Do dé: (, < x, < ¢, nhung limt, = <.

Vay theo tien chuan kep (3.3} limx, = e.

e—Xx
3)Theotrén: x, <e<y,=>0<e~x, < —‘l—-‘dat =6, 0<6<1
nln
n'n
1t 1 B
> e=1+ —+—+ —_——_—
12 n n'n
Giést‘:e=r—n—eQ: 2=1+l+i+...+_1..+_e_
n n no2 n! nln

Nhan 2 v&€ v6i n!':

m(n - 1)! - n! l+—1-+~1—+--~+—1- =9 hay s6 nguyén = sd phan: vo ly.
o2 nl) n

Vayee L XétO<e~x,<—— <107 khin2 8= e=271828 véi do
nn

chinh xdc 1075,

15. Clhuing minh cde diiy sau day hoi tu v tim gidt han cuaa
chiing

1) 0 ! + !
Xy > i Xu+ = = X“ -
1 ] 2 X

[

KH



2) xl=2.xﬂ.,=2-—l—

@t

3) X, =0, %x,., = J6+x,

* 4) X, = JE" Xu*l = \12+xu
) X, +y
F5) X, =y =q (P q20) Xpe = JKLY s Yauy = o2 2>,\
Bai gidi
) 1
D Vix, >0nenx, >0, YneNvaix, + — 22dodédx,,, 2
X

11

1, vav day x,, bi chan duadi.

X

10

Mat khdc:x,., = %[xni] < 2, +x,) = Ko VX, > L Vay

x, don di¢u khong tang, theo tiéu chufin (W), limx, t8n tai.

X

n

Sy . R N - 1 1 ,
Gia s x, = a, khi dé6:wr x,,, = E[Xn +-—J ta cé:

a

a= l a+l]ha a=
R > Yy @

2) Xét X, - X, = 2 - L X, =2 - [xn+i]
X

n

1

nhung X, =2 nén Vn : x;, > 0 vi x, + — 2 2, do dé: x,,, - X,

xl\

< 0 vd x,,, £ x,: X, don di¢u khong tang.
Mat khdc: Vi € N @ x, > L.
Thuc vay, ding phuong phdp quy nap:

X, =2> 1, giasux,>I
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1 [
Xooy = 2 - ~——:I+ll—--— > 1
X

Do dé x, 12 bi chan dudi, theo tidu chudn (W): limx, tén tai,
el su x, > a, khi do6 i

| . -
Xyoy = 2- ~— tacéa=2-- hay a=1}: Thoa min
X a

dicu kien trén.

IV e N x,,, = ,}()+x” , suy ras

szu::()+x|n1\ X.-:-| :()+xu (l)

X (2)

ns1 T Ap

X., - X, =X
Ta s& chung minh x, 12 diy don di¢u ting bing quy nap.
Thyc vay x, =0, x;, = Jg > X,

Gia su x,,, > X,, Vo € N, khi dé tr (2) suy ra:

2 2

Xip - X >0, Vi X,,, >0, Vn € N nén x,,, - X, >0

n+l

nghia 1a x,,, > X,,,. VAy x,,, > X,, Vn € N : x_, don diéu tang.
RO rang x, bi chan trén, thyuc vay:

2
n+l

Tirx, > 0va x> < x2, <6 +x,,VneN

hay x’ - x, - 6 <0, khi x, < 3.

VAy theo tieu chodn (W), limx, 16n fai.

Gia st x, - a, th (1): a’ = 6 + a hay a = 3.

4) Bing quy nap, ta ching minh x, 13 diy tang, thuc vay:
X, = JZ— X, = 1,‘2-#\[2— > x, ding

Gia st x,,, > x, hay x_,, - x, > 0.

XEL X2 - X0 = (Rger + Xa0)(Xasz = Xat) =

n+i

=2+ Xy -2 Xg=Xpy - X, >0,
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thco gia thiét quy nap, do x, > 0, ¥n € N, suy ra x,,, - X,,;, > 0

hay xn<»2 > xnil‘

vVay X,,, > Xx,, Vo € N.

x, 1a day bi chidn trén, thuc vay:

X, < 42 +l,giésﬁxn<\/5+l

thy x,,, = ‘}2+x,1 < \/2+J5+1 < \/2+21./-2-+1 = J—Z' + 1.

Vayx“<ﬁ+1,VneN.

Theo tieu chudn (W) limx, tén tai.

Gia st x, - a, khi dé & x,,, = 2+x“- tacéa= y2+a hay
a = 2 thod min diéu kién Vn:

Xo < ¥v2 + 1

5) Tir cdc diéu kién cua bai todn ta cé:

X, = 0,y, 20 (Vn € N), 4p dung b4t ding thirc:

Jgsa;b.

ta cé: Yaer

+
X2 7¥0
2

a,b20

xnyn = Xrnl

do d6: Xpoy = ,fx,‘yu 2 \/E = X,

yn+l = 2

X, *Y.

<Y

Viy x, don dién khong gidm, y, don diéu khong ting. Mat

khiéc, ciing theo trén:

Xa S Y.< ...

I\

Yo 2 X,
Do d6 x, bi chiin trén,

A

¥

L2 Xy

y, bi chan duéi.
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Theo tieu chuin (W), limx,, limy, tén tai.

+
Gia su x, > a, y, = b thitiiy,,, = Xa*¥a ta cé:
b = a+h haya—b:Ové.azb.
16.
3 . X, +X, +..+X,
*1) Ching minhx, »a=>y, = ——* > a

n

2) Ching minh x, 5 a = 2, = {x,x...x

—>a{x,>0)

a J - x - v
3) Chidng minh x, >0, =~ > a = Yyx, = a
X

4) Ap dung 1) 2) 3). Tim:

):+J5+iﬁ+.“+ﬁ/1:

1

Lin

. 1 . -
lim —, Iima", a>0
L1}
n

Bai gidi

1) Theo gid thi¢t x, > a < Ve > 0, In,, Vn > n,,

Xn —a| <g.

Xét: |a—y“|: any Xy A X, Aot X, +(ﬂ—xﬂo-l]+'"+(a_xn)

n n n ‘ -

ﬂ"u| |x,+x:+“.+x"u‘
i |

<

| n ‘ n

Hat s6 hang ddu cda v& phai din td1 0 12 hiénnhién, s6 hang
tha ba:

(' ~Xpg i ]+--~+(3—X..)\ < (n—no}: - €

n n n




(Theo gia thi¢t). Vay limy, = a.

2y Tacdz, = ',‘/)qx:...x" 13y logarithme co vé ¢ (lnx = log.X)
hat vE ta cé:
lnx, +Inx, +...+Inx,

Inz, = -
n

Theo gid thiét x, = a = Inx, - Ina. Vay theco 1): Inz, - Ina

Vil 7/, = a.
, f X, X X
3) Xét ‘;lx“ = u xl.—i.—-l...—-ﬂ— - a
X, Xs X,

. T . .

vi theo gia thigt: [im = a va theo 2).
X
n-t

$ Patx, = ¥Yn vix, = ¥n > 1 (bai 10.3))

1+d2 43+ +Un

nén theo 1): Lim [,
n
. |
facd — = "/I = - 1
'{/,T n

.o =1 .
vi lim—— = | vi theo 2)
n

X,
bat x, =athi 2L == =1 5 |.
x a

n

|
Vay theo 3) a' = gyx, = 1.

17. Dang nguyen 1¢ Cauchy, xét sy héi ty, phan ki cua céc

sinl  <in2 sinn
+ +..+

N x, = - .
Ky 3"
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cosa  Cos2i
2) x, =

Z COS
= — + . ,a e R.
12 33 nln +1)
. I
*Tyx, =) + — + +i
2 n
4 x,. = —-l- + ! + +l—
In2 Ind L
Bai gidi
1) Xét: x,,, -x,| = S’""Tl) %(“—’:—22 .+ Sinlap)
3n~ av 3n+p
-1
1 1 1 1 3P
< —+——+ = ——. =
3n+l 3n+2 3n49 3n+l |- 1
3

1 1 ] 1 1
= 1-—1 < < —
23" 3¢ 2.3 3"

vilimin=OnénVs>0,3no:Vn>nu:>3%<s‘dod6

Ve > 0, 3ny, Vo > n,, Vp € N

T Knep

vay diy x, thoa
man diéu kién cia tiéw chudn Cauchy nén limx, t6n tai

2) Xét
sy X _ | cosfn+1)a cos(n+2)a . cosln+pl |
%l T G0 +2)  mr2)a+3) T @epfotp D)
< ! + L Fot :
(n+1Xn+2) (n+2 n+3) (n+an+p+1)
1 1 1 1 1 1
= - + - + .+ -
n+] n+2 n+2 n+3

n+p n+p+1



1 1 1
= - < <
n+1 n+p+l1 n+1

1
1

T |
vi ltm— = 0 nén Ve > 0, 3n,, Vn > n,.
n

— < g,do d6 Ye > 0, 3In,, Yn > ny, Vp € N.
n

X X

n+p  n

< £. Vay day x, thoia min diéu ki¢n ctia tiéu chudn
Cauchy: limx, t8n tai.

3)Xéte:0<e<%

1 1 1 p
— + + ..+ > .
n+l n+2 n+p n+p

va

Kpep — X

n -

(Thay c4ac s6 hang bing s6 hang cuéi cing).

khi p=n: lxm, -X,

i
> — > E.
2

X

n+p X,

Vay 3e : 0 < e < % : > ¢, nghia |1d d3ay x, khong
thoa man diéu kién cla tiéu chudn Cauchy:

x, 12 diy phan kV.

4) Tuong tu nhu 3):

XD*P ~xﬂ

1 1 1
B lnin+li * 1nin+2s o lnin+pi

> p > P :l>skhip=n-
ln(n+p) n+p 2

Vay diy x, phan k¥.



CHUONG 2

HAM SO MOT BIEN SO
§1. KHAI NIEM CO BAN

1.1. Binh nghia

- HAm s6 cda mot bién s6 thuc hay mot dbi sé thuc: y = f(x)
1a mot anhxaf: X > Y: X, Y cR.

X goi 12 mién xdc dinh hay mién tén tai cia him s6.

Y goi 12 mién gi4 tri coa hAm s6 néu f 12 mot toan 4nh. Tap
hop (x, [(x)), VX € X goi la d6 thi cha ham s6.

- Cho himy =
nguge (' cia f: x
Y, mién gid (ri X).

- Cho c4c hAm vy

f(x). v&i £ 1a mdt song dnh tr X > Y. Anh xa
= ['(y) goi 1a hiun nguye cua f (midn xic dinh

fx),f: X->Y

g(y),g: Y >Z
f, g 1A céc toan 4nh.

z

1l

Auh xa hop f.g : Z = g[f(x)] goi 12 ham hap cia f v g c6
mién xdc dinh X va mién gid tri Z.

- Him y = f(x): ¢6 mién xdc dinh X, mién gi4 tri Y goi 12 bi
chan trén (dudi, bi chin), n€u 1ap hgp cdc gid tri Y cda né 12 bi
chan trén (duéi, bi chan):

M = supf(x) = supY, m = i.[_l)t;f(x) =inf Y

eX

N&uw M(m) € Y thi M(m) goi 12 gid tri 16n (bé) nh4t cua f(x)
trong X.
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N&u trong 14n can clia x,, : M(m) = f(x,) thi M(m) goi 12 gid
tri cuc dai (ti€u) cia him s6 tai x, € X, goi chung 1a cuc tri:
Ymax (ymin) = f(xo)‘

- Ham y = f(x) 12 don diéu khong gidm (kh6ng ting) trong X
néu: Vx,, xa € X, x;, < x5 : f(x,) £ f(x,), (f(x,) 2 f(x.)).

Né&u khong c6 dfu bing thi f(x) goi 12 don diéu tang (giam)
trong X.

- Ham y = f(x) don diéu tang (gidm) trong mién X thi tén tai
ham nguwgc x = f''(y) cling don di¢u ting (gidm) trong mién Y la
mién gid tri cua f(x).

- Him y = f(x) 1a chin (1&) trong X = (-4, +¢&) ({ > 0) né&u
vx € X : f(-x) = f(x) (f(-x) = - f(x)).
- Ham y = f(x) goi 13 tudn hodn trong X néu:
da # 0: f(x + a) = f(x), Vx € X.
S6 duong T (nhd nhédt) sao cho f(x + T) = f(x) goi 1 chu ky
(nho nha4t) cia ham so.

1.2. C&c hém 58 56 cdp co ban

1°) Ham luy thia y=x*aekR

2°) Hom mi y=2a*a>o0,=l.
3°) Ham logarithme y =log,x,a >0, # 1.
Bac biéta=e: y = Inx

1

lox = Ina.log,x, log,e = —
Ina
Inx = Inl0.1gx, lge =
8 8 In10
Inx = Mlgx, M = 2,302

4°) Ham I[ttqng gidc
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y = sinX, y = COSX, y = igX, y = cotgx.

5% Ham lugng gidc nguoc

y = arcsinx, - 1 £x <1 T eyl
T T2V

y =arccosx,- 1 <x<1,0<sys=x

n n

y =arcigx, -@<x<+ o, - -<y< —
2 2

y = arccotgX, - o <X <+ 0, 0<y<™

. b4 n
arcsinx 4+ arccosx = 5, arctgx + arccotgx = —5

xty
1Fxy

arctgx L arctgy = arctg . (xy <1)

arctgx = arcsin

,-0 <X <+

1+x
6°) Ham Hyperbole
e —e™* \ et +e’”
=shx = ——, = chx =
y 2 y 2
y=thx=ﬂ, y=cothx=-—l-—
chx thx
ch’x - sh’x =1
1 1
—=1- th?x, — = coth?x - 1
ch®x sh”*x

ch(x * y) = chxchy *+ shxshy; ch2x = ch®*x + sh®x
2chx.shx

Ham so cdp 12 ham duge xdc dinh bing mét céng thic duy
nh4t lien he gitta cic ham so cdp co ban bing mo6t s6 hitu han céc
phép tinh dai s6 (cOng, trur, nhan, chia, 14y 1uy thira, 14y can) va
c4c phép lap ham sé hop.

sh(x £ y) = shxchy + chxshy; sh2x
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Chii y:

Ham y = y(x) cho b6l phuong trinh F(x, y) = 0 (1) zoi 12 ham
an cia bién x trén 1ap hop E. Néu Vx e E, phuong trinh (1) ¢é
nghiém duy nhat,

Theo dinh nghia thi F(x, y(x)] = 0 trén E.

BAI TAP
18. Tim mién xdc dinh cda cdc him s8:

Xx=-1

2) y= \)sinw/;

Ny

3y =lgl -~ lg(x™ - 5%))
4) y = arcsin
1+x
5) y =arcsin(l - x) + lg(lgx)
Bai gidi

1) Ham s6 y xdc dinh khi x > 0 vd x> - Vx = 0 hay x # 0

hoac x # 1. Vay ham s& chi xdc dinh khi x > 0 vd x = 1, nghia 12
mién x4c dinh cia ham s6 1a:

X =(0, Hu (), +x)

2) Ham s6 ¢6 nghia khi x > O va sinJ; 2 0 hay 2krn < \/; <

Qk + D, x 20, k=0, 1,2, ... vd 4k™n® € x < (2k+1)*n*, k = 0,
1.2,

Vay mién xdc dinh cha ham sdé la:
X = U [4k’r’, 2k + 1)*n°]
1=01.2.
3) HAm s8 xac dinh khi:
- lg(x"-5xy>0vax*-5x>0
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hay x¥ - 5x - 10 < 0 vd x™ - 5x > 0.
Ciéc b4t phuong trinh nay cé nghi¢m:

S, 3

vax <0 hoacx>5
2

Vay mién xdc dinh cia ham s6 di cho 1a:

X = (5_‘/5 o]u(s 5*‘/6;]
- s,

2

4) Ham s6 xic dinh khi:
2x
1 +x

-1 =

<l,x#-1 1

Néu x < - 1 thi 1 + x < 0 vd bit phuong trinh (1) viét duge:

x 21
-l-x22x2x+ 1> 1
X <——

3

Vay hé vo nghiém.
Neéu x > - t thi (1) viét duge:

x<1

-l -x<2x<sx+ 1 = 1
XZ—-};

Vay mién xdc dinh cda ham s6 dd cho 1a: X = [—% l].

.. . . x>0
5) Him s6 xdcdinh khi -1 €1 -x<1va

hay 0 £ x €2 vax > 1.

Vay mién xic dinh cia him sd 12 X = (), 2].

19. V& d6 thi cha‘cdc ham s6:

1)y = E(x), E(x): phdn nguyen cuia x, E(x) < x.
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[ néux>0

2) y =signx = 0nfux=0
—-1néux <0
(Poc 12 sig - num cua x)

3) y =X + sinXx

" y:x'+!

X
*5) y = arcsin(sinx)
Bai gidi
1} RS rang E(x) xdc dinh Vx € R

0:0<x<«i
E(x) = <1:1<x<?2
2:2<x<3 y

Do dé ta ¢6 A6 thi ———
cua ham s6 (H1). |

2) Theo gia thiét ! _
ta ¢6 d6 thi cua ham | a ! X
s6 (H2). f

3) bE ¢6 dé thi —_——
cia y = x + sinx (VUx
€ R) ta v& do6 thi cia
cdc ham s6 y, = x, y.
= sinx réi coéng tung
do cua y, vd y, vdi
cimg hoanh d6 x, (a ¢é Hinh 1.
cdc di€m (X, y, + y-) trén dé thi cia y vi tr dd ta ¢6 d6 thi cla y
(H3).




I
~—

<
Il
1]

x # 0,

|
Yy =X ¥ = —
X

Tuong tu nhv 3) ta
c6 d6 thi cia y (114).

5) Ham ndy xic
dinh V x e R, tuln
hoan, chu ky 2x vi:

arcsin(sin(x + 2m)) =

= arcsin(sinx)
, .. T
Mat khac sin( 5 + a)
. b4
= sin( 5 - a), Voo € R nén
. . T
arcsm(sm(; + ) =
., . 7
arcsin(sin{ — - a)).
2
nghia 1 dd thi cua

ham da cho do1 xdng véi

Xér - =&
2
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1
0 X
—_———i— —1
Hinh 2.
Y
)
! 1
| 1
|
] |
i N
o0 \_ A
Hinh 3.

dudng thang x

oo Lo
< x £ — thh y = arcsin(sinx) = x.
2



, . m In . PN ,
Do d6 khi Py <x < ey thi y = - x. Vay ta ¢6 d6 thi trong

mét chu ky tinh tign doc Ox nhimg doan 2n ta duge toan bo dé
thi (H5).

Hinh 5.
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20, Tim mién gi4 tri cla cac ham:

2
D y= -

X~ +9
2) y= A2x-1-x°
3) vy = arccos

1+x°
4) y = sinx - S5cosx
Bai giai
1) Midn xac dinl cua hdm s6: X = R.
Dé tim mién gid tri cia hdm s6 ta gidi phuong trinh y =

ﬂ 19 (1) v6i x 1a 4n s6. Midn gid tri cha y 1a (dp hgp cdc gid tri

X
cha y dé 1ir (1) ta xdc dinh duge x.

Tu (1): x*y - 2x + 9y = 0, ¢é ughitm d&i vai x khi:

A=1-9y"20 = -

IA

y <

w |-
] —

Vay mién gid tri phai tim la; Y = [—

Ly | —
B

| =
| I |

2) Tuong g nhu 1):
Y E=2x-1-x"2x -2x+y +1=0
Al=1l-(y+I)=-y ' 20>y=0.

Vay mién gid tri cha ham s6 1a Y = {0).

2x

2) Ciing tuong tu nhu 1): = cosy

L+x°

xcosy - 2x + eosy = 0 = A' =1 - cos’y = 0



= - I <cosy € 1, theo dinh nghia cua arccos tacéd 0 <y < 7.
vay midn gid tri cna hadm di cho 1A Y = [0, =n].

4) Tacd y = v26 sin(x - @), véi tge = 5.

Vay M < 26 va mién gid tri cua ham s& da cho la:
Y = [-v26 .26

21. Tim hdm nguge viA mién tén tai coa néd, cla cdc ham sau:

D y=x"-4x+2

2) y= Fox Jx ozl
1+x

3) vy =shx

4) y = signx

$) y = x’signx

Bai gidi

1) Xét phuang trinh x° - 4x + 2 =y, (1)
Nghiém cua (1): x, = 2 - ,’y0+2 , Xa = 2 + 1/)’0"‘2 véi moi
Yo = - 2.

Xét - & < x £ 2 thi Vy, 2 - 2, (1) ¢hi ¢6 mét nghiem duy
nhdt x = 2 - Jy,+2. nghia 12 hdm y = x* - 4x + 2 trong (- %, 2}

c6 hdm nguwge x =2 - Jy+2 véiy =- 2.

Né&u xét - = < X < + » thi Vy, > - 2, phuong trinh (1) ¢é hai
nghiem (khoéng c¢é nghiém duy nhdt) nén hdm y = x° - 4x + 2 khi
- <X <+ o khong tén (ai hdm nguoe.

l_
Hy= >
1+x

Trén (- oo, - 1),y don diéu giam tir - 1 dén - x
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(- 1, + @), y don diéu giam t¥ + o dé€n - 1

Do dé. ¥y e R,y = - 1, t6n tai ham ngugec duy nh&t cda y:

X = -l—:—y‘y;t- 1.
1+y
. e -e”
3) y = shx, tabi€tl shx = ————, - o< x <+ ®

Trong (- @, + ), shx 12 don diéu tang tir - o dén+ .

Do d6 Vy € (- @, + «) tén tai hAm nguge duy nhat:

X

f'(y), d& tim x, ta xét:

y:%(c‘-c“)::e:‘-2ye‘-l=0

= e =yt |y’ +1,Vie' >0 nén ldy ddu +

Tacéi e =y + 4y +1

Do dé: x=1In(y + yy*+1), -0 <y<+®

4) y = signx. Theo dinh nghia:
1 khi x>0
y = signx = f(x) = <0 khi x=0
-1 khi x<©
Do d6 phuong trinh f(x) = y, ¢6 v6 s6 nghiém x.

Theo dinh nghia, him v = signx khong tén tai ham nguge.

x* khi x>0
5) y = x’signx = <0 khi x=0 (N

—x* khi x <0



Troug (- o, + o), ham v la dan di¢u tang, do dé Vy & R, tén
tai ham nguge x = f'(y).

Tu (1) suy ra:

\6 ki y >0
x = <0 khi y=0

-J-yklu y<0
J-ykhi y

Vay x = 1y|.signy

22. Xét tinh bi chan, tim sup, inf, gid tri 1én (bé) nhat M(in)
clia cac ham sau day trép mién X tuvong ung.

X

1) y= — X =R
X" +1

2) y= = X=R
X~ +1

4) y = sinx + cosx, X = [0, 2xr]
Bai gidi

“

X~ +1

1) Ap dung bat ding thirc a”+b > ‘z\b

ta ¢6 |x| <

3

b= 1)

1 x*+1 1
Do 46 Vx € R: |y|=|x2"+lig5_’;2i] =5

Vay ham y bi chan trong mién X = R.
N 1 . 1
Rorangsupy =M= —,mfy=m=- —.

2 2
) Vix<x 4+ 1,9Yx € R nén:
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~

x2

ly| = < 1. Vay y bi chan ¥x € R, X = R.

X +1

R rang supy =1, infy =m = 0.
x< X wX

3) Theo dinh nghia:

y=x-L{x)=
. ¢ x-1:1€x<2

Do d6 ta ¢é6 dé thi

clua y trén HG6 v3 supy y
whR

=l.1‘l:1£y=m:0.

4) Tacdy = sinx + / //
COsSX = \Eco{x—%). -1

Do dé: |y| < V2.
Vx € R, dac biét vVx €
(0, 2m) vad supy = M =

x<X

ﬁ,ig{y:m:-ﬁ4

Q
-
N
8

Hinh 6.

*23, Chémg minh rang, néu;

1} f(x), g(x). h(x) 14 cd¢c ham don diéu tang va f(x) < g(x) €
h(x). ¥Yx € X thi:

fIi(x)) < glg(x)] £ h[h(x)}
2) f(x) Ia don dién tang (gidm) trong X thi 1én tai ham nguac
x = {'(y) cing don di¢u tang (gidm) trong midn Y 12 midn gia tri
cua f(x).
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Bai gidi
1) Theo gia thi&t thi:

fE(x)) < fla(x)] < glg(x)] < blg(x)] < h[h(x)] (d.c.m)

2) Xét f don dicu tang (giam: chdng minh tuong ty).
Theo dinbh nghia ¥x,.x, € X, {x, < x.):
[(x,) < f(x2); f(x), f(xx)eY

= X, # X, = f(x,) = [(x.), nghia 12 { 12 mdt song 4nh tic X
vio Y, viy 16n tai drh xa ngugc ' ciing 1A mot song d4nh tr Y
vao X 12 ham ngugc x = £'(y) cda [ xdc dinh trong mién Y.

Ré& rang x = f'(y) 12 don diéu tang.

Thuc vay, néu y,, y. € Y,y <y, thi x, < x, vi n€u khéng,
nghia 1A x, > x. thi theo gid thi€t f(x,) 2 f(x,), tdc A y, > y.:
mau thudn var gid thiét y, < vy,.

24. Xét (inh chin, 1& cua ciac ham s6 sau:

D fo = Ya-xF + Ya+x)
2)  f(x) = In(x + Vi+x>)

3y [(x) = sinx + cosx
4y f(x) = sign(x" - 4x)

Bai gidi

1) Yx € R: xét f(-x) = -‘\/(Hx)l + %/(l—x): = f(x)

Vay [(x) li chin Vx € R.

2) Ux € R &L f(-x) = In(- x + Jl+x°) =
1

(—x+\[l+x:)(x+wfl+x:j
=ln—— =
x+Vl+x° X +Vh+x°

= In
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= -In{x + s/1+xT) = - {(x)

Vay f(x) la ham ¢ Vx € R.

2) VX € R: {(-x) = 8in(-x) + ¢cos(-x) = - S$IX + CcosX
= f(x) (-f(x)
Vay f(x) khéng chan 1€ vx € R.

4) ¥x € R, xét {(-x) = sign( - x)* - 4(-x)) = sign{-(x* - Ix)} =
= - sign(x' - 4x) = - [(x)
Vay f(x) Ja 1& ¥x € R.

25, Chéng minh rang n&u f(x), g(x) 1a cdc ham tudn hodn va
xdc dinh trong cing mot midn va ¢é chu ky T,, T, thong uéc véi
T, . N N

nhau (T' =1 e Q) thi f(x) * ¢(x), f(x).g2(x) ciing 13 cdc ham tuan

»

hoan, chu ki T 12 BSCNN ciia T,, Ts.

Bai gidi
T m C
Theo gia thiét — = — ., m, n € N, m, n nguyén 186 cung
T. n
nhau.

Pat T = nT, = mT., khi dé:

f(x + Ty £ g(x +T)=f(x +0uT,) £ g(x + mT,) = f(x) £ g(x)

f(x + T.gx + T) = f(x + nT)).g(x + mT,) = {(x).g(x)

Vay [(x) £ g(x), f{x).g(x) la cd¢c him tudn hoan, rd rang chu
ky T cia né Va BSCNN cua T, va T..

26. X<t tinh tudn boam v tim chu ky cda cdc ham so:

1) f(x) = Acosax, (o # (), f(x) = Atgax (« = 0),
f(x) = sin"x

2) f(x) = Acosx + Bsin2x + Ctg3x
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3) f(x) = 1gJx
4y f(x) = sinx"

5) B(x) = sinx + siny2 x

i
6) f(x) = X EQ (ham Dirichlet)
0:x €1

7y [(x) = x - E(x)

Bai gidi

1) B¢ xét tinh tuén hoan cia him s6 ta gidi phuong trinh:
f(x +a) = {(x) d¢ tim a = const # 0
= Acosu(x + a) = A cosax
= ax + aa =* ax + 2kn

= 2T L0 (k=0
(6

Vay ham s6 da cho 1a ham tufin hodn va s§ duong T nho nhat
dé: f(ix + Y =) AT = |2_7‘|
L

. SN . . 2W
Tuong ty, ham f(x) = Asinex 13 him tvan hodn, chu ky —.

el

Tuong ty, ham f(x) = Atgax, f(x) = Acotgax 12 ham tudn
n

a
XEét ham y = sin®x, tuong 1y nhu trén ta ¢6: sin™(x + a) =
sin"x (1). N&u n I¢ th tir (1) suy ra:

hoan chu ky la

Stn(x + a) = sinx
hay X+ a=x+ 2knm,

X+a=mxn-x+ 2kn.
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T dé:  a = 2kx, hiim la tudn hoan vi cé chu ky: T = 2n,
Né&uw nochan thi tx (1) suy ra: sin{x + a) = + sinx.
Tier dé: x +a=m+ x + 2kn

hay a = (2k + 1)x vA T = n.

Tuong ty: ham f(x) = cos"x i ham tudn hoan chu ky 27 néu
nlé, m n¢u n chan.

2) {(x) = Acosx + Bsin2x + Ctg3x
Tacd: Acosx ¢6 chu ky 27,

Bsin2x c6 chu ky 277[ = 7.

Ctg3x ¢6 chu ky: %

Theo bai 25, chu ky cua f(x) 1A BSCNN cua 27, 7 va

I“JIF.
-~

T = 2n.

3 f(x) = lg\/;, trang ty ldo lugt ta cé:
thx+u :lg\/; = JYx+a = J; = kn

= x +a=x+kn + 2knvx hay a = k’n® + 2kn/x; a phu
thuoe x, nghia 13 khong tim duwge a = const # 0, do d6é ham da
cho khong 1a ham tuan hoan.

4) f(x) = sinx~, 1dn luot ta ¢é:

Sin(x + a)° = sinx® = (x + a)* = x* + 2k~n

(x + a) =7 - x" + 2kxn, tX cdc phuong trinh nay, ta
khong tim duege a = const = 0. Vay ham s& dia cho kbong la ham
tudn hoin.
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5) f(x) = sinx + sin‘/fx

sinx ¢d chu ky 2n, sinv2 x ¢é chu ky —n‘ nghia la khéng

V2

téon tai BSCNN cia 27 va 2n nén f(x) khong 1a ham tuin hoan.

V2

. l:nfux € Q
6) Néu T e Q,tacéd f(x + T) = )
O:néux €1

hay f(x + T) = f(x)
Vay f(x) 12 ham tudn hoan c6 chu ky 12 mét s6 hiru ty bat ky.

RG rang khong c6 s6 vo ti nao 1a chu ky cua nd.

Nfx)=x-Exy=>f(x+a)=x +a- E(x + a)
Do dé tir: x+ a - E(x + a) = x - E(x) ta suy ra:
a=EXx+a)- E(x)=m,meZ

Vay ham da cho 12 tuén hoan, chu ky T = 1.

§2. GIOI HAN CUA HAM SO

2.1. Binh nghia

a = lim fix) hay f(x) = a (x = X,), (X4 € R.,ae R).

l—)‘o
S X X, £ X, X, 2 X = f(x,) >a (D

hay e Ve > 0,38 >0,0 < [x-x,| <& = [fx)-2a <& (2)

(X4, 4 € R).
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Gidi han bén phai (trdi) diém x,, cila f(x):

a= lm f(x) < [3x,. X, £ X,, X, > X, (< X)) = f{(x,) = a}
g

S (Ve >0,30 >0, x, < x <X+ 8, (Xg- D <X <Xp)

= [f{x)-a <&

a= limfix) © lmf(x) = hmf(x) =a
LAnd Y \—»x:( oy

Chd y: Ta cing k¥ hidu x; (x5) = Xg + 0 (x4 - 0)

a= hm f(x) e Ve >0,3IN>0, Vx >N (<-N)

= |f(x)—a\ <€, (ae€R).

+® (- 0) = limf(x) © VM >0,35>0,0< [x—x,| <8

= f(x) > M (< - M).
+o(-o)y= Iim f(x) & VM>0,3N>0, ¥x >N (<-N)

XAw -y

= f(x) > M (< - M)
Chii ¥:

x > + 2 (- ») ky hi¢u chung ld x > .

2.2, Tinh chat va phép to&n

Xét x, € R.aeR

1% f(x) = a,, f(x) > a, (X = X5) = a. = a,

2% f(x) > a (x oxy) &« (K(X)-a) = 0 (x - x,)

3% f(x)=c¢,Vx € X = f(x) > ¢ (x 3X%,), xg € X

49y f(x) = a (X = x,) = [(x) bi chan (x 5x,)

3% f(x) = a(x > xy),a>p (<q) = 3 lan can cha x,
(trir X ) f(x) > p (< q)
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hon

6°) f(x) = a (X = X5), 3 1an can clta x4 (Iriy XD
f(x)<p(2q)=a<p(2q)
7% f(x) > a,g(x) > b (x> i 2f(x)xg(x) >axhb
f(x).g(x) = a.b, [(x)/g(x) > a/b (b # 0) (x > x,)
8%) f(x) = a (x > x). g(y) » b(y > 2a) =

= g{f(x)] = b (x > x,).

2.3. V5 cling bé (VCB). Vb ciing 16n (VCL)

Xét x, € R:
+ f(x) 1a mot VCB (VCL) kht

X > Xoe limfox) =0 ( lim|f(x)| = + «)
l—’lo

l—l.\o
+ Cho f(x), g(x) VCB (VCL) khi x & x,.

f(x)

f(x) goi 12 c6 bac k so vdi 2(x) < lim .
(a(x)]

=C#0 k>0

k > 1: f(x) (g(x)) c6 bAc cao (th&p) han bac cda g(x) (f(x))
k = 1: f(x), g(x) dénp bac
k

1, ¢ = 1: f(x), g(x) 12 wwong duong nhau.

Ky hidu: £(x) ~ g(x) (x = x,)
N€u f(x) ¢é bac k so vai g(x) thi: f(x) ~ C(g(x)]*
Clg(x)]* 1a phédn chinh cia f(x), g(x) A VCB (VCL) co so.

+ N&u f(x), g(x) VCB (VCL) (X = Xg). g(x) ¢é bac cao (thdp)
bac cua f(x) thi: f(x) + g(x) ~ ((x).

+ N&u f(x) ~ £,(x), g(X) ~ g,(X) (x = X;)

thi: lim&)- = lim f,(x) . (Xo € R)
Lo Rl

O(g(x)): k¢ hi¢u VCB bic cao hon bic cua g(x).
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2.4. Céc gidi han va cong thic fuong duong théng dung

1) lim S=X

X—rXy x_

x !
2% lirr{l+-l—j =e, liml+a)" =e
o X a0

% lima*=1(a>0,#1)

X0

=1

4°) lim a* =+ o (0),a>1
Y )
a!

5% lim=. =+®(a>1,k>0)
X—Dvmx

6% 1im°5% = 0@ 1.k > 0)

14w Y
7% lh?oxklog.x =0(a>1,%k>0)
x—

8% limlog,(l+x): 1

—,(a>0,%1)
x-50 X ina
on 12 —1
9°) lim =lna, (a>0, # 1)
10 X
1+x)° -
10°) nngg_xu =a, o € R
x— X
lum uy
o 3 l+ v = u-30,v@®
1% lim(i+u) = e

v

12%) sinx ~ x, tgx ~ X, arcsinx ~ x,(x = 0)
x? 1
13°) 1 - cosx ~ = (x = 0), tgx - sinx ~ ~2—x3 (x »0)
14°) In(} + x) ~x (x > 0)
15 e* -1 ~%x (x > 0)
16 (1 + x)*- 1 ~ax (x > 0),(a € R)



2.5. Cac tigu chudn 18n tai gidi han

1°) ¥x e X: f(x) £ g(x) < h(x), lim f(x) = lim h(x) = a,

XX, X Xq

X, € X = lim g(x) = a (kep)
X330
2% Néu f(x) 12 don diéu khong gidm (tang) trong (a. b) (a. b ¢ R) va
bi chan trén (dudi) trong khodng d6 thi lim f(x), (lim" f(x)) ton tai

x—=h~ X—3

(Weierstrass).
Néu f(x) khéng bi chan trén (dudi) trong khoang dé thi:
lim f(x) = + o, ( lim f(x) = - w)

x—b~
3°) Ham f(x) ¢6 giéi han 12 a khi x - x, khi va chi khi:
Ve > 0, 38(g) > 0; Ux, x": Ix~x0| < B(e), ix'—xo‘ < 8(e) =

—a

= lf(x)—f(x'l < e (Cauchy)
Chu y:

1) Khi tim gidi han, ta thudng gap cdc dang vo dinh % hd
[o o]
0.0, © - o, 1™, ©° 0° ta phai bi€n d8i va diung cic khdi
niém da bi€t d€ khir c4c dang v dinh dé6 di, ta s& tim ra
gi6i han phai tim n€u gidi hane dé tén tai.

2) Ta ciing ky hién e* = expx

3

BAI TAP
27. Chiing minh:

1y  lim

2) lima*=0,(0<ac<l)

X—+ £
X

3) !imET:+cc(a>l,k>0)

X vy
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1
3y lim 2% _ g a> 1.k > 0)

5 limx*log,x =0(a> 1, k>0)

="

4 . .
0) l.acos— khéng tén tai
x () X

Bai gidi
1) Lay mét day bat ky x, # 1, x, = 1 khi dé:

f(x,) = X, -1

=X, +X,+1 >3

n

1

Theo dinh nghia (1), (2.1): limf(x) = lim >

1l =g =1

= 3.

Ta cé thé 1am theo dinh nghia (2), (2.1) nhu san: Ve > 0, xét
moét 14an can cia x = {, chdng han khoang (0, 2) va xét:

3

X 11—3 = ‘(x—l)(x+2} < 4|x—ll <¢, Vx € (0, 2)

X —

& x* -
Cll(_)115=——llli0<|x—l}<8:> -3 <¢

4 ! x—1

x* -1 :
Theo dinh nghia (2), (2.1): lim A = 3.
X~ X —

2) Vi x - + o, nén lay mot day bat ky x, > 1, x, - + o, dat
I(x,)=n, khidé:n<x,vi0< a™ <a", (O<cac<l).

U s e | s 1
R& rang a" > Ovidata= — thia’>1vaa"= — -5 0.
a a

Vay theo tiéu chudn kep (phén 2idi han cna day):

f(x,) = a™ — 0, theo dinh nghia (1):

68



{im f(x) = lima' =0,{(0<ac<]l)

[y L

1

. . . . a
3) Trude hét, ching minh lim ‘
T X

= 4o, (a > 1).

Ta di bi€t (bai 10.3): lim 2= = + o, (a > 1).
n

Xét x, > 1, x, > + =, E(x,) = n, khi dé:

an . a!n n+l
< < (a>1,n<x,<n+ 1)
n+1 X, n
. \ . a'n
Theo ti¢u chuin kep vé gid1 han diy ta cé:
XH
R B ; ax o n
dinh nghia (1): im— =+ w -2 - + ®)
X n+l n +

Bay gidr ta chitng minh lim

1
x i

l___l ><

.. a
Ta cé6: hm— = lim
Xen g X=e+D)
1
( %

Vi theo trén: lim

X—y+n X

= 4 0, (a > 1).

4y PDaty =log,Xx, X > +20 >y 5 +»®

. ]
Khi dé Iim og:x = lim——-y— =0

= X 3’—u«=(ak)3
y _ 1 1
Vi (ak)v = ga‘)l - —;;_0, (y—)+oo)(hco3)A
y
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S)Datle\x—)+0c:>y—)+ao
y

oy -1
Khi dé: limx*log,x = lim ——ﬁ
-0 yor+? y

= 0. Theo 4).

6) L&y mét day bat ky x, = 1 - 0,(n - + x)
n

Khi dé6 f(x,) = cosnr = (-1)", ta biét (bai 9.3)) diy (-1)" phan
ky. Vay theo dinh nghia (1):

X 0

. n . .
limcos— khéng tén tai
X

28. Tim:
3/, r
. Jx -1
1) Iim . p.q. 1,8 €N
-l s’xy —l .
. YMa+x-Ya-x
2 lim—— —
x—0 X
3) limsin(a+x)—sin(a—-x)
x—0 X
. tgx—sinx
4) llll’lg_—3
>0 gin” x
5y lim V1+2sinx - cosx
0 . X
sin —
2
. l—cos®x
*6) lim———=  a e R
x 0 X~
. a\ — 4
*7)  lim ,a>0
X—a x_a
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Bai gidi
DPhatx=y¥* x>l oy >1

¥x* -1 -1 yF -1

Ta cé lim =

m
;_.n’x, -1 y—l yq'_l

=lim(y—l ’“+y"'_'+ +l) Ps
Ny oy )

J-l l+ -
2) Ta cé6: *X’_
a__

- lim =

vi theo cOng thic (1 + x)* -~ 1 ~ ax:

' '
[14.’_(."_1.,1_.’(_‘[1_5_" -1..1.[1]
a n a a n a

3) Ta cé:
lim sm(a+x)—sm(a-x) - lim2cosasmx = 2cosa
x—0 X 1—0 X
vi lim2X = 1,
x -0 X
4) Ta cé:
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1
— = lim2 = T
>0 S X x40 x 2

. tlgx —sinx
lim BX _ X

. . 1 . p .
Vi tgx - sinx ~ Ex" sin'x ~ x® theo cic cong thac tuong

duong (2.4).

5) Ta cé6:

13—

. Vl+2sinx —cosx . (l+25mx) -1+1-cosx
hm———— = Jim
10 . X x—0 . X
sin - S —
2 2

_ 1im(l+25inx!2 -1 N liml—cosx

x—0 . X X0 . X
s — sin —
2 2
1 N
-~.2 lx'
= lim + lim2 =2
-0 X =0 X
2 2

(Theo cdc cong thitc tuvong duong & (2.4)).

6) im—<% %X 4 eR

0 b

Ta co:

I-cos®x - [I+£cosx—l)]"—l 1-cosx

b cosx —1 X~

Theo cdc c6ng thirc tuong duong & (2.4):

1 .

,_x’
. 1-cos"x . oafcosx —1 o
lim———— = lim ( ) 2 - = —
10 X~ 0 cosx —1 X~ 2
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(x > 0, cosx > 1,1 -cosx > 0)

Do dé:
a’ (x]‘ 1
a(__xa B a:(dx—l_l) a -
x-a X—a X-a
. x-aY
a*! [1+ ] -1
vk :
X-—-a X—-a
a
b a P 3 l [l+x_a] _I
va lim2 X o attim2 T a2 gim 2 7
-3 X -—a 1> X —a x>z Xx—-a

a
= a'lpa - a* = a*ln—
e

{Theo céc c6bng thic 9°, 10° (2.4)).

29. Tim:
5 lim X +yx +vx
L
2) limx'”"[i/x:— —'Vx:—l]

X—réw

3y Lim(l -xhe %

1]
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4) lim[

5y timf{i-2c)'

6)  him (sinx)™

) 3
7) Iiu\[c‘ + l]
X-—»a0| x

C(x+2 Y
8) 1 ]

9) Ilim

Bai gidi

1 1
, - 1’I+1’—+J—3
1) Ta ¢6 lim X+ x+-./; lim—# =
X—»0 l
1/1+—
X

ST

C6 thé ddng VCL tuong duong:

\Ix+\lx+J; ~ \[X_

Bl ~ % (x> + @)
Vay limVVRER

= lim— = 1.

R st ey
2), Ta ¢é6: lim x""('\/' x7 +1=yx* -lj =

X s



= limx*"’

2
ey e ey

2
3

(Nhan va chia vdi lugng lién hop cua Vx4l - %/x: -1, miu

s6 ~ 3VXT).

HPbatl-x=a,x>1a->0

: nX . n .o
Ta cé: 1 - — = —{1- = =
ac ll_l'fll(l x)tg 5 Ln_rfgatg[z(l 0.)] Ll_r'rg[ v
)
(ﬂ:a_tg;u = a.l =a (au > 0))
x ax

g2 Ax+21
4) Ta cé: lim| 232 = lim|1+—* =
2x -2

ol 2x -2 X $on
3
= exp 1im4—('—x~f—2) = ¢% Theo (2.4)
| ) 2x_2
(expx = ¢e¥)
1

3 —2x*
. A — <
5) {133(1-2)( ) = exp [hm :

=0 x

2

1l
[£]
v

6) lim (sinx}""“** = lun (1 +sinx-1)"'""

X/ Ao/

. sinx -1
= exp| lim =e’=1
1-2%/2 COSX

COSX (sinx + 1)cosx sinx +1

[sinx—l (sinx — 1)sinx + 1} _ Teosx (x > 1'(/2)]
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1
7y Daty = —, ta cé:
X

XA X y—0

3 _ y _
= exp{]i}ge_-l—y_l] = exp[li}}o{e I+1]J = e?
y y y y

y—

\ a
| . 2 .
hm[e‘ +—J = Ilm(c’ +y)”) = lmg(l+c’ +y—l)”y
y —

., €
Vi Im
v—0 y

! =Ine = 1, theo (2.4).

+ x ) 1 Ix +2
8) Ta cé: lim X+2 = lim| — X
x> 2X + 1 x=w| 2 1

X+
) ax 2x _ x
= lim| —| lim|1- = lim| —| .exp| lim
el D X— [ l] X —»0 x—n 2X 4 |
2/ x+—
2

3

{o.e-* =0 khi x - 4

+o.e =4 khi X - —»

l 2x
Vi [-2—] cédang a* > 0 (0 <acx<l),

khi x 5 + ». Khi x - - oo, dat x = - x' thi
) l:n 1—2\‘ o .
x-—>+uo.[5j =(Ej =27 5>+ o (X' > +o)



0 ki +
9) lim { - 1.| X = +2»
AR ! 1 khi x —» -0
1+20
vikhix - +0,2'" 5 + 0. Khi x > -0: dat x = - x', x' = +0:
(UAY B l
2 =2 = -0
2]/1'

30. Tim cdc gidi han:

1) lim 12X
-0 fgox
2y lim COSX —COS2x

=0 ] -cosx

_ i]ﬁlglx —’Jl -tg’x
3H

. sin3xsin Sx
4) lim

x-+0 (X __x.\):

2 X

. X +4a
5)  lim — s (a>1)
xra x 3t px

- ‘{ 2
6) Lim sin2x + 2arctg3x +3x

x—0 lnﬁ+3x +sin:)+xe'

7) lim x| In| l+i —ln}-
X3 £ 2 2

. Incosx
8) hm -
w0 ex” .
) X X
*9) . lim cos—.co8—....cos— . x =0
Near 2 - 2"
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*10) lim Va + Vb .a,b>0
n—s»n 2"
Bai gidi

1) Thay 1- cosx ~ X? tg3x ~ X% (x = 0)

I . 1
Ta ¢é: llm& = lnni;- = —
X0 (g-x X0 Iy - 2
2) Ta cé:
COSX — COS2X . 1—cos2x . l—cosx
fim————— = Jim—~ - im———— =
0 ] —-cosXx 30 | —CcosX 10 ] —cosX
1 A
~(2x)’
= l]l’l‘l -1=3
x—0 2
2
3) Ta c6:

IJ:ﬁmﬂbngx—Vngx__Hmﬁ+@iyn—l_

= I 272
x>0 x+-‘ X" 0 X
1 t A YI/2 l
M - X - Py 2 -
- llmi—l—g LVix o+ VP o~ VX = x(x o 0)

211

x—0 X

Mat khéc: (1 + tg3)'? - 1 ~ %lgzx - %xﬁ

. . 1, 1 .,
L-te’x)'? -1~ - —tg’x ~ -—x°
( 3 2 & 2
| b .
—X ~-=X
Do dé: L = 1im2,,, - lim 2:,_\ =0

x—0 y =7 10 yx



, . sin3xsin5x . 3x5x
4) Ta cé: L= lunsk, = lim——— =15
x—0 ( _x3)— x—0 X"
SYVi: a*+x*~2" (X o + ®)
X2+ x~x%x? (X > +x)
. x"+a" . a" .
1én lim ——— = lim — = +®o (bai 27.3)
XD oy T opx X—pved y =

6) Ta ¢c6: sin2x = 2x + 0(2x)
arctgldx = 3x + 0(3x)
In(} + 3x + sin’x) ~ 3X + sin®x ~ 3x
= In(1 + 3x +sin“x) = 3x + 0(3x)

xe* = x + 0(x) (kht x = 0)

Vay:

lim sin2x +2arctgdx +3x> lim 2X + 002X) + 2(3x +0(3x)) + 3x°

x40 ln(l+3x+sin2 x)+ xe* x40 3x +0(3%) + X + 0(x)
o(x)

8§+ —
- X

0 Ax+0(R) 0, O(X)
X

- lim 8x+0(x) _

Vi t8ng cdc v6 cing bé bAc cao hon x 12 mot VCB bac cao
hon x:

0(2x) + 2.0(3x) + 3x? = 0(x); 0(3x) + 0(x) = 0(x)

7) Tuang tu nhu 6):
lin x| h‘{l%—z(-]—lni = lim xIn l+3] =
X+ 2 2 X4+ X
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= = —_ 71{]
N O[
lim X[ + ({ ‘] = lim|2+——=%] = 2
X

X+ x ) 1—av £ 1
X
8) Tuong tu nhu 6), 7) ta cé6:
lim lnco§x _ l lim 111(1—51:1')(! _
x>0 tgx‘ 2 x-+0 (gx—
I —x®+0(=x7) -1 20
= — i — = — lim X
2 =Dy~ *.0()(') 2 x=0 { O(x')
xl

. . X X X . X X
9) Ta ¢é: sinx = 2sin— cos— = 4 cos— sin— COS—

- X X . X
27 cos— cos—sin— = ...
2 4 4

2 X X X . X
2 cos—i- COS— ... COS—- Sin-—-
22

2
X X X sinX
Do dé: COSE COS— ...CO8 o = —————
- 2 . X
2 sin —
2
. X X X ] sin x
vai hm|cos—.cos—....cos— | = lim——— =
noa 2 2- 2" nsm X
. 2% s —
n
Sinx sin x
= lim
n— £ - x
s —-



10) Ta cé: L= lim

It
3]
>
v
| e—
=
5

= —;-(lna + Inb) = In Vab
Vay L = CXp(anzE) = el .\/;E;_

31. Tim cdc giéi han:

T X
1 lim x| — —arct
) (4 g)(+lj

. , X
2) limx I. arcsin ]
2 X" +1

X 4

. chx-1
3y lim -

x—-0 X"

. cux__ Px
4)  lim i

=0 sin ax — sin Bx

Sy fim 111!2+c |

XA X

6) liucu‘lcosx/;

L X
7) lim[x 2]
el 2X 41
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8) !‘Tg(smx)
Rl
9) linllx“‘
tgx
) 1
10) 1;-.{. . J
x—0 SI- X
1) timx*
N =0
12) lim [sinln(x + 1) - sinlnx]
13) lim arccos(s/x’ +X —x)
*14) Jim sinsin ... sinx
D=3+ )
n ldn
*15) lim Y1+x® (x > 0)
*¥16) lim sign[sin?*(n!®x)]
Bai gidi

1) Theo §1.2, 5°

T X arctg
Do d6: lim x[zﬂarctg——] = lim — 2%*1

T X
— - arctg—— = arctgl - arctg
4 x+1

x+1
X
]_."_
= arctg———x—:—l = arctg T
x+1

x+1



1
2x +1 i X 1

limn

X »as

1 e X412
X

2) Ciing theo §1.2, 5% arcsin

X
——— = arctgx.
Jx‘ +1

Ta c6: L = lim x| = arcsin—— lim x[n an:tgx]
a M = —— —_— = — —
v 2 ’Xz +1 XL 2

7
Batz-arclgx=t,x—)+~3<:>'—>0

= x= tg[%—t] = cotgt

. t
Khi d6: L = limcotgt.t = lim — = 1.
150 =0 gt
et +C“ -1 x X :
- . t|e*-e*
3) limChxﬂ L lim—2 — = lim—
x0  x~ 10 X~ 0 2 X
1 ol ~(e ? -1 1(1 1)
_ 1l e -h-e-h 1 _+_] _1
2 x-0 X 2 2 2 2
z - kR L
vi limc ! = l lime = - — (theo 2.4).
<0 X 2 -0 X 2
av _ Px . eax _CD(
4) Ta cé6: ling - ¢ e- = lmg atp P
*0 sinox - sin x w 2cos—2—— x.sin—2~—x
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ax _ fx ar _abx
= lim " = lim G D-(e D
x>0 (o — ﬁ)x -0 ((’_ - ﬁ)x

2
. lue‘[l +—]
5) lim W2+e’) _ lim

€

X ~p+0 X X0

X

X + ln[l + i}
. et
= lm——m— 7

=1
X4+

X

Xét limﬂzf—) =0vi llme* =0

- b'e A

10

’ 1§
6y L = lim3 cosvx = li"(}(COSJ;); = exp[limrlncos‘[;]
X o X -l x

vi lim 111COS\/; = hm lll(l+COS\/;—lJ = hmﬁﬁ = __l,.,
10 X 1—0 X X0 X 2
(In(1 + x) ~x, x = 0)
_l |
néenL=¢? =
Je
L xT+2 v :
7h) Em‘{szj = + = (khéng thuéc mb6t trong cdc dang vo
dinh).

8) Tacé: L = ling(sinx)‘ = exp( lim xInsinx)
1 x-40

. X . .
= e¢xp | lim| —.sinx Insinx
=0l SINX

e (e' =expx) (Theo 7° 2.4)
=1
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1
9) Ta ¢é limx'* = exp(lim lnx) _
i =l l—x

= CXp[llm—lP(Ly—)J =el = i (x=1-y)
€

vl y

1\ .
10) Tacé: L = lin{ } = exp lim(— texInsin® x)]
-0

0| sin” x

i
. < a !sin:x!l Insin® x 0
vi tgx.lnsin“x = - 1

COSX

=0

nénLL=e=1.

11) Tacé: L = l‘i_t'rgx‘x" = exp ll.'_ng(x‘ —l)lnxl

vi (x* - Dlax = (e¥'* - Dinx ~ xIn®x

l =z
= {xllnx] > 0(x = 0)

néen L =e=1.

12) Ta cé: L = lim {sin(In(x + 1}} - sin(lnx)] =

1t

lim 2cos [In ln(x +;)+lnx]sin ln(x +;)— Inx -

X7

Sin

1
| x(x+l) h{H;]
lim 2cos n i =0
2 2

1o

| (x+l) ln[l+l]
cos%—l < l,sin—2 LTANEN 0(x > + x)

Vi




. S . X
13) lim arccos [\,/x‘ + X —x] = lim arccos —m=——— =
x-ron x> VX Hx +x

1 n
= arccos — = —

2 3
(nhan véi luong lién hop cia Vx* +x - x).
14) Pat x, = sin sin ... sinx thi x, = sinx,; (1)

—————
n H4n

Gia si: sinx 2 0 (sinx < 0O: tuong tu).
Ta c6: 0 € x, = sinx,, € X,

Do d6 x, 1a ddy dou di¢u khong tang vd bi chan dudi. Theo
tieu chudn (W): limx, tén tai, gia st / = limx,, theo (1), ta cé
{ = sinl/, phuong trinh nay cé nghiéem duy nhdt/ = 0.

Vay lim sinsin ... sinx = 0

n lan
15) lim Y1+x" (x> 0)

X€t0<x<1,tacdl < Yr+x" s%
1
ta biét VE = 2" o> 1, vay lim Y1+x" = 1.

a— 0

Xét 1 < x < + o khi dé Y1+x" = xn"l-rin
X

. l e 1
1im nJ1+— = |, theo trén, va lim Y1+x" = x.
n—en X" m—4+m

. a 1:0 < x =1
Vay lim V1+x" =

n—oa-n

X:l < x < +m0
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16) L = lim sign[sin®*(n!mnx)]

n—=i-®

Xét x = £ 12 s6 hiu ti, p, q nguyén t6 ciung nhauo, khi dé:
|

alx =nt 2 12 mot s6 nguyén khi n > q va do d6: Vn > q:
q

sin’(ntnx) = 0 va L = 0, Vx € Q.

Néu x € 1 (v6 ti) thi nix € Z v sin*(n'nx) > 0. do dé:
sign[sin’(n!‘nx)] =1

VayL=1,Vx e L.

O:xe
Tém lat y = lim sign{sin’*(n'nx)] = Q
no 4w I:xel

(Ham Dirichlet)

32. 1) N&u f(x). g(x) 12 c4c VCB (VCL) khi x = X, (X, € R)
thi téng, tich, thuong cia ching cé 12 VCB (VCL) khéng?

2) Cho f(x) = x:[l+sinl] 12 m6t VCB khi x = x,, c6 thé néi

x)

f(x) 12 VCB bac hai khéng?.

3) C6 thé n6i dén bic cia VCL:

f(x) =a” khix - + o (a > 1) khéng?

Bai gidi

1) - V8i v cdng bé (VCB): + Téng hoac tich cdc VCB (khi x
— Xxg) 12 mdt VCB vi theo cédc tinh chdt vé gidi han cha 16ng vd
tich cdc ham sé:

f(x) > 0, g(x) > 0 (X = Xg)

= f(x) £ g(x) - 0, f(x).g(x) = 0 (x > X,)
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+ Thuong coa hai VCB 12 mét dang vo6 dinh [%] khéng thé

k&t luan 12 VCB dugce, ching han:

f(x) = x, g(x) = sinx, ) = —L- — |
g(x) sSinx
. f(x) .
khi x = 0, vay —— khong 12 VCB khi x —» 0.
a(x)
2
f(x) = x>, g(x) = sinx, o = x -0
2(x) S x
. f(x) .
khi x - 0, viy —= 1A mot VCB khi x —» 0.
g(x)

- V4i VCL, tich 12 mot VCL vi f(x), g(x) & o, (X > Xg) thi
f(x).g(x) > © (x = X,).

Téng va thuong cita cic VCL 12 cdc vé dinh @ - o, — khong
[« o]
thé k€t luan 13 mé61 VCL duoc, chidng han:
f(x) = x*, g(x) =- x> + 1, khi x > o 13 ¢cdc VCL
f(x) + g(x) = 1 khong 1A VCL khi x &> =
fx) = x°
g(x) -x*+1
VCL nay khéng td mét VCL khi x — o.

Nhung né€u f(x) = x*, g(x) = x* + | thi téng:

— - 1 khi x —» oo, vy thuang cia hai

3
f(x) + g(x) = x* + x> + 1, thuong o x

gx)  x7+1

lai 12

cdc VCL khi x — oo,

2) Khéng thé néi VCB: f(x) = x3(1+sin—l-] 1A cé bac 2 khi x
X

— 0 vi:
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hm fox) = lim (l+sinl} khong téu tai, g(x) = x*
10 g(x) x—0 X

3) Khoéng thé néi dén bac cia VCL f(x) = a* (a > 1) khi x -

X
+oovi lim_ =+ @ (Vk > 0).

Xy g

§3. HAM UEN TUC

3.1, binh nghia

- Ham f(x) goi & lién tue tai X, € X né€u lim f(x) = f(x,).

x—rxQ)

hay Iim Ay = 0; Ay = f(x, + AX) - f(x,).

Ax—0
f(x) got 1a lién tuc bén phai (trdi) diém x, néu:

lim+ f(x) = f(x5). ( Iim f(x) = f(x4))

f(x) 1a lién tuc tai x4 < f(x) lién tuc bén trdl va bén phai x,
f(x) 1A liéu tuc trong mién X néu né lién tuc vx € X.

P6i voi ham lién tuc, ta ¢ thé viet lim {(x) = f( lim x).

A2 ¥ LAl ¥

f(x) goi la gidn doan tai x, n€u né khoéng lién tuc tai x4, X,
goi la di€m gidn doan cua ham s&.

X, 201 12 diédm giin doan loai 1 cua f(x) <

o f(xg) = lim‘ f(x), f(x;) = lim f(x) t6n tai (e R)

XNy X ey
h = f(x;) - f(x;) goi 1A bude nhay cia him s6 tat Xg
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né€n f(x)) = f(x,) thi x, goi 12 diém gidn doan bo dugc cuva
f(x) vi c6 (hé lap lai sy lién tuc cua f(x) tai X, bang cdch dat:
f(xz) = f(xg) = f(xo).

Piém gidn doan cua f(x) khéng phai 12 diém gidn doan loai 1
clla n6, goi 12 diém gidn doan loai 2 ciia ham s6.

Né&u it nh&t mot f(x;), f(x;) bing o thi x, goi 12 diém gidn
doan v6 han cia ham s6.

3.2. Cac phép foan vé ham lién tye. Sy lién tue clia ham so cép
1°) N&u £(x), 2(x) 12 lign tuc tai x, thi f(x) + g(x), £(x).g(x).
f(x)/g(x), (g(x,) # 0) ciing lién tuc tai X,;.

2% N&u y = f(x) lién tuc tai xg, z = g(y) lién tyc tai y, =
f(x,) thi ham z = g(f(x)] 12 lién tuc tai x,.

3% Né&u y = f(x) dou diéu tang (gidm) vi lién tuc trong mién
X thi bdm nguge cia né x = f'(y) ciing 12 ham don diéu tang
(giam) va lién tuc trong mién Y, 12 mién gi4 tri cla f(x).

4°) C4c ham so cdp co bin (1.2) va néi chung cdc him so cdp
déu lién tuc trong mién xdc dinb clia chiing.

3.3. Che dinh Iy vé ham lién tuc trong mét doan

N¢&u f(x) lién tuc trong doan [a, b] thi:
1°) f(x) bi chan trong [a, b] (Dinh 1§ Weierstrass I).

2% f(x) dat mot gid tri 16n nh&t M v2 mot gid tri bé nhat m
trong {a, b] (Dinh 1y Weierstrass IT).

3% f(x) 14y moi gid tri trung gian gém gikta f(a), f(b) nghia
1a: f(a) < y < f(b) (f(a) > ¥ > f(b)) thi ¢ € (a, b): f(c) = y (dinh
1y Cauchy).

Pac biét f(a).f(b) <0 = Jc € (a; b): f(c) =0

vim<y< M= 3¢ € (a, b): f(c) =y.
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3.4. Ham lién tye déu
Ham f(x) goi la lién tuc déu trong mién X & Ye > 0, 38 > 0,
vx.x'e X: x-x| <8 = |f0)-f(x)| < e.

- Né€u f(x) lién tyc trong (a, b] thi f(x) lién tuc déu trén [a,
b] (Dinh ty Cantor).

BAI TAP

33. Chung minh cdc hdm sau day lién tuc trong mién chi ta
tuong gng:

1 foo =%, x20
D f(x)=log,x, x>0
3) f(x) = arctgX, - w < X < + ©

x+xjem

*3) f(x)= lm———, -o< X<+ ®
oo ] 4e™
Bai gidi
1) Xét Af(x) = Yx+4ax - ¥x . x>0

Ax

o+ 20 +§ffcr Ay VA +o 8k

Do dé, khi Ax — 0 thi Af(x) - 0. Tai x = 0, Af(0) = ¥Ax - 0
(Ax — +0).

Vay ham s8 la lién tuc Vx > 0.

\
2) Xét x > 0 vd Af(x) = log,(x + Ax) - log,x = log,[l+§-J
X

AX o> 0 = Af(x) - log,1 = 0.
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V4ay ham so 12 lién tyc Vx > 0,

3) f(x) = arctgx, - ©® < X < 4+

Af(x) = arctg(x + AX) - arctgx = arcig—————, theo 5°(1.2).
l+x(x+Ax)

RS rang Ax —» 0 = Af(x) - 0.

Vay ham s6 1a lign tuc Vx € R.

4) Ta cé6:
y o jx" khi x >0
f(x) = limx:x—:‘z 0 khi x = 0
n—s +
€ lxkhix<0

RG rang f(x) 12 lién tuc ¥x € R, vi khi x > 0 vd x < 0, f(x) 12
cdc hidm s e¢dp nén né lién tuc trong mién xdc dinh cua né, con
tai x = 0:

lim f(x) = lim x® = 0 = £(0)

x-+0 x—+0

hm f(x) = lix{)ax = f(0)

150

Do d6 f(x) 12 lién tuc tai x = 0.

34. Xét sy lién tuc va gidn doan va phan loai cdc diém gidn

doan cha cdc ham sg:

N4

sinx _

——1X20
D fx) =4 [x|

1 :x=0

xsin— : x=20
2) f(x) = X

0 x=0
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|

|
I+c*!

) f(x)

4) f(x) = x - E(x)

5) f(x) = ‘l;cosr:x
_x'

6) f(x) = <:0$2l
X

n
cos— |x| <1
7 f(x) = 2

-1 :[x >1

*8) f(x) = {(l) o i?

9) f(x) = sign(x?® - x)

X:xeq
10) f(x) =
) 10 {0 :x el
Bai gidi
1) Tacé:  khix < 0: f(x) = - 22X,
khi x > 0: f(x) = S
X

12 cdc ham so cap ueén f(x) lién tuc ¥x # 0.

sinx

Tai x =0, lm f(x) = - lim =-1.

-0 x—e-0 X
. . sinx ) . g .. .
lim f(x) = lim =1, vay x = 0 la di¢m gidn doan loai
1—+0 \-0 b.¢

moét cia haim s6 v46i bude nhay h = | - (-1) = 2.
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Vi f(0) = 1 nén f(x) 12 {ién tuc bén phai diém x = 0.

2) V& x = 0 f(x) = xsini 14 ham so cdp: ué lién tuc.
X

Tai x = 0 lim f(x) = tim )vu;inl =0 = f(0)
X

x— 0 x +*0
nghia 13 f(x) cing lién tuc tai x = 0.

Viay f(x) lién tuc Vx € R.

3) Twong ty nhu trén, f(x) 13 lién tuc ¥Vx = 1.

Tai x = 1, lim f(x) = lim — =1
=l x—»l l+e'l—_|'
Itm f(x) = lim =0
x—l x—l l+c“'_—|

Vay x = 1 12 diém giin doan loai 1 cha f(x) véi budc nhay:
h=1-0=1.

4) Trudc hét xée {(x). = E(x), nfu k e Zvak-1< x <k thi
E(x) =k -1, néu k €< x <k + 1 thi E(x) = k. Néu x, 12 mot sé
khong nguyén thi ¢cé6 mét lan can cua x, khéng chifa- s6 nguyén
nao trong dé E(x) = const, do d6 ham E(x) 12 lién tuc tai x,, néu

Xo =k € Z thi E(k - 0) = k - 1, E(k + 0) = &k, nghia 12 x, = k 12
diém gidn doan loai m4t cha ham s véi buéc nhay:

h=n-(n-1)=1

Bay gid xét f(x) = x - E(x), rd rang f(x) la lién tuc véi moi
X € Z va gidn doan loai ] tai x = k € Z, vi n€u ngugce lai f(x)
lién tuc tal k € Z thi:

X - (x - E(x))

E(x) 1A lién tuc tai x = k € Z, vo Iy.

5) f(x) xdc dinh khi - 2 < x < 2 v2d 12 ham so cap nén f(x) 1A
Ién tuc khi - 2 < x < 2.
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Xét lim f(x) = lim ’ﬂ.dat2 -x=tthix 52 &
xo2” x 227 4-x-

t — 0* va lim =
(—s0+ [iq'_t'

Tuong ty: tim f(x) = 0.

Vay f(x) khong lién tuc bén trdi diém x = 2 va bén phai diém
x = - 2 (tai x = + 2, f(x) khéng xidc dinh).

6) f(x) xdac diph Vx # 0 vi 1A ham so cAp nén f(x) lién tuc
vx # 0.

tai x = 0, 14y X, = —— —> 0 khi n — w.
mn

Khi d6: f(x,) :'cos’—l— =cos’nk=1->1(n > + o)

. 2
Mat khic, 18y x, = (—F - 0 (n > )
2n+1

thi f(x,) = cosz—l— = cos*(2n + l)g =050 ((n > »)
X

Vay limcosl khong tén tai vd x = 0 12 diém gidn doan loai 2
X —0 X
cua ham s6.
7) Véi x = 21, f(x) 12 ham so cAp nén né lien tuc.

Xét tal x = +1, lim f(x) = lim cos—7;i =0=f(1H

-l 1"

x—1 =0 =f(1

lim f(x) = lim
_\—-I* x-l*

95



© VAay f(x) 12 [ién tuc tai x = L.

Tatx =-1, lim f(x) = lim cos-’%zOzf(-l)

+ 4
-1 1 |

lim f(x) = 1im |x—l| = 2. Vay x = -1 la diém gian doan loai

ro-1T x—-1

1 cita ham s8.

8) f(x) xdc dinh vx € R va f(x) khong phai 12 him so céip.
Xét mot difm 1uy ¥ x, € R v 18y mot day tuy ¢ cde s6 hitu ti (v
t) x, (x',) > 0. Khidé {(x,)=1-> 1, f(x,) =0 > 0.

Vay lim [(x) khong tén tai vd x, 12 diém gidn doan loai hai

cua f(x).

Vi x, tuy ¢ néa f(x) 1a gidn doan Vx € R.

9) Ta cé:

I: -1 <x<0, l<x <+0
f(x) = sign(x* - x)= 0:x=0;1; -1

—lz;eo<x<—l.0<x<1
Do dé f(x) lién tuc Vx #0, 1, -1
x =0, 1,~1 12 c4c diém gitdn doan loai 1 cha f(x).

10) Tuong ty nhu 8) f(x) gidn doan tai ¥Vx = 0 (gidn doan
loai 2} va chi lién tuc tai x = 0.

35. Xéc dinh a, b dé cdc ham s8 sau A lién tyc trong mién
xdc dinh cua ching:

l+x
D f(x)= J1+x*
a tx=-1
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cosx :x<0

2) f(x) = {
ax—-PH:1x>0

. \ ]
(x-1)':xs0 !
3) f(x) = <ax+b :0<x <!

\/; x21

(xcos1 n 3
R 2‘ X € T Ty T s X‘#O,TC
smx 2 2

4) f(x)= Ja:x=0
b:x=n

Bai gidi
1) f(x) lién tuc ¥x # - 1 vi n6 |2 ham so c4p.

Do d6 dé f(x) lién tuc ¥x € R thi né phai lién tuc tai x = -1,
nghia la:

x+1 1 )
. =§=f(-l)=ahaya=

lim f(x) = lim
x>t ) L4

LY | —

2) Tuong ty nhu 1), d€ f(x) lien tuc Vx € R thi n6 phai lien
tuc tai x = 0, nghia 12: lim f(x} = limcosx =1 = f(0)
2—»=0 1-0

= limf(x) = lima(x - 1) =-ahaya= -1
x—+0 -2 +0

3) f(x) lién tuc Vx # 0; 1 vi 12 cdc ham so c4p. Bé f(x) lién
tuc ¥x € R thi né phai {ién tuc tai x = 0 vd x = 1, nghia la:

lim £(x) = lin_')o(x -1D'=-1=0)

x-»-0

= lim f(x) = lim(ax + by =bhay b=-1 (1)

x—+0 x+0
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Iimf(x) = im(ax + b)=a + b

-+ =t

= limf(x) = lim vx =1=f(1)hay a+b =1 (2)

et x-1

T (1), (2)suyraza=2,b=-1.

4) Tuong tu nhu 3) dé f(x) lién tuc Vx € [—%. 3—“]

2
X
XCos—
lmf(x) = lim — 2 = L =f(0) = a
20 x>0 sIn¥
X
X COS — x
lim f(x) = lim — = —=f(n) =
1OX oY SInX 2

n
Vaya=1,b= —.
3 2

36. Chiing minh radng:
1) N&u f(x) lién tuc trong {a, b]

X, X4, -.-, X, € (a, b) thi 3¢ € (a, b) sao cho:
£e) = —[F(x,) + £(R2) + wo. + (x,)]

2) N&u f(x) lién tuc trong {a, b) dat cuc dai tai cdc diém x,,

Xx. € [a, b), x, < x, thi f(x) dat 1 cuc tiéu tai x, € (x,, X,).

3y Né&u f(x) lién tuc trong [a, +o] va limf(x) = L, ¥y gém

gitra f(a) va L thi 3¢ > a sao cho: f(c) =y.

4) Phuong trinh a’ + b =x, 2> 1,b> 1

xdc dinh mo6t hdm lién tuc duy nhit y = y(x) x4dc dinh trong

(0, + o).



Bai gidi
1) Gii sir f(x,) = min{f(x,)}
f(x,) = max{f(x)},i= 1,2, ....0

Khi d6: £(x,) £ L{f(x,) + f(xy) + ... + £(x)] € £(x)).
n

baty = l[f(xl) + f(X,) + ... + f(x,)] thi theo dinh 1y Cauchy
n
(3.3, 3%:
dc & (x,.x;) nghiald c ¢ (a, b)

sao cho f(c) =y = J—{f(xl) + f(x;) + ... + f(x,)] (d.c.m)
n

2) Xét [x,, x5] © [a, b), 16 rang gid tri bz? nhat m cua f(x)
trong [X,, X.} khong thé dat tai x,,x. vi néu, chang han f(x,) = m.
Khi d6 trong l4n can ciia x, 1a ¢b f(x) = m, trdi v4i gia thiét: f(x)

dat cyc dai tai x, (f(x) € f(x,)). Vi m ciing 12 mét cue tiéu cua
ham s6 nén suy ra:

ham s6 dat mo¢ cuc tidu tai x, € (x,, X») (d.c.m).

3) Gia sir f(a) < y < L.

R4 rang 3b € (a, +=©) sao cho f(b) > vy vi néu ngugc lai Vb >
a: f(b) < y theo tinh ch4t ciia gidi han: L < y, trdi v6i gia thiét.

Vay 3b > a: f(a) < y < f(b).

Theo dinh Iy Cauchy, 3¢ € (a, b): f(c) = v.

nghia 13 3¢ > a: f(c) =y (d.c.m).

4) Nhu d3 bie€t cdc ham a’, b’ 12 don di¢u tang va lién tuc
trén R, do d6 tng cia chiing 12 don diéu tang va lién tuc trén R,

hon niva:

Iim (a’ +b’) =0, lim(a' +b’) =+ ®

y——% y—+o
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Theo dinh 1y t6n tai ham ngyge (3.2.3°) thi ham x = a¥ + b’ ¢6
ham nguge duy nhit y = y(x) don diév tang va lién tuc trong (0,
+o).

* 37. Ching minh rang:
1) N&u f(x) lién tuc trong [a, +«) vd tén tai L = lim f(x)

(€ R) thi f(x) bi chan trong [a, +).

2) Né&u f(x) lién tuc tai di€m x4 va f(x,) > 0 (< 0) thi tén tai
mat fan can coa x,, trong d6 f(x) > 0 (< 0).

3) N&u f(x) Ia hiim don dién vd bi chan trong khoang (a.b)
thi moi diém gidn-doan cda né déu 1a cdc diém giin doan loai 1.

4) N&u f(x) lién tyc trong {a. b) va cé him nguge thi f(x) 1a
him don dic¢a tang (giam) trong [a, b].

S) D4y x, = 0, x,,, = cosx,, ne N, hot t¢ v c¢é gigi han la
nghiém cia phuong trinh: x = cosx.

Bai gidi
1) Theo gia thiét: L = lim f(x)

& Ve >0,3IN,Vx >N = |ilx)-1| <e.
hay |f(x) < |L| + =, vx > N.
bat M = max{ |L| + g, sup‘f(xl} a<x<N.

thi ¥Vx 2 a: ‘f(x] < M, nghia 1A f(x) bi chan.

2) Theo gia thiét lim f(x) = f(x5) > 0 (< 0).

A-2d

Theo tinh chAt cia gidi han ((2.2).5%) (hi tén tai mot lAn can
cla x,. trong dé: f(x) > 0 (< 0).

3) Xét f(x) don diéu khong giam (f(x) don didu khéng tang:
ching minh tuong ty).
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Gia st x, € (a, b) 1a mét diédm gidn doan cda f(x), VX < X,
thi f(x) £ f(x,), do d6 f(x) bi chan trén (bai f(xy) trong (a, X4)).
Theo ti¢u chudn tén tai gi6i han (2.5) thi lim f(x) t6n tai tuong

X%,

try lim f(x) tén tai, cdc giéi han nay khong thé cung bang f(x,) vi

+
Xl

theo gid thié€t x, 12 mo6t di€ém gian doan cia f(x), theo dinh nghia
Xo 12 mot diém gidn doan loai 1 cva f(x).

4) Vi f(x) cé6 ham ngugce trén [a, b} nén khi x,, x. € [a, b], X,
< x, = f(x,) # f(x,). cho y gém gitta f(x,), f(x,): f(x) <y < f(x;)
hoac f(x,) >y > f(x,), theo dinh 1¢ Cauchy (3.3,3%; Ix, € (x,, Xy):
f(x,) = y, nghia 12 f(x,) < f(x,) < f{x.) hoac f(x,) > f(x,) > f(x,)
hay khi x;, < x, thi f(x,) < f(x,) hoac f(x,) > f(x.). Vay f(x} la
ham don diéu tang hoac gtam trén {a, b).

S5 Rorang 0 < x, £ 1, Vin > 2 = day x, 1a bi chan. Khin >
3, ta cé6:

X, X. . X, X,
Xper - X,., = COSX, - COSX, » = - 28in ———"-=2 gjp 02
X +X X, —X_,

0 < =2 og], -1 2 g
2 2

X +X
sin—" "2 50
2

sign(sin%) = sign (X, - X,.»)

Do dé: sign(x,,, - x,.,) = - sign(x, - X,..).
Khin23vin24.
SIEN(X 0y - Xoy ) = -(-SigN(X, ., - X)) = sign(X,; - X,.1) (1)
Xét day x,,., : X, = cosx, = cos(cos0) = cosl >0
nghia 12 x, > x,, bing quy nap tir (1) suy ra:

Xsge; > Xap.1. K € N, nghia 13 x,,., 14 day don diéu tang.
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Bay gio xét day X.,, X; = cosx, = cos(cosl) < |

nghia 1a: x, < x, v2 ciing tlr (1), biug quy nap suy ra x,, i day
don digu giam.

Nhu vy day X, (xs) don diéu tang (gidm) va bj chan trén
(dudi) (bai 1(0)), theo tiéu chuan (W) thi t8n tai cdc gi6i han:

a = limX,,.,, b = limx,,
Do cosx lit hiim lién tue nén tir cdc ding thic:

X:p = COSXay.y, Xoaxyy = COSXyy
Ta suy ra:

b

]

limx,, = limcosX,, , = cos(limx,, ) = cosa

n

a = limcosx,, = cos(limx,,) = cosb
hay b = cosa, a = cosb (2).

Vio<sx,<sl,neNmnO0<a<l,0<hs1

T (2): a-b = cosb - cosa = 2sina_bsin a+h

sina-b <
2

0 < \ina—;—b < sinl va |a—b| < fa-—blsinl,

at+b
2

a-b . do dé6:

Mat khic: 0 < <1 vd

bat dang thic ndy chi xAy ra khi a = b. Nhu vay hai day x,,.
X, cidng hér 1t (81 gidi han a, do d6 limx, = a vi tu (2) ta cé a,
b ta nghiém cia phuong trinh x = cosx.

* 38. Xét tinh lien tuc dév cua cdc ham:

D f(x) = X — trong [-1, 1}
3-x"

2) f(x) = log,x (a > 1) trong (0. 1)

) f(x) = Jx trong (0, +x]
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4) f(x) = 1 trong (a, +®},a>0
X

5y f(x)= sinl trong (0, +»)
X

Bai gidi

1) f(x) 12 lien tyc trong doan [-1, 1], theo dinh 1y Cantor:
f(x) 12 lién tuc déu trong doan ndy.

)Ly x,=a®, x',=a®" (0 <x, X', < 1)

thi ["n"x'..| = a_l = 0 (n - +»)
a

n+l

Nhung [f(x,)-f&x,) =-n+n+1=15>¢, Ve < |
Vay f(x) khong lién tuc déu trong (0., 1).

IHpatx'=x+ A

Va xét le+A—\/;| =g
A>0=> Jx+A =€ + \/;

=x+A=ez+2J;.s+x:>A=2J;.s+e’

Chon 8 = A, =&’ thi khi [x'—x| <8 =¢?

ta cé |f(x')—f(x)| = Jx+8 - J; <g, Vx € [0, + ®),

Vay theo dinh nghia: f(x) 12 lién tyc déu trong [0, +w).
4) Xét1 x, x' € {a, + »), a > 0 khi d6:

1 1 k-x] 1

— = = —— K - |X-X].

ool = B < Lo

Vs > 0, chon 8§ = a’¢ thi khi |x~x1 < 8.
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Tacé

1 1 i
—-—{ < — a’e =¢.

X X a2

Theo dinh nghia: f(x) 12 lién tuc déu trong [a, + ), (a > 0).

5) f(x) = sinl‘ x € (0, +m).
X

Xét x, x' € (0, +0), 8> 0, k-x]| < 8

1
Ldy x = x, = —L.—,x'=x',=~
I iomn T t2mm
2 2
thi sin+— = - 1, sin# = 1.
X X

limg, =2limx', =0 = 3n:0<x,<3.

0 < X', < & khi d6 [, -x',| < 8.

o1 . 1]
sin— — sin =2=¢.
X, x'.

Vay 3e =2, V8> 0: x, —x’

= [fx,)-f(x,)

<8¥ > ffx,)-f(x,)| z =

n

Theo dinh nghia: f(x) khong lien tue déu trong (0, + x).



CHUONG 3

DAO HAM - VI PHAN - AP DUNG
§1. DINH NGHIA - TINH CHAT - QUY TAC TiNH

1.1, £ao ham

Cho y = f(x) xéc dinh trong mién X, dao ham cia f(x):

Ay lim f(x + Ax) — f(x)

Y=y 0=l = T ke X

Dao ham bén phai (trdi) di€m x € X: f'(x + 0) = A{iﬂ%

(F(x-0) = Alim Y hay: f'(x*) = lun Y (f(x )y = lim %)

Ax—0* Ax—0"

V& hinh hoe: f'(x) 12 hé s6 géc cha ti€p tuyén vdi dé chi coa
ham s6 tai (x, f(x)). f'(x) = o: ti€p tuyé&n // Oy.

1.2. Vi phan

y = f(x) goi 12 kba vi tai x € X
& Ay = ALAx + 0(Ax) @)
A = const: chi phu thuéc x
0(Ax): VCB bac cao hon bac cia Ax.
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Vi phan dy = A.Ax = f'(x)dx

Do dé: %x! = £(x); %: k¢ hi¢v dao ham, cling 13 thuwong
cua hai vi phaa,

1.3. Tinh ché}

1°) f(x) kha vi tai x & 3 f'(x)
2°%) f(x) kha vi tai x = f(x) lién tuc tai x

3% f(x) khi vi tai x vi dat cuc tri tai x = f(x) = 0

1.4. Quy tc finh

1°) (utv)=u"ztv; d(u £ v) = du £ dv

2% (uv)' .= u'v + uv';d(nv) = vdu + udv

o 5] H5 ) 2 e

4 y=f(u),u=ux) =y, =y,

x

5% y = f(x) c6 ham nguge x = £'(y) trong 'Y

=>x',= —l— (y's # 0) trong X
y

1.5. BAng dgo hdm v vi phin co bén

19 ¢' = 0 (¢ = const); dc = 0
29 (x*)' = ax™ '(a € R); d(x*) =oax®* 'dx
| dx
39 (V) =—: . d(x)= —=.x>0
2x 2Jx
4% - (a®)' = a*lna; d(a*) = a*lnadx (a> 0,2 1)
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5% (e")' =e"; d(e*) = e’dx

1 dx
6° i ‘= : . 0
) (log, x}) n S (x=0)
7°) (npy = L, dnhy = L x=0)
x x
8% (sinx)' = cosx: d(sinx) = cosxdx
9% {cosx)' = - sinx; d(cosx) = - sinxdx
10°) (tgx)' = lz : d(tgx) = —;
costx | cos®x
119) (cotgx)' = - — 12 : d{cotgx) = - —
Sin x SIn” x
129 (aresinx)' = ! < d(arcsinx) = ax
1-x* 1-x?
13°)  (arccosx) = - ——_; d(arccosx) = —%%
1-x* $-x?
1 dx
14° arcigx)' = ——: d(arctegx) =
)y (arcign) 1+x? arctgx) p+x?
15%) (arccotgx)’ = - —l—.: d(arccotgx) = -dx:
+x* I+x
16%) (shx)' = chx; d(shx) = chxdx
17% (chx)' = shx: d(chx) = shxdx
18%) (thx)' = lz : d(thx) __ﬂ_ (1 - th®x)dx
ch*x ch’x

! m L)
19%) (cothx)' = - ——{ d(cothx) = - —— = (}-coth’x)dx
) shx ) sh°x
20% y = f(x). y' = y(lnf(x)}'
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1.4. Do ham va vi phan o6p cao

dn dn-—ly
Pi h hi =f ) - {o-1) . - —
inh nghia: y (x),y (y ey e dx[dx““‘}

n=1,2,...y%=y)

d%y = d(4”'y) = I""(x)dx".
y = f(x) c6 vi phin c4p n tai x, goi 14 kha vi o 14p (ai d6.
Quy tdc tinh:
lO) (u +'V)ln) = ' ¢ y'®
20) (uv)n = ZCI in- ll ( )

k=0

= Cou™v + Chu™W' + .+ Chu'™Pv® &+ 4 Cluv'™

(Quy téc Leibniz).

1.7. Céng thic hdng dyng

19 (xY =a(a-1)...(c-p+ x*""

29 [+ X))} =2a(e-1) ... (c-n+ (1 +x)*°"°

3% (sinx)™ = sin(x +221£]

4% (cosx)'® = cos(x+l—12£]

50) (a‘)"” = a*(lna)", (el)un = e*

=H" (-1

60) l . in)
(log.x) Inax®

N -1y

) (Iax)™ = -
x



BAI TAP
39. Tinh f'(x + 0), f'(x - 0), f'(x) tai X twong dng.
1 f(x)= ¥x:.x=0
2)  f(x) = |sin2x|, x = 0

x” sin ! x 2 0
3 f(x) = x

] tx =0
4y f(x) = [1—x=|,x=¢ 1

4
5y f(x) = e*:x # 0
0:x =0
Bai gidl
1) Theo dinh nghia:

3 P ]
ooy - g L b

Tuong tu: f'(-0) = - o va f'(0) khong tén 1ai.

. Bin2Ax . sin2Ax
2) f'(+0) = lim b | . lim B2 .o
A= Ax—e+0
in 2Ax! T i
£(-0) = fin b t: ljm —Sn2Ax
A0 Ax Ax—-0 AXx

Vi £'(+0) = f'(-0) nén f'(0) khoéng t6n tai.

(axy sin
3 - Ax . « l
N0 = lim —2% = lim Axsm-&x—- =0

Ax -0 AX Ax—+0
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Tuong tu _f'(-O) = 0.
Vay t6n tai £'(0) = 0.

Ché § ring khi x # 0 ta ¢6; £(x) = 2xsin & - cosL

X X

| 1
2xsin—-cos—:x # 0
Vay f'(x) = X X

0 1x =0

vi liﬂ f'(x) khéng tén tai nén f'(x) 12 gidn doan tai x = 0.

- 1-x*: k| <1
4) Theo gia thi&r: f(x) =
x* -1 x| > 1

Xét tai x = 1:
£(1°) = lim G+ -1-0 (2 + Ax) = 2
Ax 340 AX Ax—»+0
Tuong we £(17) = - 2, viy khéng t8n tai f'(1).

Tuong ty {'(-1") = - 2, f'(-1") = 2 va f'(-1) ciing khoéng tén
tai:

) F(+0) = Jim CAX =1

(ot = L,Ax—)+0<:>a—)+m)
Ax

Iy

Ax

F-0)= lim S— = Jim —= =0

Ax -0 Ax a—s+o @
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1
(a=-—,Ax -0 a > +xn)
AX .

Vay {'(0) khong 16n tai.

40. 1) X4c dinh a dé:

|
f(x) = X sm;:x#O
0 :x =0
a) lién tuc tai x = 0;
b) c¢é £'(0);
¢) cé f'(x) lién tuc tai x = 0.

2) X4c dinh a, B (B > 0) dé:

a 1
lxl sin—a:xio
K|

0 'x=0

f(x) =

c6 f'(x):

a) bi chan;

b) khong bi chap tai 1an c4n diém x = 0.
Bai gidi
1) a) Ta cé lim f(x) = lim )i"sinl

x—30 x—»¥0 X

Gidi han nay tén tai vi bing O chi khi a > 0,
Vay f(x) lién tuc tai x = 0 khi o > 0.
b) Ta cé:

(ax)™ sin 1

f'(x0) = lim M - im (Ax)"‘"sinL'
Ax

Ax 4D Ax Ax 10

111



Gi6i han ndy t6n tai vd bing O chi ki o - 1 > 0 hay @ > 1.
Vay £(x) ¢6 £(0) khi a > 1.
¢) x = 0tacé:

« - . | A
f'(x) = ax®'sin— - x*“cos ~—
X X

lim f*(x) tén tai va bing O chi khi « -2 > 0 hay a > 2.

X +0

vay {'(x) liéa tuc tai x = 0 khi a > 2,

2) Tai 1an cln g6c toa 46 x = O:

a1, | B . 1
f'(x) = a‘x‘ lSlan.SIn—T - leldl - Signx.cos— (x # 0)

a) RO rang |f'(x)| < + o (bi chan)

réua - 120vaa-B-120haya2fP +1

b) f'(x) khéng bi chan tai lan cin géc toca déo nfua - 1 < 0
hoaca = f3 -1 <0 hay @ <1 + 8 1a duge.

Mat khdc dé f'(x) tén tai ta cdn cé a > L.
Vay 1 <a < f + 1.
41. Xdc dinh a, b d€ cic ham sau day lién tuc v2 khd vi Vx &

R (1D = 3.
ax+b:x <1
1) f(x) = .
X~ x> 1
b : 0
2) fx) = {ax+ ‘ X <
acosx +bsinx : x 2 0
a+bx® 'xl <1
)y f(x) = L '[x|>l
X
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*4) Xdc dinh a, b d&:
arcigax : |x| <1
f(x) = . x ~ 1
bsignx + —— |x| > 1
2
khda vitai: a)x =1; b) x = -1.
Bai gidi
i) Khi x # t, {(x) 12 ham so cdp. Vay né lién tuc Vx = 1.

Tai x = 1: lirqf(x): im(ax + b)=a+b

x—1 =

lim £(x) = lim x* = 1
xol” x—vl+

Vay dé f(x) licn tuc tai x = L thira + b = 1.

Tom lai: f(x) lién tuc tai Yx e R khia+b=1.

a:x <1
Ta cé: f’(x)={
2x 1 x > §

Do d6 khi x # 1,1(x) tdn tai, nghia 1a f(x) kha vi ¥x = I.

Khi x = I:
F1) = Tim a(l+Ax)+ B —(a+b) .
A0 Ax
POty = lim LEA) —@rb) o
Ax—+0 Ax

Vi theo trén a + b = 1: diéu kien dé f(x) lién tuc tai x = 1.
Do d6 d& f(x) c6 dao ham nghia i f(x) kha vi tai x = 1 thia+b
=1lvia=2,b=-I. )

Tém lai dé f(x) khavivx e Rthia=2,b=-1.

2) Tuong ty nhu 1): f(x) la'lién tuc va khad vi Vx # 0.

X¢é1 tai x = 0O:
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lim f(x) = lim(ax + b) = b

1—o-0 x—-0

lim (acosx + bsinx) = a
x—+0 -

n

lim f(x)
x—+0
Vay f(x) lién tuc tai x = 0 khi a = b.

Ta c6:

Ax + bsi -
£(+0) = Aﬁnzo acos A!;smAx a

. alcosAx — | . sin Ax
= hm (——) + limb
Ax—+0 Ax—D Ax

=b (vil - cosAx ~ %Ax’: s6 hang ddu - Q)

. aAX+b-—a
im ———— =a
Ax—>—0 AX

f'(-0)
(vi theotréna=b = b -a =0)

Vay d€ f(x) kha vi tai x = 0 thia = b.
Tém lai: f(x) kha vi ¥x € R khi a = b.

3) Tuong ty: f(x) 1a lién tuc va kha vi V|x| % L.

Xér tai x = It
lim f(x) = lim{(a + bx})=a+ b

x—l” 1

lim f(x) = lim 1 =1
+ [

x—vl+ x—
Vay f(x) lién tuc tai x = 1 khia + b = 1.
2
£(U)y = lim M = 2b
Ax—-0 AX
(via+ b= 1:didu kién lién tuc).

114



!

f'(1') = lim v =
|1+Ax] /

Vay f(x) kha vitai x = 1 va do d6 khd vi Yxe R khia + b =
= - 1/2.

1.2b=-1haya=3/2,b

4) a) Xét x = I: lim f(x) = lun arctgax = arcig.

=i =t

|
o

lim f(x) = lim (bsignx+x-2_—l—] =
x.-—-l" \-$1+

Viay f(x) lién tuc tai x = 1 khi b = arctga.
arc{ga(l + Ax)— arctga

f'(1) = Alimﬂ A~
. 1 a

= lim —arctg ~ = =

- 0 Ax l1+a " (1+Ax) l+a~

(theo 1.2 chuong 2).
e , 1 . 1+Ax ~ 1
= —_— —_—— to
'l A{lﬂ}o [bmgn(l +Ax)+ arc ,__a]

1

. 1 Ax
= lim — |b-arctga+—1{ = —

Av—e0 AX 2 2
(b = arctga: didu kién lién tuc).

Vay f(x) kha vi tai x = 1 khi:

b = arctga, %: 1 haya=1,b= —.

~l+a~ 4

b) Xét x =- 1: lim f(x) = lim arctgax = - arctga
1t

+
x -1

lim f(x) = lin [bsignx+§—i_-£] =-b-1
= | -1



Vay f(x) lién tuc tai x = -1 khi arctga=b + 1.

arctga(- 1+ Ax) - arc(g(— a)

f'(-1") = Allin}O A
. 1 a
= lim —arctg - = 2
Axi0 Ax l-a“(~1+Ax) l+a

€-17) = Ai‘il‘}o ﬁ [bsign(— 1+ Ax) + ;1_+_2éx;l_ - arclg(— a)}

. ! Ax 1
= lim —[—b—l+—+arc(ga) = —
ax—+v0 Ax 2 2

(b + 1 = arctga: diéu kién lién tuc).

Vay f(x) kba vi tai x = -1 khi b + 1 = arctga va

haya=1vab=%-l.

42. Tinh dao hdm cla cdc him s6:

1) y = Iin{cos{arctg(sh2x)l}, x € R
+ 2
2) y:—lx—,x::fm.neN
¥x*sin” x
3) y=(2+cosx)',xeR
4) y=V1-e™
X [T a°

5) y= E a- —x~ + 7arcsin£, (a>0)
a

6) vy

'ln]x” (x = 0)
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Bai gidi
1

! e sh2 .
' cos[arctg(sh2x)] (cos(arctg(sh2x)})

= Zsinfarctgh2l o p(sh2x))y’

cosfarctg(sh2x)]

1
= - tpfarctg(sh2x)} ——— (sh2x)’
8 £ 1+sh”2x

_ 51123( h2x.(2x)" = - 2¢ch2x sh2x

1+sh-2x I+sh22x

= - 2th2x, x € R

4 d
2) Dz_nz=ln|y| thi: gz = & —q)—,= L-X va
dx dy dx y dx
, _dy _ o dz
y("‘dx de

Theo trén:

= ln|yl = In(l + x?) - %lnixi - 7ln|sinx|.

g _ 2x 4 Tcosx
dx 1+x° 3x sinx
Do dé:
=y = 1+x° [ 2x 4 Tcosx
T Vrrsinx Uex® 3  sinx

3) Ta viét
y = exp(xIn(2 + cosx)}

y' = exp{xln(2 + cosx)}.(xIn(2 + cosx))’

)
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= cxpixln(2 + Cosx)}[ln(z + cosX) - Xsinx }
2+ cosx

= (2 + cosx)". [ln(z + cosx) — __x_sga_x_}
2 +cosx

4)55'.”“:1-C"2y=\/;"éy'..=—l—‘u>0
2

Vay khi x # 0 thi:

—2 1 —\2
‘_,_I“‘_(l—c‘)_ xe
Y =Y, =Y.B, = \/———2_ - J—T
2Vl-e™ I-e™*
Tai x = 0:
> Ax 1—-‘“2
y'(2£0) = lim — I-¢™™ = limu ——"ﬁ—
Ax—z0 AX aAx—:0 Ax AX”
, 1-c'™ . ol )
=t limy——s— =t 1 (vil-e ~ AX7)
Ax 530 Ax-

5)y' = (% va'-x')' + %(arcsini)‘
a

1 B B X -X a- l
= —val - x + S m—— t — . ——— =
2 2 Jar-x® 2 IE
a 1‘_"7
at
6) Ta cé:

~ln|x| : ln'xl < 0, fx\ <lLx=#0

_ {Inixl : lnlx\ > 0, M > 1
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hay y = s_ign(lnlx|).ln1x\

y' = sign(lnlxl)A%‘x—i“-JS = % sign(inlx|)

véi x| = 1.
Taix =% 1

— .1
(1% = Alxtinioxx—pn(l+Ax){

= fim 8 taq + ax)| +1
Ax—10 A Ax

f'(-1%) = Ali_x{\mxlx—‘ln(—1+Ax){

In(1 — Ax)

o I
— Ax

Ax—si) Ax

=x1

*43. 1) Ham hop F(x) = f[g(x)] c6 kha vi tai x;? n&u':
a) f(x) kha vi tai g(x,) va g(x) khong kha vi tail x,.
b) f(x) khéng kha vi tai g(x,) con g(x) kha vi tai x,.
2) Né&u f(x) kha vi trong (a, b)
lim f'(x) = oo thl lim f(x) = «©?

X T —rd

3) Né&u f(x) kha vi trong (x,, + ©) v2 tén tai lim [(x) thi

x—dea

lim £'(x) tén tai?

X—p ¥+

4) Ham f(x) c¢6 thé c6 dao ham hitu han hoac vé han tai
diém gidn doan cia né khéng?

Bai gidi

1) C6 thé kha vi ciing cé thé khéng.
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a) Thi du:
f(xy=x"khdvitaix, =0
2(x)

\xl khéng kha vi tai x4 = 0.

Ham hop F(x) = f[g(x)] = [x|* 12 kha vi tai x, = 0.

Vi F'(0) = lim |AX|_ =0
A0 Ax -

f(x) = x, g(x) = M

F(x) = f[g(x)] = IX| khéng kha vi tai x, = 0
by Thi du:

f(x) = ]x[ khong kha vi rai x,
tai x, = 0.

0, g(x) = x~ kha vi

F(x) = [(g00)] = [&*| = x* kha vi tai x, = 0.
f(x) = |x| g(x) = x.

F(x)

I

flg(x)] = ]x] khong kha vi tai x, = 0.

2) Tir limf'(x) = o khéng nhat thi€t, suy ra lim f(x) =

Thi du f(x) = vx : F(x) = —

2Jx

lim f'(x) = o nhung ling f(xy=0

x—0

1

1 eatt

3) Khong nhat thi€s suy ra lim £(x) 16n tai.

Thi du f(x) = SIX y Xp = 1
X
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lim f(x) = tim 222~ — ¢

Xk X+ X

2x* cosx” —sinx®

nhung  lim ['(x) = lim

3
X— 0 A ~p+o0 x—

{

X0 -

: . sinx’ .
Iim [2cosx‘ -3 - ] kivéng (6n tai
©X

4) {(x) khéng thé c¢6 dao ham hitu han tai diém gidn doan x,
¢ha né, vi n€u ngugce lai thi f(x) kha vi tai x,, theo tinh chit ham
kha vi: f(x) 12 1ién tuc tai x4, trdi v4i giad thiét. Mat khac f(x) cé
thé cé dao him o tai diém giin doan clha né. Thi du: f(x) =
signx.

x = 0 12 diém gidn doan cia né.

£(-0) = lim S84 i oy
Ax—-0 AX Ax—v—OAx

£(+0) = lim S8M4% _ pn L o4
Ax—+D  Ax A+ Ay

44. Tinh dao ham cla cdc ham 4n. y = y(x) xdc dinh t c4c
phuong trinh:

1) x*+ 2xy -y*=2x
ny L +¥Y 1=0
a” b”
23

3) x*P +yr=a

3 VX +fy =+a
5) arctg—"i = Inyx* +y’
X

Badi gidi
I) Coi y = y(x), dao ham har v& phuong trinh theo x, ta cé:
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2x + 2y + 2xy’ - 2yy'= 2

T d6:
"= I_-L_y_‘x;‘;y
xX-=y

2) Tuong tu nhu 1) ta cd:

A — 2
LS ) ‘:_i
a’ b? a> y

7 ! 2 ! y
3)—X3+— 3 'z 0> vy = - 3=
3 3)' y y "
1 1 y
4) —(= + —(=y' =0y =- J=
2 2y X

1 2x+2yy
2" 2 2‘ x:_‘_y:
Sxy' -y=x+yy . (x*+y2z0)

X+y
Xy

=y = y (X = Y)

45, Tinh dao hAm cta c4dc ham s6 cho theo tham s8:

R
x =acos't
1) cos 0<t< &

y =bsin’1 2

2) {x =a(t - sin t)

y= a(l - cosl)
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x =1 sini
3) 2 O<t<r

y = In(sint)

X =rcos
4) { q’,r:a(l+cosqa),0<(p<27n

y =rsing
Bai gidi
1) Theo dinh nghia:
oo dy _ymde _ y'@
Yodx X' (6)dt x'(1)
Do dé:
. 3bsin® ¢ cost b T
Yy= —————— =- —gl, O0<t< -
—3acos” t sint a 2
.t
. 2sin-- Cos
asint t
2) y'. = (l )_ : zcolg—, O<t<m
all — cost 26in? L 2
y'.(0) = o
y'.(an) =
1 t 1
—COS~ costsin —
1) C - cos? 2 2 - 2
Y sint .t 1, t
sin — —S5Intcos —
2 2 2
.t
2costsin—
2 2 cosl

il

= , O<t<m

¢ P .
2sm—cos” — I+ cost
2 2
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4) x = rcosp = a(l + cosp)cosp
y = rsing = a(l + cos@)sing
2n
0<@p< —
® 3
. Y a(l + cosg)cose —asin” p
Y= y = - . .
x'(¢) m+ cos<p)smp+acos<psmp
cos(ﬁ]cos9
COSQ+COS2Qp _ 2 2
sin¢ + st 2¢p | sin(ﬂJcos%

30 27
= -cotg|—|, O0<op < —
g[z ?<

<

46. Xdc dinh mién tén tai cha cdc him ngugec x = x(y) va
tinh dao ham x' néu:

1) y=x+Inx
2) y=x+¢"

3) y = I:xz (X(O)

4y y=chx (x>0)
Bai gidi
Dy=x+Inx,x>0,-0<y<+wm

1 . .
y.=1+ — >0, khi x > 0 vay y 13 ham don diéu tang nén
X

161 tai ham nguge x = x(y) trong (- ©, + o) vi
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2) y=x+e',-o<x<+ o, -w<y <+ oo,

y.=1+¢e" >0, Yx € R = y don di¢u ting, do dé 16n
tai ham npuge x = x(y) trong (- ®, + o) vi
. 1
x' =
I+e'

v

3) y= l:xz ,x<Q,0<y<1A”

, 1+ %7 2x —2xx™ . 2x
o [1+x:): AUE \");

ham don di¢u gidm, vay tén tai him npdye:

x(y) trong (0, 1) va x', = ex’) _ x

- <0 khi x <0, viy y 12

X = = —
2x 2y-
4) y=chx, x>0,1<y<+w®
X _ o .-% \
y' = shx = A lc"[l ] >0
2 2 e )

Vay y la don diéu tang v tén tai ham ngml_yc x = x(y) trong
(1, + ©) va

(¢ch’x - shi*x =1, x >0 : shx > 0).

*47. Tinh cédc téng:
1) P(x)=1+2x 4+ 3x™ + ... + px""
2) Q(x) =17+ 2°.x +3%x* + ...+ 0’x™!

3) R({x) = sinx + sin2x + ... + sinnx



4)  S(x) = cosx + 2c082x + ... + nNCoOsSnx
5) T(x) =chx + 2ch2x + ... + nchnx
Bai gidi

1) RO rang

P(x) = (X + x>+ ... + x")' = {XI_XH)]

l-x

(Téng c&p s8 nhan: S = ﬂ:—_—q—), a=4q=x)
—-q

P(x) =

x-x"" ) d=xft-a+ hx" )+ x=x"
1-x - (1-x%)
[-(n+Dx" +nx™"

= > Ax =D
1-x)

2) Ta cé thé viét:
Q(x) = 17 4 2% + ... + n’x™!
=14+ 2x+ 3x° 4+ ...nx"" 4+ x(2 + 6x + ... +n(n-1)x"?)
= P(x) + xP'(x) = (xP¢x))
- n n+l )
Do d6 va theo 1): Q(x) = [x—l—(n—tll)—x%g—}
—x =

Sau khi tinh todn ta cé:

1.n h — nt|_ 202
Q(x) = 1+x—-(n+D"x +((fn 4)-‘2n Dx n-x = D
_x'

3) Ta ¢6;

. X X X, X
R(x)sm; = Sin Esmx + sm;s1n2x + ...+ sm;s_mnx
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1 X 3x Ix Sx
= —[(cos— - cOosS—) + (COS— - cOS—) + ...
2 2 2 2 2
2n -1 2n+1
+ (cos X - cos x)]
X 2n+1
COS— — COS X %
Do d6: R(x) = —-2 2 (sink %0)
. X 2
2sin—
2

4) R6 rang S(x) = R'(x), do dé va theo 3):

. X . 2n+l . X
nsin —sin - X — sin >

S(x) =

2sin”

N

5) Xét U(x) = shx + sh2x + ... + shnx
thi: T(x) = U'(x)

Mat khéc:
X 1 3x X 5x 3x
U(x)sh— = —[(ch— - ¢h=) + (¢ch— -¢ch—) + ...
()2,2[(2 2)(2L2)
+ (ch 20 +1 x - ch 2n_lx)]
= l(ch 2n+1 X - chi)
2 2
(Ap dung céng thie: cha - chb = 2sh zHﬁbsh a_h ).
c112“+-1x - t:hi
Do dé: U(x) = 2 2 (x#0)
x A
2sh —
2
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nsh 3(—sh[n+ ! ]x ~spr X
- 2 2 2
vl T(x) =

2sh? X
2

48. Tinh dao bam va vi phan cfp 1. ¢cdp 2 cda cdc ham s6:

X

Doys 1-x?

2) y=xe"

1) y = sinx?, x = x(t)

4) y = x[sin(lnx) + cos(Inx)}

5) {x =a(t ~sint)

y = a(l—cost)

Bai gidi

1) y': - =

]
=
A

dy

y = — | = [(1 - xz)_w:]- = . _23_(_2)()(1 - x:)-S/:

_ ,d3y= _3de25!|x|<l

(=) ()
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3)

4)

5)

y' =e'-xetT=e*(I - x), dy = (1 ~ x)dx

yr=(et-xeY) =-¢et -t + xe”

y', = 2xcosx’, y",, = 2cosx*® - 4x*sinx?
dy = 2xcosx?dx
d’y = d(dy) = d(2xcosx*dx)

= 2xcosx*d*x + (2cosx? - 2x7sinx*)dx?

(x = (x(t) : d*x # 0)

y' = sin{lux) + cos(lnx) + ){

X X
= 2cos(Inx)
g 2sin(Inx) x>0
X
3 2si )
dy = 2cos(Inx)dx, d’y=- sx_n(ln}_)_dx_‘ (x > 0)
X
v, = cotg% (bai 45.2)
dy = cotg de
“2
y"“ = (y")l‘ = (y'l)l|‘lll
¢\t T, I
(y')', = (cotg ), = - ,
2 ot
2s5mn” —
2
(' = L = ;
! x', a(l —cost)

cos(ux) sin(lnx)] _
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-1

Vay vy, = N
2a(l - cost)sin® —

[\

-

va d’y = _:_dx_t: (dx = a(l - cost)dt, t # 2kn).
4asin® —
2

49, Chitng minh cdc udm sau d4y nghie¢m ddng cd4c phuong
trinh tuong wng: (C,, C, = const):

<2

D y=xe? : xy' =(-xy

2) y=Cjcosx + Cysinx : y"+y=0

3) y=e'lfremmr o (1 -x*)y"-xy' - 100y =0
4) y = x"[C,cos(lnx) + C,sin({lnx)] -

x*y" + (1 - 2n)xy' + (1 + nY)y = 0
bang cdch dat x = ¢'

Bai gidi

1) y' = er -x%e? , thay vao phuong trinh ta cé:

-
_x* e

X' - (1 -x)y=x(1-xHNe?* -(I-xHxe? =0

Vay ham y = xe ® nghiém ddng phuong trinh di cho.

2) y'=-C;sinx + C,cosx

y" = - C,cosx - C,sinx

y" +y=-C,cosx - C,sinx + C,cosx + C,sinx = 0

10

1-x

3) bat u = 10arcsinx, u' =

hl
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:yx y\l ux“ S
1-x~
yu - C“ u. 100 + e“( 10 ),
1-x2 1-x*
., 10 L10x
=c > + € 3
1-x (,l—xlj
Vay:
(1-x%)y” - xy' - 100y =
= 100e* + 42X 1% 00er =0
Ji-x JI-x
-1<x<1)

4) x=¢e',Inx =1, (x>0)

pod a1 ody
dx

dt dx e' dt

pro &y 4l a\a (1 &y 1 dy) L
dx®  dele' " de Jdx e Tdtt e Tdr) e
Do d6: y = ¢*(C,cost + C.sint) - (0

va x’y" - 2ny' + (1 + nY)y =

. 1 [dy dy e dy 2
= —|—— - —|+((-2n). —.— + (1 +n)y =0
e-'[dr dt] Codt y

dy dy .
ha —2n— +(l+n)y=0 (2
e dt ( W )

Vay, bai todn duva vé bai todn: Ching minh ham (1) nghiéw
diing phuong trinh (2):

Ta cé6:
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y' = ne”(C,cost + C,sint) + e¢"'(-C,sint + C,cost)

y", = n"e”(C,cost + C.sint) + nc™(-C,sint + C.cost) +
+ ne™(-C,sint + C,coslt) + e™(-C,cost - C,sint)

dzy

dt’

dy

vA -2n—=L +#(l +pY)y=
de

= e™[n*(C,cost + C,sint) +2n(-C,sint + C,cost) -
- (C,cost + C,sint) - 2n*(C,cost + C,sinl) -
- 2n(-C,sint + C,cost) + n°(C,cost + C,sint) +

+ (C,cost + C,sint)] = 0

50. Tinh dao hdm cidp n cha cdc ham s4:

1
1] =
)y a+bx
Ja+bx
1
3) Y= 5
X~ —-a~
4) = e**sinbx
5) y =x%cos2x
*6) y = X

*'7) y = x"' ex
Badi gidi
1

= (a + bx)"'
a+bx ( )

1y y=

y' = -b(a + bx)?
y' o= - I_(-2).b3(a + bX)'S,



— ]'I_ !bll
YU = 1Dl -0+ DB 4 byt n = CD D
(a+bx)"

2)y = = (a+bx)'15

1
Ja+bx

Tuong tu ta cé:

g = D@ - Db
2"(a + bx)¥/a + bx

((2n - DHIT =1.3.5..(2n - 1))

?)y=1= 1 =L(1_1}
_ x*-a® (x+afx-a) 2alx-a x+a

(n) {n)
v = L[{ 1 } - [—-l-—-] ] theo 1) véi b = |:
2al\x—a X +a

g CD 1
2a (x_a)nd (x+a)n+l

4) Ta cé:

y' = ae**sinbx + be”'‘cosbx

bat cosp = sing =

a b
va® +b° va’ +b’
thi y' = va® +b” e**(sinbxcosp + cosbxsing)

hay y' = Ya® +b° e*'sin(bx + o)

Bang quy nap. dé diang chiéng minh dugc:

!

n
(n)

y'" = (a: +b:)5. e*“sin(bx + n¢e)
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Thyc vay, n = 1, theo trén cong thic ding.

Gia sir cong thic ding véi n = k:
k

y' = (33 +b2] esin(bx + ko)

k
2

y'trt = (a: +b1)_. [ae*sin(bx + k¢) + be**cos(bx + k)]

-

k+1
= (a' +b:)7. e**sin[bx + (k + 1)o]
Nghia la cong thitc ding véin = K+ 1.
Vay céng thirc diing Vn € N.

5) y = x°cos2x, dat u = cos2x, v = x°
Ap dung cong thic Leibniz (1.6):
y©™ = Clx*(cos2x)™ + CL(x?)(cos2x)™" +
+ CI(xM)"(cos2x)™ P+ 0 vi (x)'"" =0
Mat khac theo (1.7.4%):

(cos2x)™ = 2"cas [Zx +%]

va tinh todn, cuéi cling ta cé;
: N\
y'"r = 2"[)(2 —}%)-] cos[2x+%} + 2“[}XSiﬂ[2X+%J

lcg =1,C, =0, C = —"(“2’”‘

cos|2x+m-DZ | = sin 2x+u—n],
2 2

cos [2){ +(n —2)£] = —cos(zx +ﬂ\] ]
2 2



X .
6) y= m,tavnety—xyl
1

véiy, = = (1+x)3

Vi+x
Ap dung céng thic Leibniz (1.6):
y*" = (xy )™ = xy, ™ +ny, Y

Ap dung céng thic (1.7.2°) ta cé:

yi© - (-1 %[g + 1] G ~k+ 1](1 +x)y3

!

Do dé6:

C0ra.4..Gn-2)x  (71.4..00-5)n

(n)
y

1

30 +x)s 'S 3“"(1+x)§‘°"
_ (14,0605

3°(1 + x)i”

(A" 1.4 (30 - 5)3n + 2x)

1+ x)*s

A(3n - 2)x - 3a(l + x)]

1
7y y=x"'.er,neN,x=0

b , l —
Xeét n=1, y=e', y =—-—e¢"
X2
! tog !
n=2, y=xe',y =e¢e' —-—e”
X
| | 1 1
- — - l -
y«_ —-——et 4 et L’cl = _T‘_C:
X & X
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Ta s& ching minh:

yo = Ee

X

i

Theo trénn =1, n = 2, (1) 12 dung.
Gid sirn =k, (1) 12 ding:

— e
yo = (xzf

gk = d(i:k [%[xke;{]]

| ] 1

SRR A S I ) s

xk»l xk+|

er
xh:‘.

- (~ l)xn e

x+2

Vay (1) ding v6in = k + 1 va theo phuong phdp quy nap: (1)
ding Vn € N. :
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51. Tinh dao ha.w va vi phan cdc cdp duge chi ra cia cidc ham
s6 1ai x tuong ung:

1) y = l_x__x‘ ytlm(o):-_)

1

L yiomy =

2) y

3) y = cosx.chx, dfy(x) =7
*4) y

Bai gidi
\ ]

arctgx, d"y(0) =?

? o+t
Hy y= —=1 =-(1+x)+-—L
1-x 1-x 1—x

yUO) = (1 x)] + [( - %)Y = (- x0T
Ap dung (1.7.2% ta ¢é:
y"'Ox) = 101(1 - x)M', x # 1
Do dé y'®0) = 10!

2)Datu=l,v=e‘
X

Theo cong thic Leibniz (1.6) ta ¢6:

X X

1 e’ . € 3
y'® = Cly—e' - Clpo—5 + 2.Cjp.—+ - 2.3.Clo.—5 +
X X X
c‘ el cK c!
+2.3.4.Cl— - S1Cl.—— + 6! Clo.— - T1Clp. 5 +
X X X X
8 e( q e! ' X
+ S!C.O.F - 9! CIO.F + 10! T

10 (|
= e* 2(— l)“CII:O %
n=0 X
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3) y = cosx.chx, dat o = cosx, v = chx

Theo cong thic Leibniz (1.6) va (1.7.4% 1a cé6:

y'® = Clcos [x +67n]chx + Cicos [x +57n)shx +
+ Cicos [x+i2£]chx + Czcos[x+-32i]shx +

+ Cjcos [x +£27£] chx + C:cos(x+§] shx + C§cosx.chx

= cosx.chx - 6sinxshx + 15cosxchx + 20sinxshx -
- 15cosxchx - 6sinxshx + cosxchx = 8sinxshx
Do dé: d®y = 8shxsinxdx®

4) Tacé: y' = ; hay (1 + x3)y'=1 (1)
1+x~

L4y dao hiim c4p (n - 1) hai v& caa (1) ta cé:
(theo c6ng thitc Leibnizu =y' v =1 + x°)
(1 +x)y™ + 2(n - Dxy™ " + (n- )(n-2)y"* =0
tai x = 0, ta ¢6:
y'UH0) = -(n - D(n - 2)Y"0) ,n =22 (2)
Dodé:n=2:9'*0)=0
y'*=-(3.2)y"=0... y?¥ =0

tacéd y(0) = 1.

-

1+x
Theo (2): y'*(0) = -(2.).[(0) = - (2.1)
yrE0) = - (2k).(2k - 1).y'*1(0)
= (-DX2KY(0) = (- (2K)!
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52. Céc ham sau day kha vi baa nhiéu 14n tai x = 0?

l-cosx : X <0

ln(l+x)~x:x.>_0

2Xcosx 1 x <0
2) f(x):{

sm2x : x 20

* sin— 0
3y fxy= 0T

0 1x=0

0 :x =0
Bai gidi
sinx :x <0
1) fl(x) = 1
-1:x20
1+x
Do d6: {'(+0)=0
£(-0) = lim M@ - ﬁmﬂ =0
Ax~-0 A.x Ax—Q A.X

vay f'(+0) = £'(-0) = 0 : f(x) ta khd vi tai x = 0 va {'(0) = 0.

cosx :x <0

i Foa=5__1 ~:xz0
(l+x)‘
Do d6: (“(+0) = -1
("(-0) = lim £{o+ax)-r(0) o SAX
A0 Ax a0 AX

Vay f"(+0) # ("(-0) : f“(0) khong téu tai va f(x) chi kha vi
maét 1an tai x = 0.
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2cosXx — 2xsinx:x <0
2Y Tacé f'(x) = {

2cos2x x>0
va ['(+0) = 2.
F-0y =t H0280=10) _ o 28xcosax
Ax—-0 AX Ax—--D

Vay f'(+0) = f'(-0) = 2, f'(0) = 2 : f(x) |2 kha vi tai x = 0.

£ (%) —4sinx — 2xcosx:x <0
x) =
~4:sin 2x :x20

va f"(+0) = 0.

n

_ £+ax)-1(0) . 2cosAx — 2AxsinAx - 2
m — —~—~ lim
Ax: 20 Ax Ax— 0 AX

£ (-0)

. l(cosAx - 1) - 2Axsinx
lim =
AX =0 AX
Vay f"(+0) = £"(-0) = 0, f"(0) = 0.

-6cosx + 2xsinx:x <O
—8¢cos2x ' :x20

Xét fr(x) = {

TY dé6 7(+0) = -8.

£ (-0) = “%F (0+1§(x)—f' (© _ A]im{-«;smm - iixcosAx -0
Ax— x—s
= ;““L[M - 2cosAx] =-6
AX— X

Vay £7'(0) khong té6n tai va f(x) chi khi vi hai 14n (ai x = 0.

Sl
—:x#0
1) f(x) = X smx X

0 tx=0
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. 1 a
Ta cé: '(x) = 4x“sin— - x‘cosi‘ xz20
X X

Ax*sin -1
f'(0) = ljmw = hm‘Ax =0

Jx—0 Ax A0 Ax
" 5. | i .1
f*(x) = [2x°sin— - 6Xcos— + sin—, x # 0

X X X

{0 + Ax)-£(0)

f'0) = i ——+F— 2~ =
Ax—0 Ax

4Ax " sin L AX® cosL -0
Ax Ax

= lim =0
Ax—0 AX
Ax -0 AX

U | 1 |
12Ax~ sin — — GAX cos — + sin —
Ax Ax Ax

fim
Ax—D AX

Do dé £(0) khong t6n tai va f(x) chi kha vi hai 14n tai x = 0.

]

u""

T

tx#0

4y f(x) = de
0 : =0

khi x # 0 ta cé:

|..|I"‘

r 3
f'(x) = _3_e < f"(x) = ( el ‘]‘e <o f[n)(x)

X

| . e
Q.. [—] 12 mot da thitc bac 3n cla dbi s6 l
X X
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f(0+ax)- o) _ 0 & a? g

X¢ét f'(0) = lim li =
Ax—0 AX Ax -»0 AX
. S|
= lun =0, (0= ~—)
u—---/:aea- Ax
Tuong ty f'(0) = ... = {'"(0) = 0 v8in € N.

Vay f(x) khd vi ¥Vn € N tai x = 0, ta goi f(x) 12 khi vi v6 han
l4n khi x = 0.

53. 1) Cho ham s y = f(x) kha vi tai x € X. Tim:

a) Phuong trinh cua ti€p tuyén, phidp tuyén véi dé thi ham
s6 tai x4 € X;

b) D6 dai cua doan ti€p tuyén, phip tuyén (d6 dai cua tiép
tuyé&n, phdp tuyén gém giira ti€p di€m va truc hoanh);

¢) Do dai cva ti€p anh, phdp anh (hinh chiév cha doan tiép
fuyé€n, phap tuyén trén truc hoanh).

2) Cho y, = f(x), ¥, = 2(x) khd vi tai x, € X: (xq. ¥o) 12 giao
diém cdc 36 thi cha ching.

Tim géc gilta cidc d6 thi dé rtai (xo‘ ¥Yo) (gbéc gilta cdc tiep
tuyén ciia chiing tai (x4, Yo))-

3) Tim giao diém cia cic ellipses:

L+y—=l; X +L=l

16 9 9 16
va tim géc giita ching tai cdc giao diém dé.
Bai gidi
1) a) Theo y nghia hinh hoc cua dao ham thi phuong trinh

cua ti€p tuyén MT (phdp tuyén MN) vé6i dé thi ham s6 tai M cé
hoanh d¢ x, la:

Y - yo = ' (x)X - xp)

(Y - yo =

- Xo), Yo = f(Xy)
f'(Xn) xO yU (XO )
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(n€u f'(x;) = o thi ti€p
tuy€n song song V&I truc y
tung).

b) Theo H7, ta ¢6 doan

ti€p tuyén MT (doan phip
tuyé&n MN) la:

MT = \/(”‘T"‘0)2‘*()"1")'0)2 ; M

(MT = J(XN _xo)z +()'N _)70)2 )

(X1 yr) vd ((xy, Ya)) 12 My
giao dién: cha Ui€p tuyén T 2 N X
(phép tuyé&n) véi Ox: /]

T phuong trinh cla tiép
tuyé€n ta cé:

yT:O:"T='Z'E'+"°‘ Hinh 7

Yo ’
vai Y’y = {(xy).

Tv d6:

MT = \j[—l.“— +Xg — xo] +(0-y,) = ; J1+y3
Yo o

(Tuong ty: MN = |y |y1+¥5).

¢) Theo H7, ti€p anh (phap anh) tai ti€p diém M c6 hodnh do
X, 12:

MM,

]
=
—
0
=}
o2
R
13

o]

1
Jl+tg20c - \ll+y'§

twong tu: phédp dnh NM, = |y,v'].

coso, =
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2) Theo H8, ta cé: 7
B f
p=pf-a, 0<q@< —
2
va tge = tgf — tgx M
1+ tgactgp
hay g = f(xvo)“gl(xo) . ” ﬁ 3
1= £1(x0)g'(Xo) ) / P
M(X,, ¥;5).

P66 la céng thic x4c
dinh gé6c gita hal dudng
cong tai giao dém My(X,.
yo) cta ching.

Hinh 8.

3) Giao diém cha céc ellipses da cho la nghiém cla hé:

£+L=1
16 9
.x_~.+_>:=l
9 16

Giii hé nay ta c6 4 nghiém tuong dng véi 4 giao diém cia
céic ellipses.

Xét mot giao didm (%,%).

T phuong trinh d4v ta cé:

2x  2yy' . 9 x 2.« 9

— +——=0ha =- —— vay(—=)=- —

16 9 YV = 1ey VYT R 6
Tuong tu d6i vai ellipses thir hai: )"‘(1—3—) = - %

Do dé géc gitta hai ellipses tai My:

144



9 16
g = \ _-léﬁ[t” L 175
1{_.196][_!3] 288

hay ¢ = 31°.

Vi ly do d6i xing, dé dang suy duge cdc giao diém khic va
cdc gbe gia hai etlipses tai cac gifo diém d6.

*54, Ching minh:

1) Pa thitc Legendre:

1 d{(x* —1)")
2"t dx"

,heN

nghié¢m ddng phuong trinh Legendre:

(1 -x3)y" -2xy"' +n(n+ 1)y=0
2) Pa thic Laguerrc:

y = Lo(x) = e de )

n! dx"

nghiém ding phuong trinh: xy" + (1 - xX)y' + ny =0
Bai gidi
D Datu=(x>- D" thiu™ =2"1n!P (%)

Ro6 rang néu u'™ nghi¢m diéng phwong trinh Legendre thi
P (x) ciing nghi¢m ding phuong trinh dé vi 2".n! = const va vi
phuang trinh dé khong ¢é vé phal (thudn nhAt).

Toru=(x"-1N"tacéu =2nx(x* - 1)
hay (x* - u' = 2nxu

Pao ham (n + 1) lan dén:g thitc nay, thco coéng thic Leibniz
(1.6), ta c6:

(x* - D™ + 2(m + Dxu™"" + (n + Dnu'™

= 2nxu'**" + 2n(n + Du™
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hay (1 - xHu'™> - 2xu™*" + n(p + HL'" =0

Vay o™ aghi¢m ding phuong trinh Legendre nghia la y =
P.(x) nghié¢m ding phuong trinh d6.

2) Dat o = x"e™ thi u'™™ = ¢*.nlL (x)

'Ti( dé o' = nx"'e* - x"e’

. xu' = nu - Xu=(n - x)v
hay xu' + (x - n)u=20
Pao ham (n + 1) [4n ding thic ndy, theo (1.6), ta cé:
xu'™ 4+ (n 4+ DU 2 (x - '™+ (n+ Du'™ = 0

hay xu™ p (x + DHut ¢ (n+ DHu'M =0 (1)

vi u'™ = nleL,_(x)

nén u'™" = nle*[L' (x) - L (x)]

u'™ = pte[L",(x) - 2L' (x) + L (x)]

Thay u™, u'"*", u'**® theo céc cong thitc ndy vio (1) va rit
gon ta duge:

XL"(x) + (1 - xIL'((x) + nL(x) =0

§2. CAC DINH LY VE HAM KHA VI

2.1. C4c dinh ly trung binh

Dinh 1y Rolle (R)
f(x) lién tuc trong [a, b]

N&u<4 kha vi trong (a, b) thi 3¢ € (a, b): f'(¢) = 0
f(a) = f(b)
Dinh 1y Lagrange (L)



L [0 lien e trong fa, b) . |3c € (a, by:
Néu hi
{(b) —f(a) = ['(c)yb —a)

kha vi trong (a, b)

Dinh Ix Cauchy (C)

f(x). g(x) lié 0 1uc trong |a, b) 3¢ € (a, b):
Né&u <kha vi trong (a, b) thi §f(b) -~ fa) _ ()
2'(x) # 0 trong (a, b) g(b) - g@@a) g'()
. o r e X - 0 «©
Dinh Iy L'Hoépitul (H) (khir dang vo dinh 5‘ —)
20

" F(x), g(x) thoa min cdc diéy kie¢n cua dinh ly

~

Cauchy troung lan can cita x4 € R, trir 1ai1 x4

Né lim f(x) = lim g(x) = 0 ()
lim fl(x) =a (ae€ ﬁ)
\ CeYa g(x)
thi lim M = a
g g(x)

2.2. Cong thie Tayler va Maclaurin

Né&€u ham y = f(x) khd vi n + 1 l4n trong 1an c4n cua didm x,
thi trong 1an c4n cfa x,, ta ¢é cdng thie:

f(x) = f(xy) + “:0) (x - X,) + f (::U)(x S XY 4
Ln
flnl(xo)

2 (x - xo)" + R,(x) (T
n

goi la ¢cong thic Taylor cdp n.

fun’h(c)
-+ D!

Vai: R, (x) = (X - xx)"*"' : 56 hang du dang Lagrange.

147



c

RI\(‘\:)
Peano.

\

I

Xo + 0(X - x4), 0 <0 < |

0((x - X)) (VCB biac cao hon (x - x)"): s8 du dang

Dac biét x, = 0

f(x) = f(0) +

r(X")x + f (Xo)x: +
! 2!
r|ll|(x0)
n!

+ ...+

x" + R, (x) (M

goi la cong thde Maclaurin cdp n.

C4c khai trién théng dung theo cong thic Maclaurin:

2 n ax
io) c‘ = 1 <+ _x. -+ x_ + .+ — 4+ c xlnl
I pil n! (n+l)!
3 XS xlm—l
20) Si“x =X - — + — + ...+ (_l)m-l______ + ..+
O] (2m -1}t

n =]
+osinf = X 4 ginpox + n+ DZE) 2
2 n! 2 (1)

-

x> 4 2m

X
30) C()SX:l——+-_+_”+(_l)mx ¥

49 (1 +x)* =1+ ax +

148

pil 4t (2m)!

n n-l
+cos(27—[ x—+cos{9x+(n+ l)zc_] X
2 ) nt 2 (n+1y

+ a(a - l)((x - 2)' (a. -n+ ]) < 4+
n!

+ a{u - l)(a - 2) (u - n)
(n + 1)!

(l + “X)U‘-"'.AXKHI




ae R, 0<D <.

5% ¢l + x) = x - éi— o F D 0
n

+ O(X.‘.kol)

n x
6% aretgx = Y (-
¢ E 2k + 1)
X'\ XS
no=2arctg x = x - — + — + 0(x%).
3 §
[ , "
7°) arcsinx = x + 3 (2k - H!

e x:\'l + 0(X2k+2)
S 2°kQk+ D

R 1 3
n=2:arcsinx = X + —x* + —x¥ + 0(x")
6 4(

((2k ~ 1)1 = 1.3.5...(2k - 3)(2k - 1); 51! = 1.3.5)

BAI TAP

7]

5. Nghiém lai dinh 1y:

1) (R) doi véi
W) B(x) = (x - I){x - 2)(x - 3) trong [1, 3];
by f(x)=1- 3% trong -1, 1}

2) (L) doi vai f(x) = sinx + 2x trong [0, =n]

3)  (C) d8i véi f(x) = x°. g(x) = x" trong [-1, 1]

Bai gidi

1y 4y f(x) lién tuc trong [1, 3} vi la ham so cép;

f'(x) = 3x7 - 12x + {1 nén f(x) kba vi ¥x € R, dac biét né
tha vi trong (1, 3);

f(1) = [(3) = 0. Vay {(x) thoa miin moi diéu kién cua dinh 1y
‘RY nén ve € (1, )

f'(¢) = 0 hay 3¢* - 12¢ + LI =0
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Do d6 ta tim dugce hai gid tri cta ¢:

()+\/§ (s—\/g

3 "C<=—--§— (c,,ca e (1,3

¢, =

by f(x) khong thod min dide kie¢n kha vi trong (-1, 1), vi
f'(x) = .

] . .
T =« (ai 0 € (-1, 1). Viy khéng c6 ¢ 4¢ f'(c) = 0
VX

w [

trong (-1, 1).

2) R& rang f(x) thoa man cdc didu kién cta dinh Iy (L) trong
{0, x].

Vay ta ¢é: f(wn) - {(0) = '(c)(n - O)

hay:2m = (cosc 4+ 2)n VA ¢ = 7—2:-, {e (0, 1))

3) Ap dung dinh Iy (C), trong [-1, 1}:
f(1) -~ f(-1) f'(c)

=—=,ce (-1, 1)
g —-g-b  2')
) 2]
hay b ~2—('; = i\ nghia 13 khéng tén tai c thod man dinh
2 3¢ 3c

19, didu ndy do g(x) khéng thod min mot diéu kién ctta dinh 1y:

g(xX)=3x"=0taix=0¢€ (-1, 1)

56. Ap dung dinh Iy (L) ching minh cdc bat ding thic:
1Y lsinx - s'my' < {x - y|
2) Ia:c(ga —amtgb' < la - bl

a—b

a

1
1) _1|_<_I_ ——-——-l—,a>(),neN
n* a (n—l)“ n* .

2) a-b

a
<ln-b—< ,0<b<a
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Bai gidi

1) Xét ham s6 f(t) = sint thi f(0) thoda min moi diéu kién cia
dinh 19 (L) trong doan [x, y] bat ky.

Vay f(x) - f(y) = f'(e)(x - y)
hay sinx - siny = cosc(x - y)
va ,sinx - sinyl < lx - y| do lcosc} < 1.

2) tvong or nhu 1): xét f(x) = arcigx, f'(x) =

Y

1+x~
ta c6:

1
arctga - arctgh = —~(a-b)
1+c”

1
— arc < ja— b vi 1.
Vay \a:ctga arctgb! < ta 1 vi e~ <

3) Xét f(x) = In(x), f'(x) = 1 thoa mian cic diéu kién cua
X
dinh 1y (L) trong [a, b].

VAylna-lnb=i(a-b) vdib<c<a
c

Do dé lng- < a-b vhlni > a-b
b b b a
Vay a- <1113 < a-b
b b
1) Xét ham f(x) = — f(x) thod mian moi didu kién cua dinh
X
1y (L) trong [n - 1, n}.
Ta c6: f'(x) = - J:T
X
vh: L 1 =- al(n-(n-'l))
n* n-Dn* e
I 1 w .
hay - — = véin-l<c<n
mn-Dn* n® ¢
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. 1 I | 1
Vay <=7 - —
n*"' a Ln—l)“ n“J

*57. Ching minh:

1)  Néu f(x) ¢6 f'(x) trong (a, b); a, b € R
va limof(x) = xlilg}of(x) =A eRthi3ce(a,b): f(c)=0

X—a+

. 2)  Néu f(x) c6 F'(x), ..., I'"V(x) lien tuc trong [x,, x,], c6
f'"(x) trong (x,. x,) va f(x,) = f(x,) = f(x.) = ... = £(x,); x5 <€ X, <
<... <X, thi 3¢ € (x4.%,) : f'™(c) = 0.

3) Cho f(x) kha vi trén [a, bl, cé f"(x) trén (a, b), chiing minh:
Vx € (a, b), de € (a, b):

—a

f(x) - f(a) ~ ~——f<b; _f(a) (x - a) = &7 D) “3)2(" L)

4) Cho f(x) kha vi trén [0, 1], ' (0).£(1) < 0= 3x, € (0, 1): f'(x,)=0
Bai gidi
1y Xéra,be R

f(x):a<x<b
A:x=ax=b

bat F(x) = {
R& rang f(x) thod man cdc diédv kién cua dinh Iy (R):

Jc € (a, b) : F'(¢) = 0 nhung c € (a, b) thi F'(c) = f'(¢c)
Véay 3c € (a, b} : f'(c) = 0.

Xéta e R, b=+ = (tuong ty cho cdc truong hgpa=- o, b €
R.a=9mo,b=x).

Vi lim f(x) = lim f(x) = A nén Ve > 0, dudmp thing y = A +

1—-2-0 X+ £
£ (A 20)hayy = A -t (A < 0) s cat d6 (hj cia ham sd it nhat
tai bai didm x,, X5. X,. X, € (4, + =). Trén {x,, X4, {(x) thoa min
cdc diéu kien cia dinh 1¥ (R) nén 3c € (x,. x3): F(¢) = 0 vi x,, x,
€ la, + x) nln suy ra:
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Jc e (a, + x): () =0
2) Theo gid thid thi f(x) thoa man cdc diéu ki@n‘cfm dinh 1y
(R) tréen mdi doan {x,.,. x,). & = 1, 2, ..., o nén 3n dic¢m ¢, (i = 1,
2, ....n), ¢, € (Xp. %) - f'(e) =0.

Ham {'(x) lai thod min cdc didu kién cua dinh Iy (R) trén

méi doan [c,.c,,]i= 1.2, ....0n- 1,dodé In - 1) di€m d, € (X,
x,) : f'(d) = 0.

Qu4 trinh 1§ luan ti€p tuc ta ¢é: 3(n - (n - 2)) =2 dié"m e, €
(Xo. Xa) : £ "(e,) = 0 (i = 1, 2). Theo gia thil f'rrly(x) 1a lien tuc
trén [e,, ¢2] vi do d6 £ (x) ¢6 dAy da céc gia thi€t coa dinh 1y
(R) trén doan dd, vay Ac € [e,, e,] : ("'(c) = 0.

3) Xét @(x) = f(x) - f(a) ~ f(—b‘:—‘? (x —a) - 9‘—‘—"22("—’9 A

X4g dinh A d€ @(x,) = 0.x, € (a, b). Ta cé @(a) = 0, ¢(b) = 0, ¢x,) =0.
Ham ¢ thod min dinh 1y Rolle trong [a, x ), vi [x,, b] = 3¢t a < ¢ <X,
ey x,<cy3<b:@’(c)=0, ¢’(c;) = 0. Ham ¢’ thod mén dinh ly Rolle trong
[er el =>3ce (e, € @0”()=0,9"(c)=f(c)-A=0=f'(c)=2,a<ec<b
Do 46 ta ¢6 cong thic phai ching minh.

4) Xég £°(0) > 0 thi f'(1) < 0; f(x} lién tuc trong [0, 1] = £(x) dat mot
gid tri 16n nhat M = f(x,,), x, € [0, 1], 13 rdng x,, # 0 vi f(x) = f(0)+ £’ (D). x
+ 0(x) = f(x) > f(O), rong twx, = L = {*(x,) = 0.

*58. Ching minh rang:
1) N&uw moi nghitém coa da thic vgi he sé thuc:

f(x) = apgx® + a,x""!' + ... + a, (a, # 0) déu thuyc thi céc
dao ham: F'(x), [*(x). ..., f*'%x) ciing chi ¢6 cdc nghiém thuc.
2) Moi nghi¢m coa da thic Legendre:
1 dnl(x‘l_l)nj

P“(X) =
2"n! dx"

déu thyc va thudc khoang (-1, 1).
3) Moi nghiém cua da thic Laguerre:
. dxl(xnc—l)

n

X

Lax)=¢ déu duong.
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Bai gidi

1) Gia <O ciac nghiém coa f(x) 14 thyc vd khdac nhau, theo
dinh 1§ (R): f'(x) ¢6 n - 1 nghi¢m, f"(x) ¢é n - 2 nghiém thuc,
f*'(x) ¢6 n-(n-1)= 1 nghi¢m thuc. Viy moi nghiém cla cic dao
bam dé déu thuc vi f(x) bac n thi f'(x) bacn- 1 ... f""(x) cé6 bac
[, theo dai s8 hoe mot da thidc bac n ¢d ding n nghiém.

N¢u moét nghiém thue coa f(x) [ nghiém b6i m (m € n)

chang han thi 16 ciing 12 nghiém cda dao ham cha f(x) nghia la
nghicm d6 cing thue.

2) Xét da thite Q- (x) = (x* - 1)" (bac 2n)
Pa thiic nay ¢6 2n nghiém thue
X, = Xa=...X,=-1

xnvl = xn+2 = .= x2n =1

theo 1) QL(x) ¢6 2n - n = n nghiém thyc € (-1, 1,.

Viy P(x) =

QW (x) c6 n nghiém thyc € (-1, 1).

2 n!

Vi mét da thdc bac n chi ¢é n nghi¢m nén moi nghiém cua
P.(x) déu thuc va € (-1, 1). '

3) Xét ham g(x) = x"e”™
g'(x) = nx" et - etx" = e (nx"! - x") = e P L (x)
g'(x) = e [n(n - DHx"* - 20x"" + x"] = ¢ Py (x) -
g "t x) = e P, (%)
£(x) = e P, (X)

Trong d6 P, (x). Ps . (X), -..y PoiW(x) 12 cdc da thife bAc n
khong cé s6 hang tw do, cdn P, .(x) c6é s6 hang ty do 12 n!.

Ta ¢6 g(0) = lim g(x) = O, theo bai (57.1)): Jdec, € (0, + o)

sao cho g'(¢,) = 0.
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Ta lai c6 2'(0) = lim g*(x)= 0, theo dinh 1y (R) va bai (57.1))

thi 3¢, € (0, ¢y), g"(cs) = 0, Fe; € (¢, + »): 2" (cy) = 0, mat khéc
g£"(0) = 0 theo trén, do dé g"(x) triét tidu tai ba diém € [0, + =»).

Ly ludn 1i&p tyc ta thiy g™ ''(x) trigt ¢icu tai n + 1 diém 0,

Zae e 3. € (0, + 3). Y -
gﬂ St Sn

Lai theo dinh 1y (R), g'™™'(x) s& trit ticu 1ai n diém: n, € (0,
N M. € (002, ..o, € (0, ), nghia Ta 2™™'(x} ¢6 n nghi¢m
drong, vi ¢"'(x) = ¢ P, (x) (theo trén).

nn

") # 0do P,,(x) c6 s6 hang tuy do bang n! va P_ (x) chi ¢6
n nghigm,néun ¢'"'(x) chi ¢éd n nghiém duong.

Jw

Vi L, (x) =e'g"™(x) nén L,(x) cing chi ¢é n nghiém duong.

59. Ap dung dinh 1y (quy tac) L'Héspital, tim cic giéi han:

. tax - x ,ooat - x!
1) lim =———— 4)y  lim ——
-0 X — SmXx | S X — a
. 3tgtx - 12tax . SINX — XCOSX
) ll_ll'l L—g— 5) I.l_l.? B S—
0 sindx — 12smx sin” X
; sh” +X
Coafiex - 6y lim sh™x In{1+ x)
3) lim . 40 tgx ~ x
Wt 2sin7x - 1
+
3
. e -1 - x*
7y lim ————
=0 sin” X

X -7

] 2
8) lim xln [—am(gx}
n

1
<

9) lim< —, (n € N)
=0 x-?
Vi [WAY
10) lim [E—_i_
1-40 L e
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t1)

12}

13)

15)

. b2
Lty 1|nxl
=0

1. [ x [FRY
11
o 2x +1

. <
lim x*

x +<Q

SO |

X~ S -—

lim __X
X -0 S111 X

xmy

.1+ X +sinxcosx — Y
lim {6) lim cs/xz—x+l—x[l+—x—]

e (X + sinxcosx)e AT

Bai gidi

1)

2)

+)

5)

|
e = )
.1Ex — X . oSt . I —cosx 1 +cosx
lIim —=— = lim LOs X = lim ( - X ) =2
=0 x — SIX 0 ] - cosx 0 cos'x(l—cosx)
. 3gtx — 12tex . 12tg7x — 12
lim _g—i = lim - £ =
=0 sindx - I2sinx 0 cos” x(4cos4x ~ lZcosx)
-2 3
- 2
o Yex -1 ‘ 1 1
lim ————— = Iim = =
- ~ hl .
I 2sinTx - 1 X 3e0st xdfigix 2sin2x 3
N J X -1
.oa =X . a‘Ina — ax
lim ——— = lim———— = a*(Ilna - 1)
x4 Y — 2 v I
. SINX — XCO$X . sinx — xcosx . X
L= lim ————— = lim —————, (sin"x ~ xX")
¥=0 sin x \—0 X
. COSX —cCosX + XSsinx 1 smx 1
L = lim - = - lm — = —
0 3xX- 3w X 3



shx In{1 +x)

6) L = lim LIn(l + x) ~ x, shx ~ x (x > ()
v0 1ex — X
. x* . ax’ . ax” N

L= lim ——— = lim ——— = lim ——.cos'x = 3
O px - X wo Lo | 150 gin” X
cos” &
R
7) L= lim , sin®x ~x", datx'=t,x 5 0

x-50 sin® x

. 1 . < |
L=Ilm-—F— = [im — = —
t 0 (" (BN 2( 2

. 2 . 2
8) lim xln(—m'ct,gx] = fim x[In = + Inarcigx]
. [ \]T X b= n

2 ] 1
In "~ + Inarctex S

. . 1+x°  arctex 2
= lim —— = lim X amgx o2
X T i X r-r B l n
X X"
1
9) L =lim——, (n € N)
R} X-"
Pat — =t, x > 0, t > + o,
NE
Ta ¢é:
. . .o om"! .ol
L= lmt"¢"' = lim— = lim — = .= lim — =0
Vs ""Cl Ve 1o|rc'
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l/\‘!“‘ [F23
10y L = tin {5'*%J = exp liim? l{u}}

= exp {hm—\:»—lnth) - IH
T «Ux X
{ ln(l + x)~x}
= exXp
X- sU
—-
= ¢cxp hm——— = ¢exp lim— | =
-0 x—0 2x(l+ x)
1
= cxp[ L e
2
11) L = lim |Inx| xt0<x<]l:lnx <0 = |1nx| = - Inx
X 0

L = exp( lim 2xIn(-Inx)) = exp lin M

x—+0 >0
2[" _'1'1“" 2
= exp fim —~— "X L exp{lim _x} =c®=1

. < .1
12) L = llm[tg—nx ] = exXp hm—lu(lg X
A T 2x+1 =X 2x +1

[

. | (2% + 1) - 2nx \
- oxp !‘—l}} mx ™ 2%+ )
cos? oo (XD J

|-
J
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= exp4lim2n .
]‘ " |sin 2nx (2x+l)
2x +1
bata=n - 2nx: T thix >~ oaoo0.
2x +1 2x +1
{ 3
viLzexpilim 29 }=c°=l.
a—0 TSino.

13) L = limx* ' (dang vo dinh 0%

x-»+0

L = exp {lim(x‘ - l)lnx} = exp {lim(e"“" - l)lnx}

—+0 —-++0

bat xlnx =1, x > + 0 < t - 0, khi dé:

1-»0 1 x ++0

L = exp {lime “! limxin® x}

il

exp ¢ lim

X »+0

., dp dung quy tac (H):

X

L= exp{lim (- 2xlnx)} =e’=1.

-4

N |
X~ sin—
3
4) L= lim —X% = fim ~X
0 sinx w0 ga(x)

f: | .
val f(x) = x“sin—, a(x) = sinx
X
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1
£(x) 2xsm - — cos
Xét lim — = hm X X
X »0 g(x) \ 0 COS X

» khong tan tai,

vi Inncos— khong tén tai. va, Xhong ip dung duge quy tac (H)
x 50 X

dé am .
Ta ¢d 1hd 1am cdch khdce nhu sau:

. . .
L=1lm——-_.lhmxsin— =1.0=¢
=0 ginx 0 X

. . A T .
(vi xsmL 1a mdét VCB khi x —» 0, do sin— bi chan khi x = 0).
x X

15) Tuong tuy nhu 14), khong the §p dung quy tic (H).

Cach khac: .
i + S X COSX

1+ X + sinxcosx L+
I. = him — —. L= lm X X
e (X + sinxcosxye ™" Yo SMIXCOSX | e
1+ —— -—- e
N
khong (6n tai vi fime™™ khong 16n tai.
. )
TR ¥
16) hat x = -l-; L= Jim &Yt —t+l-d+1)! .
s 10 (
e(21 - 1)" :
L' = limy ———ZL— - (1 +1)* :-3_[_£J:0
2V — 202

60. Vict cong thie Maclaurin cda cic ham:
1 f(x) = tex dén 0(x®)
2y f(x) =" dén O(xY)
) [(x)

n

cIndl + x) dén O(x)

sinx

4y f(x) =1In dén 0(x7)

X
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5) f(x) = cos’x dén O(x ")
6) f(x) = "—H— d&n 0(x™)
X~ +x —12
Bai gidi
1) Vi f(x)=tgx 1a hAm I& va tgx = x + 0(x) nén:
tgx = x + a;x* + ax® + 0(x°)

Mat khdc ta ¢6: sinx = tgx.cosx, do d6 theo cidc téng thic
(M) c0a cosx, sinx (2.2) ta ¢é:

5
x)

X - f 5 0(x®) = (x + a,x* + a;x® + 0(x®)) x

2 4

X X
x(1 - — + =— + 0(x°
> pT x*))

Cho déng nhit cdc he s6 cila x* va x* & hai vé ta ¢é:

1
hay: a; = 3 a = —

X 2
Vay: tgx = X + — + —x3 + 0(x%).
1y g 3 5 )
2) Theo c6ng thic (M) cua ef, sinx & (2.2) ta c6:

cine sinx sin®x  sin'x
=1+ + +
| 2 X

1
- X -
sinx = x - — + 0(x%)
3

2

Do dé: ™ = | 4 (x - — + O(x)) + —l-(x S oy +
3 2 3
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A

LIPS SN
6 2

=1 +x+ lx3+ —l+—l—Jx’+0(x3)
2 6 6

l -
Vay e =1 + x + -Z—X' + 0(x*)

3) f(x) = e’ln(l + x) d€n O(x*)
Ding cdc cong thic & (2.2) ta céb:

x*  x* x> x' x¢
((x) = (1 +x+ — + — +0(xH) x (x- — + — - — +0(x*)
(x) = ( > 3 (x)) x( 5 3 ”
=x+ | -Lirlxr+ l—-1—+L]x‘+
2 3 2 2
+ ~l+l——l-+—l— x* + 0(x*)
4 3 4 6

Vay e*In(l + x) = x + ;—x: + %x’ + 0(x*).

4) f(x) = 1n 30X 40 0(x7)
X

sinx x* N 6

Ta cé =1-~—+——-x——+0(x’)‘(h=0)
X 6 120 T
. 2 1
msmx =ln(1+a)=cx-9l—+g—+0(o.’)
X 2 3
2 4 6
voio=- = 4 XX Lo
6 120 T
Do d6:
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. hJ 4 [ a 6 6
Smx X X X 1 [ x X X
n :-?+——-~—-—[————]-——+O(x’)

X 120 7 236 360 648
. ad 4 [\]

hay In smx _ U X X 0(x")
X 6 180 2833

5) f(x) = cos’x d&n O(x*"*")
.1 3

Ta cé: cos’x = —cos3dx + —cosx
4 4

Do d6:vd theo cédc cong thic & (2.2) ta c6:

n RIS
costx = 3D gz ey gy
k=0 4(2Kk)!

6) fx)= —* 3 aen 0(x%)
X" +x -12

= i(—l)“x" + 0(x™) (a)

k-0

T (2.2) suy ra: L
1+

Mat khdc: f(x) =1 -

’%
=1 - - 2
IR
4 3
Ap dung (a) 1a ¢é:
3L L Xt 2 &xt
f(x)y=1- = — - =) — +0(x"
4 g 4" 3 k=03

hel

n kel
hay f(x) = - .5_ + Z{“( ™ _ Ti?]xk + 0(x")
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61. Ap dung cang thirc (M) tim cdc gidi han:

A

LEE P

. cosX —¢ . . oetsinx — x(1+x)
D lm 2y lim—7m

=0 X x-+0 X
3)  lim (le°+ x> - ‘{/x"— xsj

\on

L

. 2(ox 1 - gesy
4)  lim | —2——

=0 [ X + SImx

. 1 i
5) lim | — - -
=0 { smmxarctgx tgx.arcsin x

x—=0 sin"x X~ X
Bai gidi

1) Theo cdc khai (rién & (2.2) ta ¢é;

3 4

cosx = 1 - X +£—+0(X4)
n oy

e =l-x—+x—+0(x“)
2 8

(vi miu s6 chi cé x* nén didng khai trién & tr s8 dén 0(x*))

Vay:

- N - .
2 XT X X~ X
el ==+ — 40y |- 1= ==+ — +0(xY)
. cosx —e *° . 21 4 2 8
lim —— = lim r
0 X x—0 X
x* x*
. 8 |
= lim-¥ 8§ . 1
X 12
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.ooetsimx — x(I+x
2) llm" ! ¢ )=

-+0 X

1
= lim 2 — = -
x—0  y* 3

3)  hm (i/x‘s + x* - {/x“ - ij = hm

X—r+n x—>+a

x| [0"1 L ;/1 - l]
X X
= lim x £1+—1—+...] - [1-—l-+...] = 1
L ) 6x 6x 3

(X > + oo, Xxét x > 0: |x| =x)

1
_ 2 o
4) L = lim [¢}
=0 (X + sinx

-

Dung cdc khai tridn: 1 - cosx = % + 0(x7)

1

1gx = X + %— + 0(x")

\
sink = x - — + 0(xh)
6 R

1

1 X

2x* 2
T 2X + ST 4 Ok [
1 - comn 2
ta cé: (Zti] = 3
X

EY

1

+ SinX
2x - % +00xH



1
1 R
N [ —

X

;

R - 2

. oo

L+ 5 40y [T o
: :

= =1+

X" a x- N
1 - — +0x*® -2 1ox?
5 Ox") 12[1 ) O(x )]

Do dé:

5x° 1

'S RIS s
121 - =— +0(x~ — -+ 0(x7)
( 12+(X)] 2

L = exp 1ing

1

=e* =e¢

(=]

|

va

ol

5) L:lim[_ — l_ ]
=0 | simx.arctgx {gx.aresmx

Ding cdc khai trién:

1

sinx = x - > & 0(x");
6

1
X
arctgx = x - P 0(x™)

K 3
tex = X + %— + 0(x™);

. X
arcsinx = x + & + 0(x*)

Ta cé:
1 1 _tgx.arcsinX ~ sinxAarctgx
sinxarctgx  1ex.arcsinx

sinxarctgx.tgx.arcsinx

o5 5) o] e

x* +0(xY)

n 1
2 X 0D pogsL =1,
x‘-!—()(x‘)
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3 3 1 x*
inx = x — — 3y sin'x = —sinx — —sin3x = x* - — + O(x*
6) sinx = x a +0(x) St 451 4sm 3 x")

sin’x = x® + 0(x6) = f(x) =

—l:ax4 +(b—%)x5 +ex8 +0(xf’)j|

.ceR
x® +O(x6)

= 1irr:)f(x)=c =>a=0,b= l

62. Khai trién theo céng thic Taylor cdc ham sau tai 1an can
cdc di€m tuong ing:
3x +3

V3-2x - x

2) f(x) = In(2x - x* + 3), X = 2 d€n O((x - 2)")
Bai gidi
N batx + 1

1) f(x)= Xy = - 1 d&n O((x + 1M

Il
-

Ix+ D

3t
Ji-+D  Ja-o

Ta c¢6: f(x) =

3 l:\'
hay f(x) = Et[l ——4—J = g(t)

-

Ap dung céng thic 4° & (2.2) ta cé:

Z(zk - *

1)--+dﬁ“)
o 2K « 4+ ¢

Thay t = x + 1, ta cé:

—(x + 1)+ ZL + D 0((x + D

.Lklt

n

g(t)

f(x)

23 Tacd:2x -x*+3 =3 -x)(x-1)
D:}(x-2=tth12x~X'+3=(l-t).(3+t)=3(l—t)(l+t/3)
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va f(x) = g(t) = 1n3 + In(l - t) + ln[l +-;—]

Ap dung cong thitec 5° & (2.2) ta cé:

n ¢k

t B t
gy =1In3 - Y — + D (-D"'— + 0(t")
; k .(2; k.3*

Thay t = x - 2, ta ¢é:

n k-t — )k
f(x) =1n3 + E[( R - 1].(’( kz) + 0((x - 2)")
1= h

§3. KHAO SATHAM 8O Y = F(x)

3.1, Chiéu bién thién

Pinh ly: Néu f(x) kha vi trong mién X va:
1°) f'(x) = 0, Vx e X thi {(x) = const trong X.
2% I(x) > 0 (< 0) trong X thi £(x) 12 don diéu tang (giara) trong X.
3% f(x) la don di¢u kh6ng gidm (tang) trong X thi f'(x) 2 0
(< 0) trong X.
3.2.Cycti
I1°) Diéu kién cdn: N&u £(x) dat cuc tri tai x, € X va kha vi
tai x, thi f'(x,) = 0. )
2°) Dién kién du:
Quy tdicl
1) f(x) lién tuc trong mién X
2) f£(x) kha vi tai 1an c4n 8 cda x, € X
Néu
3) F(x) < 0 (> 0), Vx € (8 - Xq4, Xp)

f'(x) > 0 (< 0), VX € (X5, Xp + D)
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thi €(x) dat cuc ti€u (dai) tai Xy, §pe (Fmas) = ((X,).

Quy tdc Il

1) t8n tai '(xy) = '(x5) = ... = " (x,) = 0,
N& " (xy) 2 O

2) n chin (1é)
thi

1) f(x) dat (khéng dat) cuc ri tai x,

{2) foun (Frae) = £(xg) khi £'"(x4) > 0 (< 0)

Quy tdc 111 (Tim m, M)

Pé& tim gid tri bé (16n) nhat . (M) cia ham lién e f(x)
trong doan {a, b]:

- Tim cic diém b4t thudng (t4i han) cia ham 56 (f'(x) = 0,
o hay khéng 18n tai) trong (a, b).

- Tinh giid tri coa f(x) iai cdc didm baAt thuwdng dé vi tai a,
b.

- So sdnh cdc gid tri coa f(x) vira tim dwgc ta cé m (M).

Pac bieét: - Né€u f(x) doan di¢u khéng gidm (tang) trong
[a, b] thi m = f(a), M = f(b) (M = f(a), m = f(bh))

- N€u f(x) chi cé mot cuc dai (tiéu) trong midn X thi cuc dai
(tidu) dé Ia M (m) cia f(x) trong X.

3.3. B8 181 (16m) diém udn
Dinh nghia 1. Ham {(x) hay dé thi cua né goi 1a 161 (lom)
trong mién X n&€u vx,.x. € X:
Vig.2a 20,k + /=1 thi:
£, X, + 2axs) 2 (<) A (X)) + 7..0(x35)

Pink nghia 1'. D6 thi cua f(x) goi 12 161 (16m) trong mién X
néu dé (hi d6 khong & trén (dudi) tiép tuyen tai diém bat ky
x & X vai d8 thi dé.
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Pinh nghia 2. Néu f(x) ¢6 f'(x) € R (hitu han hoac v6 han)
trong X thi diém phan chia bé 16i, 16m cda f(x) trong X goi Ia
diém uén cua d6 thi ham s6 hay cda ham s6.

Dinh ly 1.

1°) N&u f(x) cé f"(X,), Xo € X vh X, 12 diém uén cta f(x) thi
£"(x,) = O.

2°) Diéuy kién cin va di dé {(x) cé dao ham dén cdp hai trong
mién X 12 18i (1dm) trong X 13 f"(x} £ 0 (z 0) trong X.

Dinh 1y 2.

1) Néu f(x) c6 f'(x) € R trong X cé f"(x) trong lan cin cua

Xo € X (cé thé triv tai X,) v £"(x) d8i ddu qua x, thi x, 12 hodnh
d6 diém von coa d6 thi ham s6.

2) N&u f(x) e6: f'(x5) = f"(xp) = ... = " "(x4) = 0, [ (x,) # O,
n té thi x, 11 diém uén cua ham s6.

3,4Tiém can ¢la dé th] ham s8

Pinh nghia: Pudng thing D goi 12 tiém can clia dé thi ham
s6 y = f(x) néu khoang cdch MH tir M(x, y) € d6 thi dén D din
td1 0 khi M(x, y) v€ nhdnh vé han cia dé thi ham s& (it nhdt mét

trong x, y khong bi chan) véi MH = 0 klii M du xa trong qué
trinh v& nhanh vé han dé6.

Quy tdc tim tiém cdn

1) N&u lim f(x) = o thi x = x4 1a tiém can cha dé thi cla

1—xq

f(x) (tiém can ddang).

2% Né&u hmf(x) = y, thi y

X2

f(x) (ti¢m can ngang).

Yo A Liém can coa dé thi cia

A% Néu limf(x) = o va tén tal a = limf(x), b = lim ([(x) -

X~ 2 [ X—x

ax) thi y = ax + b 12 tiém can cdaa d6 thi cia f(x) (tie¢m cin xién).
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3.5. 50 dd khdo sat va vé d& thi cday = f(x)

P& khao sdt va vé dd thicia y = f(x):

- Phu tien tim midn xdc¢ dinh, khoing ddi xing, chu k¥ (n&u
c6) r6i ti¢n hanh qua cdc bude 3.1 dén 3.4, Sau clung lap bdng
bi¢n thién va vé 48 thi cua f(x).

BAI TAP
63. Tim céc khodng don diéu cva cdc ham s6:

1) f(x) = x%-30x*+ 225x + 1

1 i x<e
2) f(x)=1{€
In x
- e
X

3) f(x) = 2sinx + cos2X,0 < x £ 2x;

X ‘/E + sin(lnx) :x>0
4) () = 2

0 :x=0
5) f(x) = cos =~
X

Bai gidi
1) f'(x) = 3x" - 60x + 225 = 3(x - 5}x - 15)

Xét dau cta y' ta c6: f(x) 12 don diéu tang trong (5, 15), la
don di¢u gidm trong (- o, 8) va (15, + =).

X <e

0
) f'(x) =
) Eeo {(l—lnx)/x: X Ze

RS rang {'(x) £ 0, Vx € R, do dé f(x) la don di¢u khong tang
trong (-, +«).
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Trong (-, ¢), f(x) 12 khong déi. trong (e, +o) f(x) la don
dig¢u giam. )

3) f'{X) = 2cosx - 25in2x = 2cosx(1 - 2sinx)
Trong [0, 2x], y' = O tai:

n5_7r.37|:
>

67 2
5 3
Troung [0, z \ .z 2w ey > 0
6 2 6 2
Vay f(x) 1A don di¢u tang trén cic khodng dé6.

Trong [% g]‘ [%‘, 3211-} : (x) < 0, [(x) i don didu gif'\ml

3
4) f(x) = \/; + A2 sin [lnx +§]

£ (x) > 0 khi sin[lnx +§] > - g

Tn k!
- e 31 ke

hay e - <x<eh

_lf.a:kx — + 2k
Vay f(x) 1a don diéu tang trong [e 12 , e ]

11n 17x
-« Jkx — ¢ 2kx
Tuong tu: £(x) 1A don di¢n giam trong [e I , el ]

(k € Z)

5) Vi f(x) 1A ham chin, xét x > 0, ['(x) = l‘siul!- >0
X" X
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khiOo< X < 2kne L <n+2kn.keN
X X

hay x > 1, <X<L‘k€N
2k

2k + 1

Vay f(x) 1a don di¢v tang troup:

(1, + o), 1 \L
2k +1° 2k

s . ., 1 1
Va 1a don di¢u giam trong: | —,
2k 2k -1

],keN.

T f(x) 124 him chidn, suy ra: khi x < 0, f(x) 12 don did¢u tang

troung: ‘L, — I .k e N
2k 2k -1

1 1
va doa diéu giam (rong (-, -1), | - -
1w gram trong ( ) [ 2k + 1 2k]

Nhu viy tai 1an can diédm x = 0, f(x) khong 12 ham don dic¢u
vi HAn c4an nay chiva m6t tap hop d&m duge khoang don didu tang
vh giam coa ham s6.

64. Ching minh:

*1) didu kign can va dd d& {(x) 12 don diéu tang (giam) trong
X 1a f'(x) 2 0 (< 0) va ['(x) khéng triét tidu trén [a, f] c X.

2) e'>1+x,x=20

3) x-%(lu(l+x)<x‘x>0

X

1) x-%<sinx<X.x>0

X e+l
1 ]
*5) [l+—] <c<[[+—] x>0
X X

173



| 1

*6) (x‘ +y“)5 > (x" +y")5, x.y>0,0<ac<h
Bai gidi
1) Néu f(x) don diéu tang trong X thi theo 3° (3.1): f'(x) > 0

trong X, mat khdc néu f'(x3 = 0, vVx € {a, f] < X thi theo 1°

(3.1): f(x) =c =const: ¥Yx € {a, f] c X trat v4i gia thiét: f(x) ta
don di¢u tang trong X.

Nguge lai néu f'(x) =2 0 va khong triét ticu Vx € (a, f) c X,
kht dé 14y x,, x, € X, x, < X,, theo dinh ly Lagrange f(x.) - f(x,)
= f'{e)(x, - X,). € € (X, X,).

Vi f'(x) 2 0 nén f'(¢) 2 0 va do d6:
f(x,) 2 f(x,): nghia la f(x) 12 don di¢u khong giam trong X.
Liy x € [x,, x2] thy f(x,) < f(x) < f(x,).

Néu f(x,) = f(x,) thi {(x,) = f(x) = [(x.), Vx & [x,, x,] nghia
Ia f(x) = ¢ = const trong [x,, x,] vA f'(x) = 0, Vx € {x,, Xx,] trdi
vai gid thi€t: £'(x) khong triét tigu Vx e [a, B] € X.

Vay f(x,) < f(x.) khi x, < x,:nghia la f(x) don di¢u tang
trong X.

Trudng hop f(x) don diéu gidm, ching minh tuong tu.

2)e*>14+x,x=0
Xétx>0vaf(x)=e*-1-xvéixz0.
f'(x) =e*-1>0khix>0vaf(x)=0chitai x=0.

Vay theo 1) f(x) Ia don didu tang khi x 2 0 nghia 14 0 < x thi
F(0) < £(x).

Nhung f(0) = 0 vay f(x) =e* -1 - x>0 hay ¢* > 1 + x khi
x > 0.

Trudng hgp x < 0, dat x = - x', x' > 0 ta s€ dua vé trudng hgp
trén. Vay bat dang thitc 1a ddng Vx = 0.
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3)x-x7<ln(!+x)<x‘x>0

Xét f(x) = x - In(1 + x).x 20

i
I +x

f'exy=1 -

=0 tai x = 0 va f'(x) >0 khi x > 0.

Vay f(x) la don di¢u tang khi x > 0 nghia la f(0) < f(x)
khi x > 0 va ta suy ra: In(1 + x) < x khi x > 0.
Bay gid xét:

-

g(x)zx-%—ln(1+x)khix20

-

g'x)y=1-x - 1 =. X = 0 tal x = 0 va g'(x) < O khi
1+ x 1 +x

X > 0, vay g(x) ta don diéu gidm khi x > 0 nghia la 0 < x thi g(0)

-

> g(x) nhung 2(0) = 0 nén g(x) =x - %— - In(1 + x) < 0 hay

x-%(ln(l+x)khix>0

vi cubi cing:bat ding thic di cho 12 ding Vx > 0.

3
X .
4)x-—6—<smx<x,x>0

Xét f(x) = x -sinx, x 20, f(x) =1 - cosx 20, f'(x) = 0 chi
khi x = g +2kn, k=0, 1,2, ..

Vay theo 1) f(x) 12 don diéu tang khi x 2 0: 0 < x 1ht f(0) <
f(x) hay 0 < x - sinx va sinx < x (a).

1

X&t g(x) = sinx - x + % Khi x > 0, 2(0)

n
(=)



. 3 N
g'(x):cosx—l+x—=cosx- 1 - —
2 2

M

Xét h(x) = cosx - [l - %] ta ¢c6 h(0) = 0.

h'(x) = - sinx + x > 0 theo ching minb trén, vay khi x > 0 thi

a

h(x) > h(0) hay cosx - [l - 12—] >0 vacosx > 1 - }—2— khki x > 0.

Vay g'(x) > 0 khi x > 0 va g'(x) = 0 chi tai x = 0 theo 1) g(x)
1a don dieu tang khi x = 0: 2(x) > 2(0) khi x > 0 hay
x.\
sinx - x + — >0
6

1
Do d6 x - %< sinx (b)

K&t hop vdi (a) ta ¢é ).

l‘ lxd
5)[1+—] <e<[l+—] X >0
X X

1Ay logarithme neper bAt ding thic ndy (a cé bat ding thic
tuong duong:

1
<ln[l+1]< -l-
X +1 X X

!
Dat — =t > 0, ta vé:
X

<In(l +t) <t

1 +1

V¢ phai cia bat dang thitc nay di chtimg minh & 2). BE chitng
minh v& (rdi cua bat ding thifc ndy, ta xét:
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f(ey = In(1 + 1) - l vt t 20,tacé f(0)=0

+t

I 1 {
f(0) = - _ = — =0Kkhit=0
TR (AR T

va f'(t) > 0 khi t > 0. Vay theo 1) f(t) 12 don di¢u tang khi ¢
> 0 va tix d6 suy ra vé€ trdi cia bat ding thac 12 ding.

6) Bt dang thitc di cho tuong duong véi bat ding thic:

CRBOR

Dat X = tva xét ham fu) = (1* + I v6i 0 <u < +w
y

TU d6 Inf(n) = —l—ln(l" + 1)
u

va f'(u) = f(u){ t" Int ln(l-:tj‘l

u(l +tﬁ B u b

fw In

hay f'(u) = — - -
u {1l +t) ( _‘_‘n)llu N

<0 khi0O<u<+ o

vi ) = ! t <1
(1 _,_(")"“u’ P+ t" 1 +t°

Vay f(u) 12 ham don diéu giam: a <b = f(a) > [(b)

1

hay (x"+ y“); > (x" er”)é
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65. Tim cuc tri cga cdc him:

1) y=x'-6x2+9x-4

2) y=(Xx+ 1)e**

3) y= JJ(l - x)(x -2)°
4) y =chx + cosx

5) y=cosx+ %cos2x
6) y= |x|e'l‘-l|

7 y= J;lnx

t
*8) y=e "'(Ji + sini], x # 0, y(0) =0
. .

Bai gidi
Dy =3x*-12x+9=0
khi x; =1, x,=3.

X 1 3

y + 0 - 0 +

Y e T~y T

Bang ndy cho chidu bi&n thién va cuyc tri cda y.

ymlx = Y(l) = 0; ymm = y(3) = - 4-

2)y = e + (x + 1).2e™ = (2x + 3)e™
y '=0khix=-3/2

y’<0khix<-%vhy')Okhix>-%-

178



v 3 :
{.‘ i = (-=)=- ""e_-‘-
yy y 2) 3

3y y' = U=Xh2-(x-2) - -2)° _ 4-3x
3—;/(1—x_)1(x -2)* Ra-x) x-2)

X # 1, x# 2.

. 4
"=0 khtx = —
Y 3

]

y == khix=1vax=2.

Vay y cé 3 diém b4t thudmg.

D4u cia y' 1a d&u cia (4 - 3x)(x - 2).

X 1 4/3 2

y' - - 0 + I -

y\\ﬁ/o\

3
Theo bang trén ta cé: Yo = Y(4/3) = - _"[21_

Ymx = ¥(2) =0

(x = 1: kh6ng 12 diém cuc tri cha y vi y' kh6ng d6i d4u qua
diém d6).

4) y xdc dinh ¥x € R, f'(x) = shx - sinx = 0, chi ¢6 mo6t
nghi¢m x = 0.
(shx - sinx = € Z° | sinx = e' - ¢ = 2sinx hi c6
nghidm x = 07).
f"(x) = chx - cosx, f"(H =0

f""(x) = shx + sinx, f*'(0) =0
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f*(x) = chx + cosx, f'*'(0) =2

Viay theo quy tac 11 (3.2), f,, = f(0) = 2.

i
5) y = cosx + —2-0052)(

y 14 ham tuédn hoan, chu ky 2m.

Xé1 0 < x €2m, y' = - sinx - sin2x hay:
y' = - sinx(1 + 2cosx) = 0 khi x = kn
vix = ¢ 2n + 2km
3
. - N 4
[rong {0, 27t] y c6 cédc diém dimg: 0, —2-;, T, —_:t-, 2m.

y" = - cosx - 2cos2x. Theo quy téc II (3.2):

3
y'(0)Y=-3<0=2y,, =y0)= —2—

(2) D3 S gy o)l 3
y 3 2 ymm_y 3 4
u 1
y(n):-l(O:ym,=y(n)=-~2—

!
<
/N
l»l;‘
~—
]
]
)

"4—1‘—3)0: =
y 3 2 yl'l'lln

y'(2n) = -3 <0 Y =

Téng quéat y,,, = y(km) = (-D* + %

2n 3
wm=ylt==+2kn|=- = kel
Yo Y( 3 ] a
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6) y = |x|c: Ix 1!

1-1

-xe P x<0
Tacd: y= qxe™' 7 0<x<«!
xe'™ o x21)

~(x+De’  x<0
vd oy = dx+DDe't : 0<x«l (a)
1-xx'™ : x21
Do 46 y'(0). y'(1) khéng tén tai, y'(-1) = 0 viy c6 ba diém
bat thuong -1; 0; 1.
Theo (a): y>0khix<-1vay <O0Okhix>-1
Vay
Youx = Y(-1) = e
Tuong tyu Yor = ¥Y(0) =0
Ymar = Y(1) = 1
Chi ¥, ta cé thd vi&t:

b ‘1“‘|

' = e -

signx - |x|c sign(x - 1)

x=0;1

N y= wf;lnx,x>0

, 1

y:
2Wx

(Inx + 2y =0khix=e™*

5 2
Yuun = y(e._) =- -
<

B) v = ¢-"T[\/2_ + sinl]‘ x20,y(0)=0
X
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1
e‘[ﬁ + sin—]-] tx<0

Tacéd y= , *
{e ‘(\E + sin%}: x>0
——l:ejz (ﬁ + sinl + cos-l—j 1 x <0
do d6: y'= x : X X
—l;c_:[\[i + sin—l- —~ cos—l—] x>0
X~ X X

vi
X

sinl + coslv{ < \/2_ nén f'(x)20khix >0
X

f'(x) <0khix <O

Vay f'(x) khong d8i dfu qua cdc khong diém cia né khi
x # 0.

Tai x = 0: f(x) 12 ham fién tuc va f'(x) déi dau tlt - sang +
qua didm d6. Vay bam chi ¢cé6 mé1 cuc tidu:

Ymin = y(O) = 0.

66. Tim cuc tri cia ham y = f(x) cho bdi cdc hé phuong trinh
va phuong trinh tuong \tng:

t
X = — t
-+l x = lnsin—

1 . 2) 2

y:i_;_g_ y = lnsint

t-+1
3y x'+y'=3x7 oy xt -yl xt-2yT, y > |x|
Bai gidi
1) Ta tinh y', = X"—
X
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2 2 4 2 2
oo @amd-nt Pty o

(tl + 1)2 (tl + 1):

C (- D +t+4)
' @+

g = (=1 +t+4)

1 +3)
y . =0khit=1,y', = khit=0, viy y = y(x) cé hai diém
bat thudng x(1) = L, x(0) = 0, xét d4u cia y', qua c4c diém bat
2
thuong ndy ta ¢6: yp,, = y(0) =0,y = y(-%) =- %
X = lnsinL
2) 2
y = Insint

x xdc dinh khi sin% > 0, nghia la:

2kn < % < (2K + 1)7 hay 4kn < t < 2(2k + 1)m

y x4c dinh khi sint > 0, nghia 12: 2kn <t < 2k + )n

R ¢
. 2sin—cost
. Y. 2 _ cost
Y= = =
X t . 5t
1 cos—sint cos™ —
2 2

y'. = 0 khi cost =0 nghia la t = —;— + 2km.

<
I

o khi cos% = 0nghialat= % + kn.
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hay t = n + 2km = (2k + D : t = + kn thuéc mién xac

n

2
dinh cla x vd y kht k = 4m, cdn t = (2k + 1) 2 khéng thudc mida
x4c dinh cia y. Vay y = y(x) chi cé mét diém b4t thudng 12 didm

N . . 4
dirng x: ng vé1 t = Py + 4mm:

X = Insin(%— + 21n7t] = ln-‘/?i— = - lln2

Pé k&t 1uan vé cuc tri cla y, theo quy tic I, ta xét:

d’y cost L |
oA x t = T
dx cost L b N
(
d’y ~cos® —sint + 2cos—sin —cost  2sin -
E t t
dx cos® — cos—
2
d:
Do d6: =7 =-4<0
dx 1=—+4me

3) x*+y'=3x°
Pao ham hai v€ theo x ta c6:

3x* +3y’y' = 6x vay' = 2o X _,x-
o
(y #0)y' =0khix =2,

y' khong xdac dinh khi x = 0 (vi khi d6 y = 0)
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Xét ddu cia y’ qua 0; 2 ta ¢c6:

Yoaun = y(O) =0, Yimax = Y(z) :. VZ

Y xP-yt=x-2y (D, y > \x\
Pao him haj vé theo x, ta cd:
4x* - dy'y' = 2x - 4yy’

Tir a6y = X025

2y(1 - y*)
Theo diéu kitn y > M nény>0.

Mat khdc tix (1) gidi y theo x ta c6:

y =% \’li‘/l—x:+x‘

viy > 0O nén ldy d4u +

y = Jlt,/l—x:+x"

Xét diéu kien y > |x| thi:

\ﬁ+ JI-x"+x* > |x|: thod min

\H— y1-x*+x* > |x|: khong thoi man
Vay ldy y = \/l+,/l-x:+x‘ :

Rorangy >1lhayy > 1, 1-y <0

Khi d6 dAu clia y' & (2) 1a d&u cha x(2x” - 1).

‘Vay ta cé bang:
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I 1
X 2 0 V2
0

Y - 0 + [ -

y \J:r‘ﬁ AN R
Do d6: yo., = y(0) = V2
_ 1) [2+43
o)

* §7. Chitng minh rang:

)(1[2+4:osi cx#20
D f(x) = X

0 :xXx=0

cb f,, = [(0) nbung trong mdi khodng (- 5. 0}, (0, &),
3 > 0, f(x) khong bién thién don didu:

2) Khong thé 4p dung quy tic I1 € xét cyc tri cia ham:

xal"

f(x) = 1¢
0 T x=0

Bai gidi
1) R6 rang trong lan cin cita X = 0 (trd tai x = 0)

f(x) = xl[z + cosl] > 0= 1))
X

vay f(x) dat cyc tidu tai x = 0
fhiln = f(O) = 0
Mat khac khi x = 0:
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'(x)

1 .1
2x£2 + cos—] + x'—~‘~s1ui
X X" X

1 o]
= 4x + 2xcos— + sin—
X X

RS rang f(x) ddi d&u trong méi khodng (- &, 0), (0, &),
vd > 0, nghia la f(x) khéong bi¢n thien don diéuv trong mdi
‘khoang dé.

2) Theo 4) bai 52 thi Vun: f™(0) =0

Do d6 khong thé 4p dung quy tic II dé€ tim cuc tri cia f(x)
mat khéc trong 14n c4n cia x = 0 (tri x = 0) ta cé:

[¥)

f(x)= ¢ * >0 = {(0)
Vﬁy fl'lll\'l = f(O) = 0.

6@. 1) Tim céc gid tri 16n (bé) nh4t M(m) cua:
a) f(x)=2x"-3x"-36x-8 trén [-3, 6]
by f(x) = (x - 3) " trén [-1. 4]
"‘i) Tim s6 hang 1dn nhat cia cdc day s6:
a) x, = 2/—, neN
vn

b) x, = ——
n + 1985

3) Chigng minh cdc¢ bAt dang thic:

m n
m™.n
a) x™(1 -x)'< ———— . m.n > 0,0<x<1
(m + n)™

by x“> 1 + alux; X, a >0
Bai gidi
1) a) y'=6x3-6x-36=6(x+2)(x-3)
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F'(x) =0 khi x =- 2,

x=3¢€|[-3, 0]
Tinh: f(-3) = 19, f(-2)

= 36, f(3) = - 89

f(6) = 100
Vay M = 100, m = - 89.
b) Ta cé:
- (S - Tix<0
F(x) = (x )( x)e X
x — x - Ne* :x20

Vay cé ba di€m b4t thudng x = 0; 1; 3 € [-1, 4)
Ta tinh:

f(-1)y = 16e. £(0) = 9; f(1) = 4e
f(3)=0, f(#)=¢e*
Do dé6: M =¢e*', m=0. -
!
2) Xét f(x) = x* la mé6t ham lién tuc vd khd vi Vx > 0 va
1
f(n) = n" = x,.

RS rang né€u x, 1a mot diém dung cia f(x) thoa man
k<x,<k+1,keN
thi s8 hang 1én nh&t cia d3y s6: maxx, phai 12 s6 16n nhit
trong cic s6 XXy, X,y

1

d day: f'(x) = x* (1 - Inx) = 0 khi x = e, vi2 < e < 3
nén:

)

max x,

max { f(1), £(2), f(3))

max{1.42 .32} =43

n

b) Tuong (v véi a)

'Xét ham f(x) = —J_x—

thi f(n) =x,.,n e N
x + 1985

18R



] —
Taco: ('(x) = 198 X

2Jx(x + 1985)

f'(x) = 0 khi x = 1985

Vay max x, = max{f(1), {(1985)} = max{ t ! }

1986 " 21985

b

24/1985

3) a) Xét f(x) = x“‘(l -x)",0<xxg1l

Ta tim gid tri l&n nhat M caa f(x) trong (0, 1]

Tacé: £1(x) = x"(1 - x)'[m - (m + n)x]
f'x) =0taix=0,x=1vix= m
m + 1
f(0) = 0, f(1) = 0, f[ m ) SR
m + n (m + ™"
Dodé M =21

T va Vx € [0, 1] ta c¢6 b&t ding thitc
m + n)"™ :
phdi ching minh.

b) Xét ham f(x) = x* - 1 - alnx

= —(x*-1)

Tacé: F(x)=ax*'- s @
) X X
f'(x) = 0 chi tat x = |

Via > 0neén f'(x) <0 khi x € (0, 1) va f'(x) > 0 kht x € (1,
+2). Vay f(x) chi cé madt cye tidy trong (0, +), 1 cing Ia 2id
tri bé nbhat cua f(x) trong (0, + ®).

Nhu vy Vx > 0: f(x) > £(1) = 0 va ta c6 bat dang thitc phai
ching minh.
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69. 1) Tim mot hinh tre ¢é thé tich Idn nhat ndi ti€p trong

mét hinh ciu bidn kinh R.

#2) Tim chiéu cao ngdn nhidt cua mot clta  thip OABC:

X = AH sao cho qua cira dy ¢6 thé dua vio thdp mot (hanh cdng
MN =/, bi€t chiéu rong cira thdp la d </ (H9).

d
¢ ——*iﬂ d
H A
) 1\ & !
| ' '
I A t
1 f )
1 — — .
) 8
0 A
Hinh 9. Hinh 10.

3) Mét lign lac vién (LLV) cén di tir diém A bén nay song

sang diém B bén kia séng, bi&t t6¢c d6 coa LLV trén bo gip k l4n
16¢ 46 dudi nube (k > 1). LLV c4n bang qua séng duéi géc bing
bao nhiéu dé d&n B nhanh nh4t, cho bi€t chidu rong cha séng 1A h
va khodng cdch gitta A, B doc theo by jong la 4 (H10).

1a:

190

Bai gidi

1) Goi bdn kinh hinh tru I3 r: T
Chidu cao 12 h thi theé tich hinh try . 1o
s '
V = nr’h ANT B
Theo H11t:
Hinh 11.
P =R1- ['5‘] (AB = OA - OB')

DodéV=mn R——]L h=n R:h_E‘_
i 4

Ta s& tim giad tri 18n nhit coa V theo h (0 < h £ 2R).
Ta cé:



V' = n[R1 —31:] =0khih= R

J3

X
Ta tinh V(0) = 0, V(2R) = 0, V{B] - AnR
33

Ik

Vay 2i4 tri I4n nhat cia V:

4nR*

max 3J§

\Y khi h =

2’
\E-
2) Theo HI12Z, ta cé:

! = MH + NH = MN

hay

X d
+

sino cosa

Do dé6:

l =

x = Isina - dtgo (1)

vii O < a < -71.
2

Ta s€ tim gid tri nho
nhat cua x theo o

X'y = lcosa -

cos™ @

3
=M=Okhicosa=#

cos™ o

Hinh 12.

x'q d6t ddu t¥ - sang + qua cosa = Jg

Vay x chi dat mét cuc tidu trong (0, 121—)‘ cyc tiéu dé ciing la
2id tri bé nhat cia x phai tim:
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X = X(arccosyd/!)
" d AR
Mat khdc la ¢d: sina = m =N - [_’_]

[]I}
Do d6 theo (1):

LY ANV !"3 yy 2/!!“3
= 1.(, (_I - d. (I d -
JU3 1,2

i

(,3/.‘ _ d:l.\)lll.[lll.‘ - d!/.\] — [12/3 _ d213]3/2

min

3) Theo hinh 113, thdi gian LLV cén thidt dé di ur A dén B

1a:
A d ? t = ——AM + E
e i 1 k
h ! -
) HM = -,
: . tec
H M 8 — h
MB =d-HM-=4d -
tea
Hinh 13.
. h T
vai arctlg— <o § —
d 2
Pat L uthit = l),,l +u° o+ -l—(d - hu)
tao k
('u = __hu_ - 1_1 =0
1/1 +u" k
khi . = — hay cosa = —
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56

Ta

tinh:

[ h [ 1 [n] d
tlarctg— |, tlarccos— | t| —|{ = h + —
d k 2 k

Tuy theo gid tri cia cdc tham s& ta ¢6 o phai tim:

d

l h
o = max{arccos;‘ arctg—a, h+ —}

70. Tim cédc khoang 16i, 16dm vA diém uén cta dé thi cdc ham
1) y=x*-6x"-6x+1
2) y= In(l+x")
3) y=x+ sinx
ooy =2
xv/x
5) y=xsin(lux), x>0
X =1+cotgt
6) cos2t .0<t <1
~sint
Bai gidi
Dy =x*-6x*-6x+ 1 xdc dinh ¥x € R

tacdy =4x'-12x -6

y'=12x - 12=12(x* - 1)=0taix =t |

X -1 1




Tu bang nay ta ¢6: D4 thi cha y 13 Idm trong (-0, —1) vi (1,
+o) va 161 trong (—1, 1). Cic diém: M, (-1,7), M. (1, ~10) 1a céc
diém ubn cua dé thi d6 (tai x = +1, {'(x) téa tai hitu han).

2) y = In (1+x?) x4c dinh Vx &R

L2 W 20-x%)

1+x?° (1+x%)?

y* <Okhi ] > 1,y">0khi x| <1.

Vay d6 thi cua y 12 18i trong (~o, —1) va (1, +x), 12 18m
trong (-1, 1), cdc dié€m (-1, In2), (1, In2) 12 cdc diém uén cha dé
thi dé.

3) y = x + sinx, xic dich ¥Yx € R
y' =1+ cosx, y'' = -sinx = 0 khi x = k=.
d48 thi cia y 12 18i trong (2k=, (2k + 1)7)
12 16m trong ((2k + )=m, (2k + 2)n).
tai x = kn, y'(x) tén taj (hitu han), vay x = k=
k € Z, 12 c4c diém uén cha ham s6.

-
4) y = -—= x4c dinh Vx € (0,+m).
xvx
35-x
Tinh toén ta cé: y'X)==.— :x € (0, ).
4 xJx

=253
4 x'x

:x € (), +).

y"(x) = O tai x = 5 vd khong tén tai hoac bing o, tai x = 1.

Qua x = 5 : f"(x) d6i dfu nén x = 5 1A di€ém ubn cna 46 thi
(€'(x) tén tai hitu han tai x = 5).
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Qua x = 1 : f"(x) d6i ddu nhung tai x = 1, f(x) khong tén tai
hitu han hoac bing ». Vay x = 1 khong 12 di€m uén cua dé thi

ham sé.

5) y = xsin(inx), x > 0.

y = sin(Inx) + cos(Inx)

y' = lcoslnx - lsinlnx = —2cos(lnx + £)
X X X 4

y" = 0 khi Inx + =§+knhaylnx:%+kn

n
4
y“>0khi—%+2kn<lnx<§+2kw

y"<0khi§+2kn<lnx<%+2k7t,kez.

B
Vay y 12 16m trong [c N . et ]

. oz 3%
12 18i trong |e? e’

. . Tem (=D e
va cdc diém udn 12: |e* et .keZ.

X =1 + cotgt

6) coes2t 0<y<m.
T sint

x, = —— < 0 trong (0, 7).
st

_ —cost(2sin’ t+1)

i2
sm-t
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Sy, .
Yy,= — =- cost(2sin-t +1).
x(

. .0 1
£, = (—cost(2sin” t +1)),.—
X

\< -
-

I
N
)
=

- . . R 3n
Y . = - 3sin’t cos2t = 0 khi k= va t=—

y",,<0khi0<t<§,%£<t_'<n

y . > 0 khi E<1<31
4 4

3
Vay y 12 16i khi t € (0, 1:-) vite ({-,n)

, 3
12 16m khit € (=, 2).
Pidm ubn cha 46 thi cua y 12 cdc didm: (2, 0) va (0, 0) dng

véit="vat ="
4

3
71. 1) Pifm x = 0 c6 12 di€m ubén cua ham f(x) = £2~ - tgx +

sinx?

2) Dung tinh 18i, 16m cia ham s8, ching minh cdc bat ding
thic:

n n n
a) x *y >{x;y] Vx>0, y>0

2

-
+

3

b)

12

> e (x =y)

*c) f[x‘ 42-)(:) < %[f(xl) + f(xe)] nén f“(x) 2 0 trong (x,, X.]
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*3) Chidng minh ring di€m uén caa d6 thi ham s6 y = x sinx
ndm trén dudng: yi(4 + x7) = 4x°

Bai gidi

1) Ta biét trong lan c4n cda x = 0:

xJ 3
SINX =X - — + — + 0(x%)
3 N
3 s
X 2x M
tgX=X+ — + — + 0x")
c 3 1s %

(2° (2.2) vA 1) bii 60)
Do d6 . f(x) = cx* +0(x®) , c5 2 0.
va f'(0) = £"(0) = '"(0) = {""(0) = 0.

f5(0) # 0, 3 day n = 5 1é nén x = 0 12 diém ubn chia hdm s6
(dinh 19 2. (3.3)).

2) Céac ham f,(x) = x" va f,(x) = e* b £ {(x) = n(n-DHx**> 0
f7.(x) = ¢*> 0 khi 0 < x < +o, do d6 theo dinh Iy 1 (3.3) thi

f,(x), [(x) 12 16m trong (0, + =), theo dinh nghia 1 (3.3), chon
1

My =ha= —

2
X, =X, X;=Yy, XYy, x.y>0
ta c6 cdc bt dang thitc a), b).
¢) Xét x, < Xa, X,, X, € (a, b)

N X|+X-,
thi x, < = < X

Ap dung dinh 1y Lagrange vao c4c hidu:

X, +X, 1 '
r[ 12 -]_f(xl)=3(xz_x))r(c]) (l)

X| +X4

1 .
f(x:)—f[ 5 ]=5(x3—x1)f(c3) (¥3)
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X, +X, X, +X,
C,€ | X, =], C2€ | — . X4
2 2

Nhan 2 vé& caa (1) va (2) var %vi trir nhau ta cé:

f(x,)+f(x,) X, +X, i : . .
' 5 = —l‘[ '2 ']::(xz—xl)[f(cz)—f(cl)] véic| < ¢,
Lai 4p dung dinh 1y Lagrange vao hiéu f(c.) - f'(c,) ta cé:

fix,)+f(x.) _ ¢ X, +X,
2 2

= %(x: - x,)(¢; =) (€)

vdi c € (c,,c.)

Theo gia thiét f"(c) 2 0, ¢ € (c,, ¢,).

vy 200 ()

3) Gia sir x, 12 diém uén cua y thi y"(x,) = 0
3 day y' = sinx + xcosx,’y" = 2cosx - xsinx
y"(Xo) = 2c08X, — X,8inXy, = O hay xo = 2cotgx, (1).

Thay vao v& trdi cia phuong trinh di cho cua dudng cong ta
ch:

dcotg’x,.sin'x,.(4 + 4cotg’x,y) =

. 1 .
= 4C057X,. [ 4.— = 16cotg’x, = 4x(2,
sin- x,,

Vay diém uén cha y nam trén dudng cong di cho.

RG rang x, thod mian (1) 12 didm ubn cha hiim s vi mot nat
(1) luén ¢6 ngh1ém thuc.

3
cot gx

Mac khéce y""'(x) = -3sinx — xcosx = 0 khi x = 3tgx = -
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Do d6 y'"(x,) # 0
n = 3 1é (dinh 1y 2(3.3)).

72. Tim cac dudng tiém cin cua d6 thi cdc ham s6:

X
D y==
X“—-4x+3
2
X
2) y= 5
x° -4
x2 +1
3) y= =
x” =1

4) y= xzm'clgl
x
5) y=

2
6) y= XT—I

[ T

X = N

7) t-
14 +1

y=

t

[ 3at

X = 3

8 l+lﬂ

3at*

P e

1+t

*9) x' — 3xy* = R(x*+ y»),R>0,x # 0.
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*10) x* - 2x%y* + y* = 0.
Bai gidi
INTacéx*-4x +3=0khix=1vax=2

Do 46 limy = limy = o v cdc dudng x = 1, x = 3 13 tiém

-l 13

cAn ding ciua d6 thi ham sé.

Mat khdc limy =0, do d6 dudng thing y = 0 (truc ox) la tiém
c4n ngang cda dé thi hAm s6 (khéng cé tiém can xién vi khéng cé
trudng hgp x— «© thi y—» ).

2) Tuong tu nhu 1): x = + 2 12 tiém cé4n difng,
y = 1 la tiém can ngang.

2

3) y= X 1+l , 2 co limy=o, nén x = = 1 13 tiém can ding
W‘X' -1 x—»11

cha d6 thi hAm s6.

Ta c6 limy =, vay ta c6 thé tim tiém c4n xién.

X

"
. . i

Ta tim: a=< llm—x= hmi—l—=il
1w X l—NL'x xZ_l

b = lim(y — ax) = lim X+ ixJ

[x3+l _XJ x3+l—x~/x2—l
|

Xét b, = lim

X+

= hm
X+

x> -1

: x>+ 1) =x*(x* -1)
= lim

o \/;I——IEx: + 1—X\/x_3~_l)
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) T +1
= [in

g xl—l[x3+l+)' xl—lj

=0

Tuang ty by = lim (y-ax)=0

A—pir

V4ay dé (hi ¢6 hai tiém can xién y = * x.

3 1
4) y=x"aretg—, ta ¢6 limy=0
X x—0

1
xarctg —
lim y = lim —l—x =+, vay d6é thi y cé thé cé tiem can xién.
X—rten X=1in
x
1
arctg -
Xét a= lim L= lim xarctg— = lim X =1
X—bre X Xrw X X—»*e 1
X
1 1
1 arctg— ~ -
b= lim (y —ax) = lim (xzarctg-—x]z lim —X* %
x-piw X—xur X Xt L
X2
1 .
dat —=t, x> + o < t—> 0, khi d6:
X
L {
. arctgt—t . 2 . -t
b=llmm% = fim 1+ = lim —=0
- to0 2t 10 214 17)

Vay dé thi ham s6 ¢é tiém can xién y = X.

4x* + .
S) Ham y=)ix—ll. xac dinh Vx = 0.
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2|x| x? + 12
Ta c6 limy=lim—t 2 o
x-»0 x—0 b(i

Vay x = 0 (truc Oy) 1a tiem can ddng cta 48 thi hdm s6.

Xét limy = lim ’4x2 +L,‘ =, vay d6 thi ham s6 y c6 thé cé
| S X—pon X~

tiém can xién.

. . 1
Xét a, = im Y = lim (4+

= — =2
X0 Y T —»+®o x-
. . Aaxt v -2x?
b, = lim(y—-ax)= lm ——
A—nto e ) x

= lim !

e x(\}4x‘ +1+ 2x:)

=0

Vay khi x = + o, y = 2x 12 tiém c4n xién clia d6 thi ham s6 .

Tuong tu, khi x = ~ 0, y = - 2x 13 tiém c4n xién cua d6 thj
ham s4.
6) y=23 L . y xdc dinh khi |x|22

a

. 3x , 4 3
lim y = 400, a=hm—U 1-—— =1—
x—yu 1ata ) x X~ 2
. 3 . { : 3 .3 -
b,=hm[y~——x]:lnn 32 —1-Zx|=lim = 74=0
t—pen| 2 A—»s 4 2 1_..+/ 2 )

3
Tuong ty: b, = lim (y+zx]:0

X =yt

Vay d6 (hi cta y ¢6 2 ti¢m can xién
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y:%x (X—> + )

3
=-=x (x> —
y=-3 (x )

Chi ¥ 12 i y:3“%—l ta cé6:

day la pkuong trinh cla hyperbole, dé thi cia ham s§ 12 nira
trén cua hyperbole (x 2 0).

t? -2t
X= t—1
, X, y xdc dinh VvVt = 1; 0.
vt 1
t

7)

Xét cac trudng hop:

a) lim x(t) = -0, lim y(t) = —c

| S 1 )

b) tim x(t)=-0, lim y(t) = —o
>0

t—-0

hmx(t) =40, lim y(t) = +oo
(—+0 1—5+0

©) limxm=+o,  limym= 2
tol-

t-pl—

lim x(t}=—w0, lim y(t) = J-Z-

tl- to1+
d) lim x(t) =+, lim y(t) = 400
t-y+us t->+7

Tir b) suy ra: dudng thing x*= 0 IA ti¢m can ding.

Tit ¢) suy ra: dudng thiang y =42 1a tiém can ngang.



Ti a) va d) suy ra: d6 thi cia ham s6 c6 thé cb tieém can
y(t)

Xién,
X . . N H1-D
Xét a=hm=—=-= 11111—’——— =
e x() e ((1-2)

Jrel -2t X | t
— = hm X —t+
t

I

t— 1o}

b=l H-x(D}=h
Jim {y(0) - x(1) “[ - "

Jits1-10

=lm| —m—+—|=

1 t
lim| —F———+—-|=1
topee t t-1 I—ii-nf{l( /14 1+t (—l}

Vay y = x + 1 1d tiém cdn xién cia d6 thi ham sé (khi
X—> * ).

[ 3at
X=l 3
8 +1,
) _ 3ar’?

1+¢°

Ta thiy khi t— -1 thi x> © vay—> «©

-

Xét a=limY=tim 2 -]
t»-1X -1 3at

b= lim(y—x)zlim[ Sat” ]:Iim Sat - 1) =-a

-1 142 140 ) =Dt —t+1)

Vay y=—Xx- a lad tiém c4n xién cua d8 thi ham sé.

- (D6 thi cia ham s6 khong ¢6 tiém ding va ngang?).

9) x* — Ixy® = R(x*+y?) (1) R>0,x+#0

Trude hét ta dua phudng trinh dudng cong (1) vé dang tham
s4: ‘

Pbat y = tx ta dugc:
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1+t°

1-3¢°
_Rul+1%)
TS

x=R

- RS rang khi t— o thi x—)—%-‘ y > ®
. , R . , N N
Vay dudng thang x = Y 12 tiém cAn ddng cua dudng cong.

- Khi 1—)3:L thi x> o, y— .

V3

,
. . +1° 1
Xét a= lim L= Lm a 14):i—
to- Lx x—»:% I+1° \[5

V3 va

W+’ 1 R(l+tz)]

1

b, = lim|y-—x|= lim R ——— -

l 1—;I—F[ \/5] l—);[ -3t \/5 1-3¢"
V3 V3

R | € + DB 2R

=— lim
H_n—fnm\/—c) N

1
Tuong tu: b, = lim [y+ ]
- 5T

Viy dudng cong ¢6 hai tiém can xién:
_x 2R X . 2R

Yy=—F""T7> y=——F/>=%—F
NN NN
Chi y:
- Mot dudng cong ¢6 phuong trinh: Zaux‘y‘ =0 (a)
Trong d6 tédng £ 1ap nén Vk, ¢ € N, O < k <n, 0 < e <n,
k + e £ n s6 hanging vdi k + ¢ = a khdc khéng, goi 1a mé( dudng

dai s6 bac n.
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- N€u dudng thing x = x, 1a tiém can dung coa (a) thi x, 1a
nghi¢m caa da théc cia x 14 hé s6 cua luy thira bac cao nhat cua
y.

- N€u y = ax + b IA ti¢m can xién cda (a) thi thay vido (a) ta
duge mot da thie cia x, cho bing khoéng hai he s6 clia 2 Tuy thira
bac cao nhat cua x, khi d6 a, b s& 12 nghiém clia hai phuong trinh
nay.

Ching han, xét (1), hé s6 cia lu§y thira bic cao nhit cia y
(y) 1A 3x + R, do d6 x = -R/3 (b) c6 thé 1a tiém can ding cia
dudng cong. D& tim tiém can xién, ta thay y = ax + b vdo (1) ta
c6:

(3a®> - 1)x* + (6ab + Ra® + R)x* + (3b* + 2Rab)x + Rb* =0

-

theo chi ¢ trén: ta ¢6 hé dé tim a, b:

% -1=0
Gab+Ra* +R =0

Gidita c6: a = i—l-_‘ b= iiR..
N 33
x _ 2R AP ,
vVaiy = t—F-""—= (c) ¢é6 thé la tiém can cva dudng cong,
3 33

theo ciach dua (1) vé dang tham s8 da lam & trén thi cdc dudng
thang d6 ddng 1A cdc dudng tiém cAn cia dudong cong.

10) x* - 2x%y* + y* = 0 (1) theo chi y & 9), & day hé s6 cua
luy thira bac cao nhat cla y (y') 1a 1, vay dudng cong khéng cé
tiém can ding.

Gid sty = ax + b lA tiém can xidn thi:

x* - 2x%(ax +b)Y + (ax + b)Y =0

hay:

(V= 2a9)x* + (a' — 4ab)x* + (32°b — 2b7)x> + 3ab’x + b’ =0

va a, b phar [A nghi¢m cua he:
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1 v . . s
Vay y= i—}-+—8_ (2) ¢6 theé 1a tiém c4n xién cia dudng cong
2
néu dua phuong trinh (1) vé€ dang tham sé, dat y = tx thi:
*L2x*+°x' =0

1

X = 3
Tir dé: 1*{‘ (1%
—t
Y e

RS rang (2) 12 cdc dudng tiém chn cia (1') nghia 12 (2) ciing
1A cdc dudng tiém can cha (1).

73. Ding khai trién Taylor, tim tiém can ciia dé thi cdc ham
sé.

Dy

2y y=¥xP-x?

2 _g4 -5
3) y=—xx e

2
H =i i-s

Bei gidi

1) Khix 5> 2 thiy - .

Vay x = 2 la tiém can ding cua 46 thi him s6.
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PéE tim tiém can xién, ta viét:

=2

y:%[l—gj . va dp dung khai trién 4°(2.2) cho [l—%] véi

a = -2 va x thay bd&i -_—25

) X 4 12 1} X 3 1
tacd: y= —ll+—+—+0 4| =—+1+—+0—
4 X X X" 4 X X

{04 -l-) 12 VBC bac cao hon 1 khi X = =)
X X

Viykhix > wy~Y = +l.nglﬁalé\'=§+l|é(i¢m

X
4
cAun xién cua dé thi ham sé.

oy 13
2) Ta viét y:x(l——)
X

Tuong ty nhu 1):

hay y=x—%——+0(—)

Vay ¥ = x - 1a ti¢m can xién cda dé thi ham sé.

| —

3y xdc dinh Vx 2 0

1in_10y= +0 , limy =-0

—+0

Vay x = 0 1A tiém can ditng cha d6 thi ham s6 khi x- - 0.
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Khi x > oo thi'y - =, d€ tim tiém can xién, 4p dung khai

trién 1° & (2.2) ta ¢é:

[ 4) 5 25 [1]
y=|x-—||1--—+ —+0 —
X 3x  18x” X
q
-l—£—+ ! khi x > o
3 18x X

12 tié¢m can xién cda d6 thi ham s8 (khi x - +

I
B3

Vayy =x -

W |

4) y xdc dinh khix < 2vax>2

vi lim y=+40 nén x = 3 12 ti¢m can ddng cta d6 thi ham s6

X3+

khi Xx > o thiy -~ + », d€ tim ti@m cén xién, ta viét:

1

1
203
X X

tuong tu nhu 1) ta cé:

Do dé khi x —> 1 oo

)’=:txi%+a.al.’lVCB khix 5> o

Nghiala Y =+ x + 3 14 cdc tiém can xién cla dé thi ham sd

(khi x = + o).
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74. Khao sat va vé d6 thi cia cic ham s6:

1) y= %(x3+3x3—9x—3)
3
X
2) =
y 42 - x)?
2_, 3
3) y = X " 4.6 3x

4) y =sin’x + cos’x

Inx
$) y=—

X
6) y = xarctgx.
Bai gidi

1) Ham y x4c dinh Vx € R

y'=%(x’+2x—3)=0khix=—3vhx=l

g = %(x +1) = 0 khi x = -1

P6 thi cia y khéng cé tiem can.

Dé xét chidu bién thien, cuc tri, bé 18i, 16m, di€ém ubn, ta lap
bang sau day:
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(Mii tén cong /7 : chi bé 161, 4 : chi bé 16m).
Tir bang: Ymar = ¥(-3) =6

Yme = Y(1) = =2: diém uén (-1, 2).
Pé thi cia y trén H14.

Hinh 14.
X3
2) y=———.yxdcdinh Vx € R, x # 2.
4(2-x)
Theo 1) bai 73‘- tiém can cva dé thi hAm s lax =2 vay = %
+ 1.
Ta tinh: y'=—L—€?:O taix =0vax =6
4(x -2y
y' = khi x = 2, dau ciua y' 12 ddu cua tich (x - 2)(x — 6) > 0
(<O khix <2, x>6,(2<x<06).
" 6x . " .
y' = - =0 khix=0,y"=okhix =2
x-2)
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Ta lap bang:

+%

Tu bang ta ¢é: y.,. = y(6) = %7- diém uén (0,0).

D6 -tht cua y trén H. 15,

2% (R I} [

1
N
\*
bl — — - — ——

Hinh 15.

-3

—c¢h |, yxdc dinh V x # 0.
X
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Theo 3) bai todn 73, tiém can cia dé thi him s6 14 cdc dudng

x=0vd y=x—-=—,
Y 3

Tinh todn ta ¢é:

(X =D +8x +20)
y= < €

Ix
x’

y'=0khix =1,y =wkhix=0.

D&u cia y' 1a ddu clla : x(x-1) >0 (< 0) khix <0,x>1(0<
x < 1).

-3

Yum = y(l) = _3CT “:—0'6

—47x% = 240x +100 5
y'= - edx

9x*
12- 97
47

y' =0 khi x=x, =10 =05, y(x,) = —0,2.

X=Xy =

10%:45. y(xs) = 2.8.

s

y" = khi x = 0.

D&au cua y" la ddu cua : —x(x-x,)(x-x.), diém uén (0,5; -0.2)
va (4,6 2.8).

X - 0 X, 1 X, +o0

y' + - 0 + +

+ 0 2.8 +
/ ® \—0’2 / / ®

-0 \-0,6

Chay: limy =-0

0

‘<

y=0,x=1%2.
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B6 thi cda y trén hinh H16.

y
-2 1
0 2 x
-5
3
Hinh 16.

4) y = sin'x + cos'x

y xic dinh ¥Yxe R v 1a ham tudn hoan chu ky 2n, do 46 ta
xét 0 £ x < 27t v v& db thi trén doan nay va tinh tién doc truc Ox
ta ¢ toan bd dudng cong.

y' = 3sin“xcosx - 3cos’xsinx = 3sinxcosx(sinx - cosx).
Cho y' = 0 ta cé cdc diém dung trong khoing [0, 27):
St 3m

VM —, — 1 2:n

x =0; = &
4 2 4

.9, { 2]
y = —(smx +cosx ] sin2x -—
2 3

y'(0) = %[—%J=—3<0 theo quy téc II: y,.,. = y(0)Y =1
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(5)-3520) -5 o o

Tuang ty tai cic diém dung khéc ta c¢6 bang:

X

T

-0+

- o]’

Lt s
4 4
0 0 _
1 1
Xét y' = %(sinx+cosx(sh12x—%} =0.

3x Tn

tai x, = = 2,36, x, = T

= 5,5: X, = 0,36 x, = 1,21; Xs
~ 3.51; x4 = 4,35.

y"' d8i ddu qua cic diém ndy, nén chiing déu 12 diém uén cha
dé thi ham s6.

D6 thi cia y duge cho trén hinh H.17.

Hink 17.

5y y=1"%. L4c dinh Vx > 0.
X
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. Inx
lim —— = —wo
X-2-0 X

Vay x = 0 14 tiém can ddng cua dudng cong.

Inx

lim —— =0 nén y = 0 13 ti¢m can ngang cua dudng cong.
X—p+/ X
. I=Inx .

Tacéd: y' = — =0 tai lax = 1 hay x =e.

b3

2lnx -3 . 3 a

= ——— = 0 (ai Inx == hay x=¢>?
X 2

Bing bi¢n thién:

0 1 ¢ e'* +o

>

Ta c6: y,., = y(e) =L diém uén [em. L)
- 3

b6 thi cua y trén hinh H.18.

‘\l\

!

- |

' f
I

!

a

Hinbh 18.
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6) y = xarctgx, ham y xdc dinh ¥x € R.

X > 3=y > 2, (atim tiém can xién:

. . n
a= lunz = lm arctgx = £ 3

1o Y 1t/

X =+ e X470

b1 b1
b, = lim|y - —x| = lilm]| xarctex — —x
= timfy - 2] - 3x)

R 1
arctgx - .
={im--————-=-= limH—xz—l
| Q) 1 1 o
X x°

X -

Tuong tu b, = lim £y+§xj= -1

Yy
o .3 X
2
1
Hinh 19.
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Vay d6 thi bam s6 c6 2 tiém can xién la:
T
=*+-x -1
y 2

Ta tinh:

y' = X +arctgx = 0 tai x = 0.

1

F+x~

1 — 2
d+xH)*’

y'(0) =2 >0 nén y,, = y(0) = 0 vay y" > 0: duting cong
luon ludn t6m vVx € R.

P8 thi cta y trén hinh H.19.

§4. KHAO SAT HAM 58 CHO THEO THAM SO VA TRONG TOA O BdC cyC

4.1. Ham 88 cho theo tham s&

Ham y = f(x) cho theo hé:

{x:m) (1) a<t<p
y=y(®

20i 12 hdm s6 cho theo tham s6 t, d6 thi cua né la dudng
cong C Lhi (1) goi 14 phuong trinh tham s6 cua C.

D& khao sdt vh v& d6 thi C cia ham s, ta ti€n hanh qua cédc
buwdc nhu da 1am véi hiim y = F(x), chi khdc ]A ti€n hanh khio sét
gidn ti€p y theo x qua bi&u trung gian t.

4.2. Ham s3 cho theo toa d6 déc cyc

Trong R~ cho truc Ox va 1 diém M, cic s6:
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r:‘(mi, 0 <1< +x

@ = b&(ﬁ) . 0<@<2n (H.20)
goi 1a cdc toa do cuc ciia diém M.

ky hieu la M(r, @), r goi 1a ban kinh cuc; ¢ goi 1d pbc cuc.
Hé¢ g¢6m di€m O va truc Ox goi 1a hé toa d6 doc cyc.

Ngudi ta ciing xét: —o <r <+, -0 < @ < +w
Iic d6 r, ¢ goi la cdc toa do_doéc cuc suy rong.

J.iecn he véi toa do

Descartes: 11
X = £COSP, £ = X~ +y°
_____ M
. y -
y = rsin@; @ = arc tg = (1) <
X s
S/ |
- Xét ham r = r(¢) (2) a £ /ﬂc? I
¢ < B trong toa 46 déc cuc, (2) o X
goi la phuong trinh dbéc cuc

cia dudng cong C 1a d6 thi cia
ham s6. P& khio sit (2) va vé
C. ta ¢6 th dua (2) vé dang Hinh 20.
tham s6 vgi tham s6 :
X = 1Ccos@ = r(¢)cos
.CP (q’),(paSanB
y = rsing = r(p)sing
hoac vé dang F(x,y) = 0 thco cdc coéng thic lien k¢ trén.
Trong thuc ti&n, thudng khiao sat truc ti€p r theo ¢. bang

cach xét cdc didm rieng biét cua C va géc V gilta vecteur bdn
kinh cyc vi ti€p tuy&n vdi C tai cdc didm Ady:

1V = = (3

1]
o

Né&u ¢ o> @,. 1 = o thi dudng cong (2) ¢é thé cé liém can,
néu:
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Imre(@)sin{g — o) =d#0 (4)

@@y
. R ; d - - R
thi dudmg thang: ¢ = —  (5) 12 tiém can cua dudong
sin( - o)
cong dé.
BAI TAP

75. Khdo sdt vi vé d6 thi cua cidc him cho theo tham sé
(hoac dua duge vé tham s6).

x=2—t°
1) .
y=3t-t

X =acos't . -
2) (a > 0), dudng astroide
=asin* t s
X = 2acost —acos?2t L.
3) (a > 0), dudng cardioide
= 2asint —asin 2t
x =a(t —sint) -
<4) (a > 0), dudng cycloide
y =a(l - cost)
5 Yy y = 3axy {(a > 0), 14 descartes
3
6) y = (a > 0), dudng cissoide
a-x
7y =x". arx (a > 0), dudng strophoide
a-x
Bai gidi

X=21-1"
1) )
y=3t—-t
cdc him x, y x&c dinh Vi - © < ( < 4
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Vi X0 = 1 (khit = 1) nédn hdim y = y(x) xdc dinh khi — o0 < x < |.

Khi t -5 +» thi x, y & +=, ¥ 5 % nén dé thi coa ham s6
X
khong ¢é ti¢m can.

+ 3 _ 12
Ta tinh y, = yo . il=r
x', 2 1-1
y' = 0khit=-)(x=-3), y', ¢6 gidn doan boé dugc khit = 1
vi limy', = 3.
11—l
3121
no= 2Tl o khit=1
4d-b
Tinh toan ta cé bang:
t - -1 1 +
x o _— 3 ] ~a =
« - 0 + +
" . + 0 3 -

2L~
|
4
j
\ ~3 4 | o
' J
(
________ _].-2
Hinh 21.
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PDudng cong cat cuc truc toa d6 tai
(0,0) khit=0 (+243-3,0) khit= +3.
(0, =2) kit = 2.

D6 thi cua y trén hinh H.21.

Chi y: biém (1, 2) khéng phai 1A di€ém uén cia 44 thi hdm s6
7.

 [x=acos’t
2) I €
y =asin t
Cic ham x, y xdc dinh Vt va la cdc ham tuda hoan chu ky 2x.

Xét 0 <1< 2n.

Thay t b -t thi x - x, y = —y: do do dudng cong d8i xing
qua Ox, nén xét 0 <1 < 7.

Thay t boin -t thiy > y, x - —x, do d6 dudng cong lai d6i
xtmg qua Oy nén ta chi can xét 0-<t < —;E sau d6 14y d6i xidng ta

s& c¢6 dudng cong trong mot chu ky, né ciing 1a dwong cong trong
cac chu ky khac.

Ta tinh:
2
.Y 3asin” tcost

YisTts———— =gt
X' —3acos” tsint

. . . i
y',.,=0tait =0,y = tai I:E

~1 1 1 T
y'a = (=tgy ' = — = = ——>0, 0<t<—
cos™ t (-3acos” tsmt) 3acos” tsint 2

. n
Vay dudng cong luén 16m khi 0<I<5.

Tinh todn (a ¢6 bang:
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t 0 n b4
4 2
X a \ aﬁ \ 0
4
y'x 0 = -
y' . N + +
a\E a
y / 4 /
0 _

tai A(a, 0): y', = 0: ti€p tuy€n nim ngang (truc Ox).
B(0, a): y', = @: ti€p tuyén ndm thdng ddng (truc Oy).
Khir ¢ tir (1): 14y 1uy thira 2/3 hai v€ réi cong:

x¥* + y¥ = a¥? ; dudng cong goi la Astroside

(H.22), ta thiy dudng cong c6 hai nira:
-  NuUadyng viy 2 0; Yua, = a khix =0,
- Nira dng véi y < 0: y,,, = —a khi x = 0.
¥
!

J
S

Hinh 22.

8

nl

3 X = 2acost —acos2t
y =2asint —asin2t
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x, y xdc dinh ¥t € R vd 1a cdc ham tudn hoan chu ky 2n, nén

ta xét —mt €1 < 7.

Mat khdc thay ¢ bai ~t thi x &> x, y = —y nén duong cong

déi xting qua truc Ox, do dé ta xét —w <t € 0 r6i 14y d6i xung
qua tryc Ox ta c6 dudng cong trong -m <t < 7.

Tinh:

3t Lt
. SIn - S —
Y, _ 2acost—2acos2t _ cost-cos2t _ 2 2 " 2 3

: = = =tg—
- 1 si i —si 3t .t
X, 2asmt +2asin2t  sin2t -sint 5 cos 3 sin 5 2

Y=

Trong (—=. 0]: y,=O0khit=0vat= —E

3

H s 1
y_(=®khlt=—n'v;l[=_§

Tinh todn ta ¢6 bang:

~271 -1
o S 3 0
X -3a /-%a/ %a\o
' I - 0 + I -
A K N —_*zv* 7 R 0

Tt bang ndy ta cé cdc didm dac bidt cua dudng cong va 1iép

tuy&n vdi dudng cong tat cdc didm dé. trén co sd d6 ta vé duge

dudng cong (H.23). Yy

(3 day da bo qua viee xét y',

ta
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co: Yo =

- - - a/ia
Wi i - -2 2 s

2 2

max =

X, .2 piy e DV
2 2

Hinh 23



X =a(t-sint)
y = a(l - cost)

x, y xdc dinh ¥Vt € R, chu ky coa y d6i v4i t la 2xr, khi O <1t
<2 thi 0 <t £ 2am. Vay chu k¥ cha y d61 vé x 13 2ar. Vay xét
0 <t <2n, san dé tinh ti€n dudng cong trén (0, 2an) doc Ox
nhimg doan 2an ta cé toan bd dudng cong.

Ta tinh:
y' = y_T= asint :cotgi
X, a(l —cost) 2
y',=0khit=m,y, = khit=0vat=2n

-1

sin’® t.a(1 - cost)

‘<.
%,
It

t ..
(cotg—), .t', = <0
g2

Khi 0 <t < 2m, vay dudng cong 12 16i khi 0 < x < 2na
Tinh todn ta cé bang:

y
t 0 b4 2n
X 0 —7an _—=2 2an 2al ~ —— -
Y.l + 0 - :
| :
5 0 an 2ax L
a
Y 0/ ™o
Vmax = 22 tal x = anw (H24) Hinh 24.

5) x* + y'=3axy, daty = tx thi ta cé phuong trinh tham s6
c¢ha dudng cong:
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Theo bai 72 thi dudng cong c6 tiém can xién ldy=-x-a

' _ 3
Ta tinh: Y. y_.:i2_tj)
X, 1-2t

13

y,=0khit=0vat=

V2
S -1 0 L 2 +0
V2
x [0 4w 0 a¥fa a2 0
- o+ [ - 0+
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O day 1a di bd qua viéc xét y"\: .

Can ci vdo vdc diém dac biét trén bing va (i€p tuyén tai cdc
didm dé, ta vé duge dudng cong (H25).

Tai (0,0) dudng cong cd 2 ti€p tuydn la truc Ox va Oy (Ung
vt =0,1 > o y' = ).

Tai a%/:, a%/i: ti€p tuyén thing ding.
Tai a{E‘ a%/Z: ti€p tuyén nam ngang.

Pudng cong goi I "1&" Descartes, né d46i xdng d6i vdi duan g
thing y = x.

3
6) y* = . dat y = tx, giai ra ta c6:
a—-x
at®
X = -
1+t~
y= at®
1+
Ta cé lim x(1) = a
(S 2o}
fim y(1) = o
t—oe

Vay x = a la tiem can difng cua dudng cong.

Cic ham x, y x4c dinh ¥Vt € R.

Thay t b&i -t thi x = const, y thanh -y.

Vay dudng cong d6i xitng qua Ox, nén xét 0 < t < +oc, 161 14y
d6i1 xung.

(> +3)

Tinh y'. = 5

y'.=0khit=0

- 30+
y N ——————

\ ,y.=okhit=0
X 231 X
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Ta ¢6 bang:

t 0 4+
X —
Y + I

| i I

Tat (0,0): y' = 0, ti€p tuyén nam ngang.

Pudng cong goi 1a dutng cong cissoide (H26).

Y| '
)
I
|
|
(
!
17} | a X
|
i
I
|
Hinh 26.
7) yi = x22EX (a>0), daty = (x
a—x
-
X =a. 3
ta cé [1+1
RGeS
17 +1

Tuong ty 6) ta ¢ dudng cong trén H27.
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)

Hinh 27.

*76. Cho ham r = r(¢) (1), & < ¢ < B trong toa d6 déc cyc.

Ching minh rdog né€u lim r(p) = o vi (6n tai lm r(P)sin(® - @4)
. QP ¢—Pq

= d thi dudng thing r = _—d—lé tidm can cia dudng cong (dé
SIN(P — Pg)
thi cta ham s6).

Bai gidi
Xét d > 0, dung dudng thing D song song v4i nira dudng
thang (tia) ¢ = @, va cich nlta dudng thing ndy moét doan bang d,
theo 1128, thi OH' = 'a_ﬁ‘sin(qa - ®p) = 1(@)sin(e - @,) va theo gia

thid( thi d = OH= lim OH' .
?-rqyp

Do d6 lim MN = lim H'H = lim (dw—(-)ﬁ) =0
e, >, 9P,

N'ghia 1i dudmg thing D 13 tiém can cia dudng cong (1).

Xét M € D, M(r. @) thi theo H.29:
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d
= (2)

(ﬁ:‘@ e -@,) hay r=——"—
sin(@ — @q)

nghia la (2) la phuong uinh coa tiégm can D cua dudng cong.

Hinh 28.

M

Yo

Hinh 29,
Trudong hop d < 0, thi ré rang tiém can D cuia dudng cong
cach g6c O mot khoang 12 ‘dl va thing géc v4i dudmg thing qua

O va lap v6i Ox mot géc @, -g.
‘Trudng hgp dac biét: d = 0 thi tiém can cua dudng cong 1A
dudng thang qua géc va chita tia ¢ — @,.

77. V€ cdc duodng cong trong toa dé doéc cuc:

r=agp

2) r = aeb®
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4)r=a(l + cosy)
5) x? + y* = ay
6) (xl + yZ)Z - aZ(x2 _ y2)

7) r = asin3Q 9) r- a
8) r=alsin2q] cose
*10) r=¢‘ xét 3 trudng hop:
{—ecosp

a)e=1; b) e<1; ¢c) e=2>1.

(Céc tham s6 a, p, e cho trong bai déu duwang)
IDr=b+acosp, 0<asgh

a

1Dr= —, (a>0)

Jms'.’o(p

Bai gidi

1) r = ap : xdc dinh Vo € R.

Thay @ bdi —@ thl r thinh ~r : dudng cong d8i xi¥ng qua truc
Oy nén xé1 0 < ¢ < +w, r6i 14y d6i xing ta cd todn bd dudng
cong.

Tacé: reg=a>0.

Lap bing:

—_ 2r ...

n 3n
0 — n
¢ 2 2

+ + + +
r
0 / a—g— / an / 3-231 / aln...
Pé dung 1i€p tuy&n tai cic didm dac bidt ta tinh:
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V: pdc gita bédn kinh
vecteur cua di€m (r, ¢) vi
ti€p tuyé&n vdéi dudng cong
tai diém dé.

Pudng cong goi la
dudng xodn 8¢ Archimede
(H.30).

2) r = ae® ham r xdc
dinh Vo € R, (r > 0).
lim r=0, Hinh 30,

Gy

lim r=+0, r'y=abe®® >0, Vg e R.

Pporco

1 . ..
1gV = —I— A . const tai moi diém.
T'y abe™ b
Lap bang
@ ~2 14 +c0
r'y + +
/-HQ
r /a .
0

Pudng cong got la dudng xodn 8¢ Logz\}ilhme (H.31).

3) rzi, r x4c dinh V¢ = 0
]

Thay ¢ b&i —@ thi r thanh -r, do d6 dudng cong d6i xdng qua
truc Oy nén chi xé1 0 < @ < +co.
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Khi ¢ — 0 thi r = o nén dudng cong cé thé cé (iém can.

Theo (4) va (5) 0 (4.2),
g day:

d =lim OH'= lim rsin ¢

0 §-+0

.oa .,
= lim—sing = a
=0

vd phuong trinh tiém
can 12 dudng thing song
song véi Ox va ciéch O mol
doan bang a (H.32).

Ta cé:

Ta lap bang:

Yy

L)

(e
N

§!

7

Hinh 31.

¢ 0 E. R
2

r' - -

r +o 2a \ 3\...
n n

Puding cong (H.33) goi [a dudng xoan 6c hypcerbole.

Hr=
2T.

Thay ¢ bai
qua Ox, nén ta xét 0 < @ < m:

a(l + cosp) , r xdc dinh V¢, chu ky cla r d6i vdi ¢ Ia

—@ thi v khéng déi. Vay dudng cong d6i xing
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r'e= -asing s 0,

th:%:M:—cotggzlg(l+$) trong 0 < ¢ < 7.
re —asing 2 2 2
VY
a
H | — — T \\-/

~N
AN
U]

NV

Hinh 32. Hinh 33.

L4p bang:

P 0 % n

r'y - -
r ~a a ™ 0 m;d
\—/’ x

Tir bing bié€n thién v
do d8i xing ta vé dudng
cong (H.34), goi 12 dudng Hinh 34.

Cardioidec.

Clui ¥: - Trong ndt chu ki ta da ¢é duong cong khép kin, suy
ra: dudng cong trong cdc chu ky khdc do quay mo6t g26c 2n, ta
dugc chinh dudng cong trong [0, 27].

5) x* + y* = ay, theo cac cbng thirc lién hé (1) & (4.2) ta cé:
v’ = arsing hay r = asing
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la phuwong trinh cha mol y
duwdng cong (rong toa dé déoc

cuc d6 12 dudmng tron tam (0, %)

trén truc Oy va ban kinh i;— g- b M
(H.35).
(Theo hinh rzo—ﬁ,zasimp) g X
n&u dua phuong trinh da cho vé
dang chinh téc :
x:+(y—3): _a Hinh 35.
2 4

ta cing c6 k€&t qua 4y.

6) (x: + yl)l = aZ(x3 — y:).

Theo cdc cdng thidc lién he (1) & (4.2) thi phuong trinh nay
cé thé viét dugc:

r) =a (" cos” ¢- r si|12<p) hay r’=a’ cos2¢p (I

la phuong trinh dudng cong trong toa dé doc cuc, tir (1) ta cé:

r= ia‘}coshp .

Ta thiy véi mot gid tri cua ¢ thi ¢ hai gid tri cioa r (d6i
nhau) nén dudng cong déi xing qua g6c O, nén chi cdn xét

r=aycos2¢ . r 1A ham tudn hoan chu ky %, nén xét 0 < ¢ < =, réi

quay cdc géc w la sé c6 todn bd dudng cong. Mat khac thay ¢ b&i
—¢ thi r khéng déi, nén dudng cong d6i xiing qua Ox. Vay chi

can xé&t ()S(psg r61 13y d6i xdng ta ¢cé6 dudng cong trong mot chu

ky. Trong [0, %], r chi xdc dinh khi 0<@<—, nén lai chi cdn xét

+ 12

trong doan nay.

Tacé:



—asin?
oo TASNAD trong (0, g)

i =
a\lcos‘ 0]

eV = o 24/COS 2@ .a4/c0s2¢ _ —acos2¢
& Mo —asin¢@ sing
. n
tait ¢ = 0, 1gV =« nén V:;

(pz% , gV =0nén V = 0.

Bang
n 7
0 - -
® 8] 4
Iy - -
v L —arctp a2 0]
2 2-2

Theo bang va tinh d6i xdng, (uAn hoimn, ta vé dugc dudng
cong (H.36) goi 1a duong Lemniscale.

Y

Hinh 36.
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7) r = asin3@, r xac dinh Y@ € R va % ham uan hoan chu ky

2, 27
= xét 0<ps—.

Thay ¢ b&i —¢ thi r thanh -r nén dudng cong d6i xung qua

. . L S s - ‘
Oy. nén chi cén xét OScps;, rd1 18y dot xirng va quay nhimg géc

2n
Y ta ¢6 toan bo dudng cong.

*Tinh r'y= 3acos3p = 0 khi @ = E trong (0: E).

r asin3¢

(gv:._—iz._(gq(p
r, Jacoslp 3

tat @ = 0 va <p:-2£—,tg\/=0. V =0.

tai g =—, 12V =, V = i

o
o
N

Lap bang:

0 n r
¢ - 2
r'e + 0 -
a
l' \
0 / 0
V|0 x 0
2
Theo bang ta vé duoc dudng cong troug (0, —] sau do 1ay

déi xdng qua Oy va quay cidc gé¢ —2;11- (vi chu ky cua r la 27) la
37) g

c6 duge 10in bé duang cong (H
anh”

oi 1A duong "hoa hong ba
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8) r=alsin2g|. v xdc dinh

y
v € R, r =2 0 va 1a ham
7
tudn hoan chu ky E, do d6 /
2 /
bt 4
ta xét 0 < ¢ < 3 trong
khodng ndy sin2¢ > O nén r 0 z
= asin2e, r'y=2acos2¢ = 0
. b o n
tar =— trong [0; —].
= gl 2]
v asin2¢ 1
(gv ——_— " =~ {o)
v, 2acos2p 2 s5e Hinh 37.
Khi ¢ =0 va cng thi gV =0vd V = 0.
bid b1
Khi =— thi tgV=ao<cvda V= —.
nt @ a 2 2
Ta ¢6 bang:
L
0 -z =
® 4 2
e + 0 -
a
i / \
0 0
v |0 z 0
2

Tir bang ta vé dugc dudng cong trong géc phian tu thir nhat,

quay cdc géc % ta ¢6 toan bd dudng cong (H.38) va dudng cong
201 12 dudng "hoa héng ban cdnh”
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¥\
M
¢
7
a x
Hinh 38. Hinh 39.

a

9) r=

H
cos@p

Ta thdy moi diém M(r, @) cia dudng thing x = a déu thoa
man phuong wrinh (1) (H.39). Vay (1) 12 phuong trinh dudng
thiang, thing géc véi Ox vA cich Ox mot doan 12 a.

(Ta cing thay r5 diéu nay khi thay:

rcosp = x (4.2), ta c6 x = a).
IO) r=—_p—
l—ecose

P
1-cosgp

a)e=11thi r= , r xdc dinh Vo # 2kn va 12 him tudn
hoan chu ky 2w, xét 0 < ¢ < 2x, mat khic thay ¢ bdi —¢ thir
khong déi, nén dudng cong d&i xing qua Ox, nén chi cdn xét
O0<o<nm.

Khi @ ~ 0 thi r —» o, nén dudng cong c6 thé cé tiém c4n,
trong tua nhu 3) tim:

. . . . . COS
a=lunrsing = hm——P—-——sm(p: 1im 5P = o
0

o0 | —cosQ 90 sing
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Viay duong cong khong ¢é ti¢m can.

Tinh r'w:~wﬁ—‘ r'ey= 0 khi ¢ = 1.
(1 ~cosg)”
L P (l—cosq;): _ (I -cosp)
r, (l-cosg) (—psing) sing
Lap bang
b
0 — 14
® 2
s || - - 0
‘ P
r “ \ P \_\ 2
An n
v J— —
4 2

Theo bang va tinh déi xung, tudn hodn cva r ta vé dugce
dudng cong (H.40).

—

- P/z

AN\

Hinh 40.
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b) 0 < e < J. Tuong tu thu a) ta xét 0

<@ £2n
Pinh v, =—P20% = g khig=0, =
(I —ecos¢)”
(g\,:__‘l‘_: p (I—CCC.)SCD)" :_(l—c.cos¢>)
'y (J—ccos@) (-pesing) esing

Tai ¢ =0va@=mn1thi 1gV = » vd V:%

tai cpsg thi 1gV - va V:arc(g[:—l]

€ (&

Lap bang:

o |0 T

b4
2

- - 0
P P

r 1—c\P \ l+e

v I an:tg(——lj z
2 ¢ 2

Theo bang vi tinh d6i xung, tudn hoan cia r ta v& duogc
duong cong (H.41).

N
¢/

Hinh 41.

R
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p

o) r=—mo
1-2coso

, T xdc dinh Vo = 7/3,

trong ty nhu b) xét 0 < ¢ < n véi ¢ :%

Khi ¢ > % thi r > « theo (4), (5) & (3.2) ta xét:

T
cos(p — —)
d = lim —p—sin(@~—n—)=p lim--—_3—=L
W%l—Zcosq) 3 ol 2sing 3
Vay dudng thing r=—2 13 t1iém cin cua dudng

\Esin((p - ;)

. , . -2
cong, duong thang nay cit Ox tai x :-’%_p (¢ = 0) va song song

véi nita dudng thing ¢ =l:-.
—2psi .
Tinh r“p:—ps%=0t@u p=0vagp=m
(1 —2cos@)” .

r'e< 0 khi 0 < ¢ < 7 trix q,z.;l

gv= L o (07250 o x
e 2s1n¢ 3
T{nh todn, ta ¢6 bang:
¢ |0 /3 /2
ry | O - - -
r \ T P \
- p/3
vV | 22 arctg(1/2) /2
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I'heo bang va do tinh déi xdng. tuan hoan cia r ta vé duge

dudng cong (H.42).
/ /
/ s
/
Ve
%

Hinh 42.
Chi y
Tu r - P véi p, e > 0, theo cac cong thic lien he & (4.2):
l-ecose
r=\}x2+y2 R coscp=—x——-—
x? +y?
ta ¢6: x 4yl = —F
X

l-¢e-—

hay (1- e )x* + y* — 2pex —p* =0

RG rang khi ¢ = | (< 1, > 1) thi phuong trinh ndy 13 mét
parabole (elipse, hyperbole).

243



Do d6 r= 12 phuong triah trong toa dé ddc cuyc cua
l—ccose

parabole khi e = I, cua elipse khi ¢ < 1 vd cia hyperbole khi

e > I, poi chung 13 phuong trinh trong toa do ddc cuc cua cdc

dudng contque.

1)
bér g a = b: cardioide
Juo Ox a < b: limacon
de Pascal
Hinh 42a.
12)

Hinh 42b,
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CHUONG 4

TiCH PHAN BAT DINH

§1. KHAI NIEM CO BAN

1.1 Nguyén ham

F(x) goi 1A mo6t nguyeén hiim cua f(x) trong mién X néu F'(x)
= f(x) hay dF(x) = f(x)dx, Vx € X.

1.2. Tich phan bét dinh clia f(x) trong X

jf(x)dx = Fx)+C

vl F(x) la m6t nguyén ham cua F(x).
1.3.Tinh chét
i f[f(x)xg(xndujf(x)dx«:_[g(x)dx.
2°. fCiodx = Cffxdx .
3% {f(wydu = Fw)+C véi u = u(x).
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1.4, Bdng fich phan ¢o ban

1%, f()dxz(.‘

2°.

=4
o

&~
(=]

6°.

7°.

8°.

9°.

10°.

11°

12°.

13°,

149,

ol
jx“dx:x +C,

(oo = 1).
o +1

. J‘gizln|x|+C‘ (x # 0).
X

. _[a‘dx -2 .c.

Ina

. j'e’dxze‘ +C.

jcosxdx =simx+C.

jsinxdx =—cosy +C.

I dx
Cos™ X

[P
s X

J
-

dx

I+x

=tgx +C.

=-cotgx +C.

= arctgx+C.

kel

dx

1

3

ch™x

=arcsinx +C .

2
- X

Ichxdx =shx +C.

Jshxdx =chx+C.

J'dx

=thx +C.



15°.

16°.

17°

18°¢

19°.

20°

21°

22°.

23°,

24°,

25°,

26°.

sh~x

a

f df =~cothx +C.

a

i
.[ qu . =—arctg-x—+C.
A" +x

dx . X
.J—zarcs1n—+(‘..
{3 > a

a~ —x

. J'L= In|x+Vx?+a?| +
vx* ta’

J‘ndx =—l—ln|x_al+C.
x*_—a® 2a |x+a

. _[ x* ia:dx=%\/x2 ta’ i% ln'x+\h(z +a’

Isccxdx :I

J.cos2 xdx =

Ic“ cosbxdx = e“(

J‘e“ sinbxdx = e“[

J'cosecxdx =I dx

C.

2
X ~ a . X
\/a2 -X~ +*—2 arcsin— +C .

. f az—x"‘dx = —
2

a

=
a?+b’

acosbx + bsin bx)
+C.

sinx

dx

casx

X
=+
2

sin2x
4

=1In

X T
= nltg(=+—
n';_:(2 4)

2 ol
a’ +b’

+C.

asmbx—bcosbx]+c_

X
t +C.
35‘

+C.

+C.
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27°. _‘-sinz xdx = > - sin 2x +C.
2 4
28°. LH.=J 7 dﬁ -=— - +2“_f1n (cong thic
(x~ +a” )" 2na“(x” +a")}" 2na-

truy héi) v6in=0,1,2,3 ...

1 X
I, =—arctg—+C.
a. a

1 1
I, =—— X < +—3—arcxg1+C.
2" x"+a” 2a a

1.5. Hai phuong phép finh c¢a ban
- Tich phan tirng phin:
_I'f(x)dx = Iudv =uy - Ivdu

v8i u = u(x), v = v(x) 12 cdc haAm kha vi

- P4i bidn s6
If(X)dX = If[(Pu)](P'(t)dt

véi f(x), o), ¢'(t) 1a cdc him lién wuc, @'(t) # O.

BAI TAP
78. Tinh cdc tich phan (dua vé ip dung bing).

1) JEX——J_:—)—-dx m, n € N.

(va - ¥x)?*
2) IT—(‘lx,a >0

3) _[ dx 5
2-3x"
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2-3x"
5 I xdx‘1

4 +x
6) |—

1+ simx

f_dx__
x Inx In(Inx)
8) Ix .

9) J-e'”:*l)xdx

10) I(cosu +sinax)’ dx

| &
cos X
arctgx 2
12) _[c +m(lg+x M ax
1+x~

Bai gidi
x™ = x"y? X3P - 2x T 4 2
Y K

2m—|; meneg z
Jo s -2 T hax

i
mrnr- 2u- -
2 b

$x - x -
+

2me

2X

[ [

4n +1

dm+1l 2m+2n+1

+C
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2) I(I = ‘—Ef(ﬁ—&)‘d(&~&)
~2 (va—Jx)

= —-——— 4+ C

Ja 5

dy3x N—er./—xl C

3)'{2 w Ij(ﬁ):-(\/g.x): 26 |J_ oo

X =iJ§
3

! di/3x —mesu 3)v{ +
MJ.\/ f\/(\/_r Wiy {J:}C

N J xdx R lJ‘ dx‘ﬂ _ :la.rc[g£+('
44xt 27a+(x7)y 4 2
n T X
d(- ~x d(—->)
6>I dx ) =_J- 2 ) =_J' 4 2
[+smx ]+Cos(—z—x) cos* (G - 1)

T X
=-g(———) + C
g4 2

dx _ d(lnx) _ rdin{nx))
J —-J -]

= In|in(Inx)| +C
X lnx ln(lnx) Inx In(inx) In(Inx)

q
8) J‘x X de J[X XS H2x+2+ jdx
X~ | x -1



4

:L+X_+x:+2x+31n[x—!|+(‘
4 3
g)J‘ e xdx = — _J “d (x~ +1)) %c-l":”’-l-c

10) J(cosax +sinax) dx = j(cos' ax +sin-ax + 2 sinax cosax ydx

= I(] +sin2ax)dx = x—icosZax +C

2 . hi ki
cos” x +sin” x)dx dx 1e~x
11) j J( . ) =j - +I "4 dx
cos® x cos” X cos™ X cos” x

(Los x-wzm x)dx J-(g:x(lﬂgzx)

Cos X

Cos™ X

=J n +J-tg2xd(tgx)+f((g:’x+‘84X)d(‘3")

cos™ X
3 3
tg'x 1g'x  (g'x
= 1gX+——+ g X 1¢
3 3 S

21g°x tg'x
=tgx+L+g—+C
3 -5

arcigx 2
12) J‘ +xln(lﬂ+x H'ldx _
(I+x7)

:\rclg\

J‘c ‘dx+J‘XIn(l+«x:) +J’ dx«
Il +x- 1+ x~ P+x-

J'c‘"f‘g‘d(arctgx) + %J‘ bck +x>)d In(l +x°) +f

dx

1+x~
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. [ L )
="' ¢ —In (1 + x7) +arctgx + C
4

79. Dung phuong phéap tich phan timg phin, (fnl:

1) J‘(x1 + 5x + 6)cos 2xdx

- X

2) J‘xje-T‘dx
3) J.ln2 xdx

4y |22 4x

J‘xcosx
s~ X

5 1, =_[sin(1nx)dx. 1, =jcos(lnx)dx

6) I(a.rcsinx): dx

7 J' xln(x+\[|+x:)dx

2

L+x-

8) J.w.(a2 - x dx

xedreex

¥9) | ————dx

(1+x°) 2
10) Jez‘ cos” 3xdx
Bai gidi

1= I(xz + 5% + 6)cos 2xdx

Pat u = x* + 5x + 6. dv = cos2xdx thi du = (2x + 5)dx va



_ sin 2% dx

I=(x: +5x+6)sm2x

- %_[Qx + 8)sin 2xdx

PEétinh I,, dat v =2x + 5, dV = sin2xdx thi

du = 2dx, V:Lszx
2
1, = _cos2x (2 +5)+J‘20032x dx
02 2
- —coszx(zx +5)+ sin2x L C
2
2x° :
Vay lzwsin2x+2x cos2x +C
_\
2) 1=Ix‘c 3 dx
- % -x

dat u = x', e¢3dx=dv thi du = 3x°dx, v=—3?3

-1

I:—3ch’+91x:erx (a)

-X

-x
Xét 1, =J.x2c Ydx datu =x* e’dx=dv thi

=X

du = 2xdx, v=-3"

-\
1

A
= -3Ce +6ch3({x (b)

x X

Lai xét: [, :_[xe Ydx dat u = x, ¢ P dx =dv thi
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\
du = dx, v=-3?

\ x =X AS

1, =-3xe* +3_[c_-‘_dx:—-3xe3 -e? (o)

Theo (a), (b), (c) ta ¢o:

I=-3 (x*+9%x° +54x +162)+C

2Inx

3) l:J-lnzxdx, dat v = In’x, dv = dx thi du= .
X

I:xlllzx—lenxxdx —xlnlzx—z.[lnxdx
X

Xé1 1, :Ill1dx =x1nx—_[dx (do u = Inx, dx = dv),

1,= xlnx - x.

Vay I = xIn“x - 2xInx + 2x + C.

4 I=J-xcofxdx:—J‘xd( 1 ) = -X "'J- dx

sinx sinx

sin” x sin X
-x X o

I=——+Inftg—[+C (Theo 24° (1.4) ).
sinx

5 I, = J'sin Inxdx , dat u = sinlnx, dv = dx khi dé cé6:

coslnx
du =

dx, v = x.
X

. xcoslnx .
I, =xsinlnx -—J——dx =xsinlnx —J.coslnxdx

X

Xét 1, = Icoslnxdx, u = coslnx, dv = dx thi

dx, v

= X.



du=- sinlnx dx

V=X
X

I, =xcosinx +Isin In xdx
Vay: I, = xsinlnx - I,

I.= xcostnx + I,
Giai he nay ta cé:

I = %(sinlnx -coslnx)+C

I, = %(sin Inx +coslnx)+C

6 1= J(arcsinx)zdx

Pat u = (aresinx)?, dv = dx
du = 2arcsinx

1-x

. - . xdx
I = x(arcsinx)™ — 2Imc51nx =
\h —-X-
I, = Jarcsinx% = J'a.rcsinxd(ﬂ/l -x° }
1-x*

hl - l ey
= —yI—x" arcsmx+J‘

Nl-x7dx
s/l—x2

) .
=—«1-x" arcsinx + {dx.

Vay I = x(arcsinx)* +ZJ-\/1——x3 arcsinx —2x +C




. J.xln(x +E+x%) .

1+x°

Patu = ln(x+‘}]+x2), xdx =dv

X
 —

thi: du = Vi+x® dx .
x+\ll+x \}l+x:

1+x° In(x + l+x) J'\/H-x

v=Vl+x°

\/I+x )
= VI+x  Inx+¥l+x>)-x+C

8) I = J'\/a_l——x:dx, dat u = yfa? -x? , dv/= dx

du = X dx.,v=x
a® -x°>
I = xva” -x- +I
J ‘/7
= xw/a:—xl—‘[\./a:—x"‘dx+‘|‘a2 &
) a2 —x°2
Do do:

3 3 5 . X -
21 = xya~ ~x° +a”arcsin— +2C

a

X [ a
I = —2— a~ —x’ +-—5—a1tsm£+C

a
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9) 1 = jﬁdx = [ dx
3 z :
(L+x32) 2 1+x° {+x
Igx dx
Patu = . dv = e 3
|+X2 1+x
) X
VIex?h-- 2
# 2 1
du = ] T+x” _ ; dx
I+x [1+x2)3]
v = Jcarclgx dx-, - Icamgxd(mtgx)=eam(gl
1+x~
[= % mctex _ _Jifg_ﬂh
. —
L+x? (1+x%) 2
Xét 1, = J' e
bat u= ;, dv = ‘[emlgl—dx-;
Vi+x® b+x”
thi: du = —-7)(3,, v = efrer
1+ x7) 2
aretgx
I, = e +ch7“
‘1.|.x.2 (1+X')' -
Do dé:

g

o arcigx _ |

[= % .
Vi+x? \/1+x2
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N x -1 : .
v 1= ca\n.lgx + C

2J1+x°

10y 1= J-ez".cos2 3xdx = J.ez" ECZLmdx

= %“e:’dx + J‘cz‘ coszdx]

1 L2 2x

16 —(2¢cos6x + 6sin6x) +C
- +6-

It

(Theo 22° & bing 1.4)
=Lce"(10+ 2cos6x +6sin6x) +C
40
80. Dung phuong phip d8i bién s6, tinh céc tich phan:
1 J'x(zx +5)1%4x

2) J‘ 1+x

T
1)I

2 J‘ln2xgi
Indx x

c—l

5) J‘Slll X
Jcosx

dx
O



dx
9 {—=—
J‘<1+x)\/§
10) J‘\/af +xidx (a > 0).
Bai gidi

(-5
) PAl2x + S =1 = x=+—2 va dx=%dt

-5
I= Ix(Zx +5'%x = J“——'(IO ﬂ
2 2

12 {1[
=lf(1“—51’('wt=l o e
4 4112 11

Trd lai bign cu:

o l[(2x+5)'3 5(2x+5)”} . c

12 It

2) Pat: Vx =t.t 2 0 khi d6 x = * vd dx = 2tdt.

2 ki
1:_['“ 2uh=2J" +ldt=2J(tz-t+2—-2—)dt
* 1+1 (+1 t+1

-

3 2
] t

=2———+2t -2lnlt+l])+C
I 2

Trd 1ai bi€n ci:
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=2 (Vz)- “%+2f~2|n(1+\/;’]+c

J

. R 2idt
3) Pbat: Ve —1=1>0 khi dé: x = In(1+t7) va dx=1 -
+{"
dx 24dt
1= = — = 2arctgt + C
I\/c'—l J'(l+[')l &

Tro 1ai bién cii:

[= 2arclg\}c" -1+C

4y 1= Iln2xg - J'ln2+lnxdl“x
Indx x In4 + Inx

DPat Inx = ¢ thi:

dt

- J‘lnz+tm :J‘l+lll4+1112—ln4

Ind+1t t+in4

= J.dl—ln2j dt =t + In2.ln(1 + lnd) + C
t+1In4

Trd lai bién ci:

1= Inx-In2.Ijnx +In4/+C

- 3 - .
5) I = Jsm X dx = J'(l cos~ x)sin xdx

Jeosx Jeosx
Pbat cosx =t thi sinxdx = - dt

—t- 3 1
va b = —J‘l;dm [ -1 2

Ji ;

N )

= 3t 220 +C
5
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Trd lai bien ci:

I = -i—(cos2 X -~ S)Yeosx +C

dx
6) 1 = J______
X\/l+x2

Pat x= 1 thidx =
t -
. dt . ka3
I = —sngm“. = -signtln(t +V1+t")+C
[+t

Trd lai bi€n ca:

.1 X
I =sign— In| ———|+C.
X {l+\/x2+l)

HI=

J-de
v2-x° i
Pat v2-x° =(>0 thi:

4 -

2-x"=t>, x" =2 -1t 2xdx=-2tdt

I . 3
va [ = j‘m=j(r—2)d:=‘——2n+c
t 3

Trd lal bign cii:

a
I = %(JZ—}(:) —_n2-x* «C

dx
8) 1:]’—
xz\M—x2
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Pat x :1‘ (L x #0) thy dx:—g;l- va
2

Tro lai bién cii:

—___.L‘—)(:+C:__4:X_:‘+(1
4x 4x

L
I = —sign —signx.
X

9) Hat: &=t>0 thi x = ¢7, dx = 2tdt.

I:j tht,, :2J. dt1 = 2arctgt +C
t(l+17) I+

Tra lai bi€¢n cii:

I= 2arcng;+C

10y I= _Ha2 +x2dx.
Pat x = asht thi dx = achtdt

I= J'\/al +a°shtachtdt = a:jch:tdl

_ ZJ- 1+ ch2t

=a

dr=a L+ gh24C
2 4

Trd lai bién ci:

r_ Lt

., 2%
hay ¢™'- —e'-1 =0
a

e
X =asht=a

(1



"

X X
Do dé Cl=—+ —’+l
A a”

va t=In(x+vVx> +a*)-Ina
mat khic:

X x° 2x [ N
sh2t =2shtcht =2~ N1+— = X~ +a-
a a”

at
Thay lai (1) ta ¢é:

2 f 5, a’ a’ 2x
I:a?lll(X‘F X2 +a”)—71na+7—2 XZ +a2 +C
a

:%w}x2 +a’ +32—ln(x +Vx? +a2)+C

"

vai (_3=C—%Ina

81. Tinh cdc tich phan:
1 Jeﬁdx

2) J'xln[i_x]dx

+X

3 J'arcsinx dx
x>

4) IS“I_ X l
el
s) J'cos:(lux)dx

6) J‘x sin‘/;dx
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Bai gidi

2tde

1) J.c‘l"dx,d{u J;: t>0tht x =1°, dx

I = 2J-c‘.ldl‘ tich phan timg phéan (dat u = t, dv = e'dt) ¢i tré

lai bién cil x, ta c6:

1=2e%(x-n+C

~ |
)1 = len(l

Tich phan titng phan védi I,, dat: In(l-x) = v, xdx = dv, thi:

jdx= J'xln(l—x)dx—.[xln(l+x)dx= I -1

- X
+X

—-dx 2
du = , V= X
1-x 2

—
Il

XE
—In()-x)+
2 n -[2(l~x)

_)f.:.ln(l —-x) +1J.L11_H_dx
2 24 2(1-x)

Lln(l —x)+lj'[—(1 +x)+——l—}dx
2 2 I-x

]

£ln(l —x)+l[—x~§_—— In(1 —x)]+C,
2 2 2

Véi 1., dat u = In(1+x), xdx = dv

dx

1

1+x

N
~ xu
thi du = V= —
2

va tuong tu, 1a ¢6:

I, = 2{;In(l—x)—l —x-£+ln(l+x) +C,
B 2 2 2 -
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|
Vay 1= 2 ml—Y x+c (C-= C, - C.)
2 1+x :
arcsinx . dx
HIl= _[ —dx, dat v = arcsinx , dv = —
X" X~
lhi du = -—41-— LV = —l
1-x> X
—arcsinx -(‘ dx
= +
X X\/I—x'
|
Xét dat x = -~ (x,t =0
t

[ = J‘ dx
| T ——
)l(\.fl—x2

: . dt
thi dx = $ 1= Il——z —513111.J
t- i 1 _

I, = -signt.in(t+ V2 —1) + C (theo 18° (1.4))

Tré lai bign cu:

I = —signlln[l+ -IT— I} = signlln
x | x x’ X

Viy:

X

{+Vl-x°

+ C

x |
l+\/l_-?}

| . .1 .
1= ——arcsinx + sign—In +(

X X

sin” + 208 )
4) I:jsm‘ X dx :Ic * %dx =-;—Ic ‘dx—EJ‘c * cos2xdx
¢



s Y e Y (=cos2 Si )
:_(,2 _%‘( COS x;2sm2x,+c (Theo 22°. (1.4))

_& coszx—2sm2x_l e
2 5

5 1= J‘cosz(lnx)dx ,datt = Inx thi x = ¢', dx = e'dt,

5 + COS
I = Icos' te'dt = J-l%-zj—c'dt

iJ.c'dl + ljc' cos 2tdt
2 2

vy U, (cos2t+ 2sin2t) .

—c' 4 C
5

Trd lai bié€n x:

X xcos(2Inx)+2xsin(2Inx) .

I = —+ C
2 10

6) 1 = stin&dx, dat \/;:l thi x =17, dx = 2tdt

1= 2J‘t3 sintdt , tich phan ting phén ba 14n lién ti€p va trd lai

bién x, ta cé:

1=2 1.’;(6— x)cosJ;+6(x —2)sin‘/; +C

82. Ching minh cong thic: (n, m € Z)

—sin" ! xcosx N n-1

1) Jsiu" xdx = J-sin”'2 xdx

n 0

n R
cos Xsinx n-1
2) Jcos" xdx = +

i )
Icos“ - xdx
n n
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3)J‘ dx -1 cosx +n—2j dx

sin®"x n-lsin"'x n—1I

N —
sin" ™" x

dx
o[ = :
cos"x n—lcos"x n-1

5) Jcos"‘ xsin" xdx =

(m < n)

6) J'cos’“ xsin” xdx =

*7) je" cos” xdx = =

8) Ix"‘ In® xdx =

Bai gidi

sin x n-2 dx
+ h)
n-2

cos" X

cos™ ' xsin™ ' x L -1

D -
Jcosm - xsin” xdx
m +n m+n

< u-l
sin" ! xcos™! x L !

. )
Jcos"‘ xsin"™* xdx

m+n m+n
(m > n)
ax n-1 H
.cos"” X(acosx +nsinx)
a~ +n°
n(n—1) 5
+ ——E———T_l'c"‘ cos" ~ xdx
a- —n-
m+\
1 -1
In" x - —— | x™ In""" xdx
m+1 m+1

Phuong phdp chdng minh céc cong thidc nay déu diung phuong

phdp tinh tich phan tirng phin.
1= jsin“ xdx :Ishl“" x sinxdx

Tx . dv = sinxdx

Patu = sin"
thi du = (n-1)sin" “xcosxdx, v = -cosx

Do d6:

Iy
I}

“ — . . ) h]
—cosxsin"'x + j(n —Dsin"" x cos” xdx

N - - - -
—cosxsin” ! x +(n~ ]).[sm“ “x—(n- l)Ism" xdx
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C T |
—cosxsm' X n-=1gf . s
hay I = + Ism” = xdx
n n
2) Ching minh nhy ).
dx sin xdx
3) I“=_[ o0 =I RIS ’
sin’ X s X
1 .
dat u = — dv = sinxdx
sin®™ x
R - COsX cos” xdx
thi: I“ :T—(l]+l)IT
sin™’ x sin™' " x
—Ccosx dx dx
= _("'H)J‘—__.«. +(n+ D[ —
sinx sin®' T x sin” X
—COSX .
1, = — 5 (n+ .. + (n+DI, | do d6
sin"" 't x
COSX
(+ D, = (+ DI, - ———
sin"™ x
hay:
COSX n
In+'_' = =

n

Mm+Dsin®'x n+l

Thay n bdi n - 2 ta ¢6 céng thic phai chidng minh.
4) Chitng minh tuong ( nhu 3)

1

I

jcos"‘ x sin” xdx = jcos'"" x sin” xd sinx

cos™ ' xsin™' x St

n+1 n+t

ni-2

ICOS xsin”' 7 xdx
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cos™ 'xsin"'x om-—1
= e — 4
0+ n+1
Do d6:
. «]
m-1Y  cos™ 'xsin"'x m-1
§ + I= +
n+1! n+1 n+1
hay:
-] coenel
cos xsmoox m-—14
l = +
m+n n+m

J

Cos

cos™ " xsin' xdx - I]

2

x sin" xdx

-9 -
jcos'" - xsin" xdx

vai m < n, 4p dung cong thuc ndy mat s ldn thi bac ciha cos

&€ giam dén 0 (1) n€u m chan (1¢).

6) Ching minh twong ty nhu §).

I, = Ic‘“cos" xdx , dat u =

thi Au = - n cos" 'xsinxdx, v =
a
ax n
ccos'x n L.
I, = 7+—J‘c“ cos" " xsinxdx (1)
a a
Xét ) = j.c“‘ cos" ' xsinxdx
dat u = cos"'xsinx , dv = ¢ dx thi:
ax
RPN L B .2 1 _ <
du = [-(m-Dcos" " xsm™ x +cos” xHx, v =
a
Khi dé:
e 0 n-—1 - A |
. 3 - . - \ n
J = —vcos" Txsinx + J-c“ cos" T Xsin xdx-—~J-ca cos” xdx
a a a
ax
v o n-—1 1
)= cod" Txsimx+——(,.. - 1)) -=1, (2}
H HI d

cos™x ,dv = e*'dx
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Thay (2) vawo (1):

av n ' hd
¢’ cos X n _ . nmn-1) n
I, = —— +—cos" ! xsinx + — 1, ~—1,
a a- a- a’
a” +n° ¢ nn-1
hay —1, =—cos" ' x(acosx +nsinx) + ——1 ,
a” a* a”
vl cudi cung:
X n ol :
e’ cos’  X(acosx +nsmx) n(n-1) _n
I, = ( + ¢** cos" ™" xdx
3 2 2 2
a~ +1n a~ +n
8) Bat u = In"x , dv = x"dx
1 m+l
thi du=nln"'x.~, v= (m = -1)
X m+1
mrel
va Ix"‘ In" xdx = - J-x’" In""' xdx
m+l m+l

2. TICH PHAN CAC HAM HUU Ti

2.1. Phuong phép chung
Ham hitu ti ¢6 dang:

Pn(x)
Q. (x)

P.(x), Q,(x) la cdc da thdc bac n, m cia x

f(x) =

n<m(n=m): f(x)1a cac ham hiru 1i thye su (khéng thyc su)

Néu n < m, Q. (x) = A(x-a)* ...(x* + px + @), (p° - 4q < 0)
thi:
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A, AL A Bx +C,
f(x) = + = oA L —
x-2)" (x-oa)*' X-—a (x~ +px+q)°
B.x+C, an-i~(fB
—:—‘_——?4__“*.17 (l)
(x'+px+q)° X" +px+q

qui d6ng miu sd & hai v€ r6i bé miu s6, ta duge hai da thic déug
nhat nhau, cho bang nhau cdc hé s6 cua clng luy thira cua x & 2
v&, ta duge mot hé phuong trinlr dé xac dinh:

A ,1=1,2, ..., «
B,,C,.i=1.,2..0
Khi dé:

I = J'f(x)dx 12 téng tich phan céc phan s6 don gian & v€ phai
cua (1).
2.2. Phuong phép Ostrogradskl

P(x)) va néu Q(x) ¢6 nghiém boi:
X

Né&u f(x) =

. P(x) X(x) Y(x)
tl 1= |f = dx = + dx (1)
" Jrooax J.Q(x) Q) IQ:(x)

Trong dé Q,(x) 12 u6c s6 chung 1dn nhat cia Q(x) vd Q'(x),
con Q. (x) = Q(x) : Q,(x).

X(x), Y(x) 1a cdc da théc hé s6 chua xdc dinh, bic ciua ching
kém bac cta Q,(x), Q.(x) tuagng ung mo6t don vi. Céc hé s6 cua
X(x), Y(x) dugc xdc dinh bing cdc dao ham 2 v€&€ cia (1), ta s&
dugc hai da thitc déng nhat nhau, cho bing nhau cdc h¢ s6 cua
cing luy thira cia x & 2 v€, ta sé dugec mdt hé phuong trinh dé
xdc dinh cdc he s6 dé.

BAI TAP
83. Tinh tich phan I clia cdc hdm s6 hitu ti:
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dx

J‘x4 —6x" +12x° +6

xP 6% +12x -8

-3
4) I_\zx;“(b(
(x~ = 3x +2)

4

S)J‘f dx
x" -1

6)

»
X +x+1
J‘idx

3
X" +X

Ul M
X" +1

dx
8) I
x*+1

J~ 2x3+2>:+|31dx
(x—-2)(x" +1)”

3
*10) '[7" ol
(x -1

Bai gidi

9)

1) Thue hién phép chia da thice:

sx +2 25x° —20% +2
=S+

x* - 8x° +4dx x = 5x7 +dx

Phan tich ciac phian 86 hitu i ta co:
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25x2—20x+2 25x> -20x+2 A B C

==t —
-5kt rdax xX-Dx-4) x x-1 x-4
Tiu d6 ta cé: A:l B = _Z'C__.,l_6_1
2 3 6
Vay: 1=_[(5+-L- LAY ) N S
2x 3x-D 6 x-4

hay:

I =5x +—ln|x!——lan—l| 161lni}l{ 4|+C

= Sx + In

2) Tuong ty nhu 1):

x2-1 1
+

ax3—-x 4 x(2x+DE2x-1

1

ZX“I _i B . c
xx+D2x-D x  2x+1 2x-1
A=1, = '_9 -1
16 16
16
M= §-+—l—ln‘ X
4716 |2x-17(2x +1) l
x' -6xT+12x2 +6 8x +6
3y — - =X+ S
X —-6x" +12x -R x-2)
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8x +6 A B C
= + +

x-2° x-2° (x-2)? x-2

Titdé6: A=22,B=8,C=0

22 8 x* 11 8
I= [[x+ + =—- - +C
I[ (x-2)’ <x—2)’]dx 2 (x-2) x-2

Chi y: C6 thé phan tich nhu sau:
8x +6 6 8(x - 2) 16 22 8
3 7t 3 > = ; t 7
(x-2) x-2) x-2) x-2) x-2) (x-2)

4) 1= J‘i?’—dx bai ndy khéng cdn phan tich phan sé
3x+2)
ti ma 12m nhy sau:
2_ —
Izjd(;( 3x+23): : 1 e
(x* -3x+2) 2(x° -3x+2)
4 .
5)1= f;f—fb‘:flﬁd":f‘“ 1
X&t 41 - | __A + B +Cx+D 0

x' -1 x-Dx+DE+) x-1 x+l x4l
Ta c6 thé tim A, B, C, D bing phuong phép sau:
- Nhan 2 v& ciia (1) v6é1 x-1, réi cho x = 1, ta cé:

1

——————=A +0hay A=
A+ DN+

- Nhin hai v&€ cua (1) v6i x + 1, r8i cho x = -1, ta ¢c4:

'—l——=B+0hayB=—l
(-1-DA+D 4

~ Nhén 2 v& cuia (1) v&i x réi cho x - o ta dugc:



0= l—l+ Chay C=0
4 4

- Cho x = 0 & hal v€ cba (1) ta c¢é:

1 D 1
L ———l+ — hay D= -~
1 2

-1 4 4
Do dé:
1
I=J'1+ . S —
Hx-D 4Hx+D) 2(x7+1D)
=x+llnx—l—larctgx+C
4 |x+1f 2
X +x+1 i
6) I = [~——dx = [(1+—5—)dx
X7 +X X +X
1 1 A Bx+C
3 = S = — 3
X7 +x  X(XT+D X x"+1

Xdc dinh A, B, Cnhu S)tadugc A=1,B=-1,C=0
Do d46:

I=J‘(1+l- ’x }dx=x+ln|x|—lln(x2+l)+C=x+ln X +C
e X X" +1 2 x2 +1

dx

7).[3
X" +1

1 1 __A_, Bx+C

Taco: ———= < = ~
x>+1  (x+DE -x+D x+1 x"-x+1

LAm tuong ty nhu 5) ta ¢é: A = % B=-—,C=

Do dé6:
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I:I : dx+lf :x+2 dx:glu|x+]|+l,
X A

x+1) 3P x4l
—1-3
l,:—j dx-{jb{l ]
—x+l
= _lJ‘d(xj'—x+l)+_l_J‘ "dx z—lln(xl—x+l)+13
67 x"-x+1 -x+]
d(x-l)
I. = 1 2 - z-l-.-%-arclgzx_l+c
2 N (S 2 J3 3
X—_ —_—
2 2
i 1 a 1 2x -1
Vay I = =Inx+ 1|~ =In(x~ =x+1) + —arctg——+C
hay I = —I ﬂ+-'—arclgzx——-‘—+(?
6 x1-x+1 3 J3

8)I=I :ix ta co6:
X +1

Pl = (xP A ) - 2% (x4 x V2 F1)(X - x 42 +1)
1 Ax +B Cx+D

= +
Pl xT4xy2l xP-xy2 41
Dung phuong phdp hé sé bat dinh ta duge:

A=-C=L B=D=

22

2
Do dé:

| -1 )
——-x+ x+—

2
I—J 1+J‘2 dx=1,+1
X" +xV2 +1 '—xf+l
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5,
%

2]
AN Y

In(x* + 24 + )+ —= arug(xﬁ+ 1)
4f 2J5

dix+ —
= j 42x+"/5 dx+lJ.
a2 ¥ X Fxy2 +1 4

Tuong tu:

-1 5 1
.= —In(x~ ~xv2 +l)+—a.rc(g(x\/5—1)
a2 22
va cubi cling

I=1,+1,= 1 x+x2+l 1 . x\/—2;+c

+ arctg
4f —xV2+1 22 1-x2

[-—l—Lqmrg(xJE +1) +arcta(xy2 - n] arctg 2xv2
22

1—(2x:— D’

atb
dlngd + arctgd = arclg bj
Cich khie: 1-2

d(x——) d{x +— )
X

U +l—(x -1
Blénddl.I«EI dx __J'

i
xt 41 2x-Arer 2ty
X X

L drctg —1 I x —XV2+1 +C (arc(gx+arc(gi —E)
22 xf 4«/5 x“+xJ_+1 x 2
9y I = J‘ 2X~+2)f+13,

(xX=2)(x" +1)"

2x*+2x+13 A JBaC Dx +E

ta c6: ’ - =
(x=2Xx" +D" X—2 x> +1 (x +1)?

hay:

2x T +2X + 123 = A(X* 4+ 1)+ (BX + OX = 23X+ 1) +

+ (Dx + EXx - 2)
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T dé6: A+B=0
-2B+C=0
2A+B-2C+D=2
-2B+B-2D+E=2
A-2C-2E=13

hay A=1,B=-1,C=-2,D=-3,E = -4

Vay:
[ = J‘ dx —Ix+2dx~.[ 3f+4_,dx
x-2 Jx?4} -+
2xdx 2xdx dx
NS & Y T .
x> +1 x> +1 (x +l) x“+1)
:1np-2|—11n(x:+1)—2amgx+3. -
2 2 xt41
4 —-x~—+larcl x |+C (theo 28° (1.1))
2xT+1 2 & )
hay:

-4 -2)°
3 x+—l——ln(x 2)

1= 1
2 %741 2 x4l

—4arctgx +C

10) 1 = ——d.x
x-n'®

Khai tridn Taylor hdm f(x) = x* tai lan can diém x, = 1, 1a

c6:

=1+ 3(x=1) + 3(x=1) + (x -1},

va:

= J‘(x —df)‘m +3J (x ilxl)” +3I (x ilxl)‘>EL +'[(x i”;)m
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1 1 1 1
99(x - ¥  98x -1 97x -1  96(x - 1)*®

*84. Ding phuong phdp Ostrogradski, tinh cdc tfch phan:

4 3 3
1 J‘4x +4x +16)2( +12x+8{]x
x+D)2x? +1)?

4 _ 403 2 _
Z)J‘Zx 4x +Z4x 40);+20dx
x-DXx"-2x+2)

dx
3 | ——
I(x‘+1)2

dx
4y [—— &
) J'(7(2+x+l)2

" Bai gidi
HDGdy Q(x)=Qa(x) = (x +DNX* +D)=x* + x> + x + 1
Do d6:
4x* +4x° +16x° +12x +8 Ax?+Bx+C ¢ Dx?>+Ex+F
I= I 3 2 2 dx = 3 2 +J' 3 2 dx
X" +x” +x+1) XT+x"+x+1 X" +Xx"+x+1

Pao ham 2 v& theo x v déng nh&t cidc hé s6 cua cing luy
thira & 2 vé ta cé:

he¢ s6 ciax®*: D=0

hé 56 cua x%: -A + E =4

h¢ s6 chax?: 2B+ E+F=4

hé¢ s6cilax: A-B-3C+E+F=16

h¢ s6 cuax: 2A -2C+E+F=12
hésO’cﬁax":B-C+F=8

T hé ndy,tacé6: A=-1,B=1,C=-4,D=0,E=3,F=13
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-2.

va

280

Vay I = ~

= - +3arctgx + C

x> -x+4 dx x? -x+4
+3I 3

x> +x> +x+1 x4l % 4xD x4l
2) O day Q, = (x* — 2x +2)*, Q, = (x — I){(x* - 2x +2)

Do dé

- Ax3+Bx2+0(+D+J'[ E ,_Fx+G }k
x*-2x+2)° -1 x>-2x+42

Lam nhu 1) tac6: A=2,B=-6,C=8,D=~-9, E=2,F=
G =4, )

2x> -6x? +8x -9 hn (x -bH?

5 — > +2arctg(x - +C
(X" =2x +2)° XT=2x+2

va I =

3) I_Idx_T

7+
§day Q, = Q. =x* + |
Do dé:

Ax? +Bx> +Cx+D+.[Ex’ +Fx* +Gx +H

I = : —dx
X" +1

x* +1

1= (3AX" + 2Bx + C)(x* + 1) - 4x’ (Ax* + Bx* + Cx + D) +
+ (x* +1)(Ex® + Fx* + 6x+ H)

=>E=0 4D+ E =20

~A+F=0 JA+F=0

-2B+G =0 2B+ G =0

-3C+H=0 C+H=1

=>A=B=D=E=F=G=0,C= ‘H=-3£

1
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X 3 dx
= 1= n +——J 3
4x7 +1) 47 x7 +1

Theo 8) bai 6 thi:

1 - 3
I= X +———=1In x\+x 2+ + arct xﬁﬂ +C
AP+ 1642 \xT—xd2+1) 82 1-x°

1= j%‘x——;—,ad{\y:leQ:=x3+x+l
(X" +x+1)

Do d6:

1=

Ax+B +J' Cx+D dx

3 ]
X*+x+1 X~ +Xx+1

Lam phu ) tacé: A=D= — B =

wnN

1
3

2x +1 4 2x +1
va 1= - + zu'clg{ ]+C
X2 +x+1D) W3 B

Chi ¢, c6 thé viet:

v ding cong thic truy héi (1.1, 28%).

*85. Tinh cdc tich phan:

xdx
N |l ——
J‘(x3+l)(x1+8) g
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+
2) | X X
2X +l

dx
N |l
J'x(x5+l)2

dx
4) | ———
J‘x(x7 +1)

o (35

)J' x ‘dx
(x'© —10)?

cx* - dx
7)
jx(x4 —5)(x5 -5x+1)

x¥ —x
8) dx
J‘xs+l
P
9) [ (o
(x—-a)"

; P.(x): da thic bac n cua x

_I'l

-1
10)J' dx.n € N.
x" +1

Bai gidi

= J’ xSdx _lJ‘ x’dx’
x> + (x> +8) & 410 +8)

pat x* =t thi:

_l_‘ tdt _LJ‘ dt +_~ K.
a+De+8) 21341 213+

Tich phan va tré 1ai bién cil ta c6:



I = 5‘;(8lnlx3 +8- 1l + 1 +C

2)[=I ,x7dx "'J xdx
X

2 _2x?® 41 12 2x? 41
1 J- xd(x*) 1 J d(x*)
4 (x‘)’-2x‘+1 @y =2t +1

dat x* =t thi:

I—ij 1dt +£I dt
433 —u+1 478 24

L4y tich phan va trd lai biéu cid ta dugce :

5
I = %Iulx“+ll—iln|>n3+x° | 2[ lz :i+[i
_ dx 1r dod)

D 1= Ix(x5+l)2_Jx A Jx St +1)°

bat x* =t thi:

Phan tich:

L A, B L, C L A=LB=-1,C=-L
W+t @+ 1+t

Do dé: l——J. 1 ——dl [ }l|+—l———l|1(t+l)]+C
Sv a+® 41 5 1

Tra lai bié&n cii:

+C
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| X Hl-x’,
Hi= J.x(x(7x+l):jxx(: +1) j[__x +1}jx

; .
= Ig_lju=!nlx|—lln~x7 +l~+C
x 7 7

(=)

e R

dt v, fe~11 1
= -I - =~ —Inj——~—arctgt |+ C
2° (t-Dt+DA +1) 2[4 t+ 1‘ 2 J

(Theo 5) bii 6)

Trd lai bién cil, ta ¢é6:

= L —lzm:tgx2 +C (x=#zx1)
x”+1 4

3
x 7 dx
6 = | ——mMM
1 _l'(xw ~10)?

Pat x* = 1 thi 5x*dx = dt

va [= %J‘—,dt—a
(t? - 10y

1
2710

mat khdc: I = {

o 80—~}

1y | 2 1
nén 1= — - + t
2001[(1—,/5)2 t? - 10 (1+JE)3}1
=L[ S = J’q

200[1-J10 t+ 10 J- ‘(+,,/—‘
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Trd lar bién x:

I=—_]{ x’ + ! l‘xswm\]+c

n
100| x'" — 10 2\/5 ‘x" +\/B|
x z + Y10
NI = .l‘ - (x"—:)dx J(X —l)(x —ﬁx+l) (x~ ~‘i)()[d
(X7 -5)(x" -5x+1) s -5k + 1)

4 A 4 4
x -1 x' -1 1 :5x" ~5 1 5x7 -5
= I < dx—[ - dx:—jT-—-dx~—J'57dx
X~ —5x X -5x +1 S -5x S7x?=5x+1
1 1 D
= —lak* —Sx\——ln‘xﬁ—5x+l|+C=lln X 5 +C
5 5 5 x%-5x+1

)
=_J' — -
SR
X x>
X2 +— — /2
| = 1]1\ X lllx \/—x+l‘
a2 1 W FERY -
xZ

P, (x)dx
SRR P

Khai trién Taylor P (x) tai lan can didm x = a, ta ¢é:



n (13
paxy = Y@y

1=0

Do dé:

n P(k)(d) dx
1=
2 k! (x —a)

n-kel

n Pllu . P(L.
= - n (@) (a) ln!x a|+C X #a

Sk —K)(x - il)“

-nl
1oyt = x" +l B Jx +l=—j(l—x +I}1x

x"+l‘)+C

=l(x“ —In
n

- < x < 4+ khi n chan, x # ~1 khi n 1&.
§3. TICH PHAN CAC HAM VO T VA LUONG GIAC

3.1. Dang

m I
I = J‘R x‘[ax+b]n‘" ax+bs
cx+d cx+d

R 1a ham hitu ti cua cdc d6i s&

ax+b

bat , k 1a BSCNN cia n, s.

cx+d
thi 1 dua duoge vé tich phan coa mot ham hitu (i cua t.

3.2. Dang
I= J'x"‘(a+bx")f’dx (vi phan nhi thic)
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a,b#0,m, n, pe Q(hiuti)

1°. N€u p € Z (nguyén), dat x = t* , s 1A miu 56 chung cia m,

n.
’ +1
2°. Nev 22 ¢ 7, data + bx® = t*, s 1A miu s6 cla pP-
n
. +1 fos
3°, Néu 224 peZ,datax" +b =1t s la miu 56 cua p.
n

thi [ s& dua dugce vé tich phan cdc ham hitu ti

- N€u khéng roi vaio mot trong ba trudng hgp trén thi 1 khong
" tinh dugc qua cdc ham so chp. '

3.3.Dang

I= _[R(x,\/ax3 +bx +¢)dx
- Phép th€ Euler:
1°. N&u a'> 0, dat vax? +bx+c =1+ ax
20, Néu c > 0, dat vax? +bx+c¢ =x1+ Ve

3% Né&u ax®> + bx + ¢ = a(x - AM(x — W),

dat Jax2 +bx+¢ =((x - 1) (hoic = t(x - p)

thi I s& dua duogc vé tich phan cic ham hira ¢

P, (x)dx

Vvax® +bx +¢
= dx

thi I = Q. (x)Vax™ +bx+¢ +7-.J"—

vax© +bx+c

Trong d6 Q. ,(x) 12 mét da thic bac n — 1, A = const, cdc hé
s6 cha Q,..(x) vd % dugc xdc dinh bing cich dao ham 2 vé& cua
(1) theo x, #6i déng nh4&t 2 da thitc & 2 vé.

4°, Pac biet I = J . P.(x): da thic bic n cua x

(1)

287



3.4. Oang

= J‘R(sinx,cosx)dx (1)

R: 12 ham hitu 4 cdc d6i s6.

Truong hop chung

‘ _—
bat tgi:(, dx = Zd‘1 , Sinx = 2[4 , COSX = ! — thi (1)
2 | I L+t- 1+1°

dugce dua vé tich phan cia mét ham hitu ti.

Truéng hop dac biét:
°. R 12 hiAm 1€ cBa sinx, dat t = cosx
2°. R Ia ham 1é cua cosx, dat t = sinx
3% R Y4 ham chin cda sinx, cosx, dat t = 1gx

thi (1) dua duge vé tich phan ciia ham hiu (.

3.5. Dang

I = J'sin" x cos™ xdx
Tich phan niy chi dua dugc vé tich phan ham hiu ti n€u cé
mét trong ba truyng hop sau:
1°. peZ, e
2°.veZ, lé
3% p+ v e Z, chin

Clui y: Cac tich phan khong biéu thi duge qua cic him so
clp:

e . Sin X . CcOSX
e‘dx,51x=J——dx,c1x=J- dx
X X

]

lix = J. f\/l—k sin” xdx , J'

k= £l

VI-k*sin®x
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Cac tich phin cda vi phan nhi thdce khong roi vao 3 trudng
hop dd xét 0 3.2

BAY TAP

86. Tinh tich phan cic hin vé ti:

1)jﬁ+[ 2y [x

x+l-
3y |2 1x 4)
-( x—l( j 24X (2 x)*

Bai gidi
1) Bat x = t*, dx = 6t'dt
— Y6t dt

Jf+l{x—J‘ -(:+l

1=26 J-(t Tret o1+ t-H)dx
o+
7 s 4 3 2
=6 t——l——l—+t——(——l——-ln(t + ) +arctgt | +C
7 5 4 3 2 2

Trd lar bién cil x, ta cé:
04[5 60/ s 3i- 2 6
I=7 X —7 X —de +2dx —Wx -6 -

—3In(l + "\/;) + Gm‘ctg‘%f; +C

21 = Jx i,

A +1
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(17 +1 ~ 4
thi x = (—2—) dx = —i‘
t° -1 (t" =1y

3 4 2
I = J"t +°l. 4tdfﬂ=4[( +f3d1
-7 (=-t7) (I-17)

Pay 13 tich phan cia ham hou ty cia t, 14y tich phan theo t
va trd lai bién cii ta cé:

= Yol —2)+-;—ln(x+ x2 -1 +C
NI = J3‘IX+1dx, dat 322 -
x=-1 x—1
thi X +1 :l3 X = 7 +1
x-1 ' -1
dx = - 6t-di
& =-n*’

t12dt
[= —6.[-———“3‘_1)2
Ild(l_l)- _2J-ld[t _J=2[‘3l_l_J‘tsdt_J

[ t A+143 ]
2| 5—--|—
t° -1 3Jt-1t 6 17 +1+1

2t 1, C+t+l 2 2 +1
= — +—In + ——=arctg——+C

-1 3 -t fr e

véi t = 31/"”
x—1
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s
I-jt‘ 1 (—4dt) ~lj;5dtz~1_

[ 4t ]1 a+0° 4
P+t

e 3 )
Tra lai bién x: I1=—1 27X +C
Byl2-x

*87. Tinh tich phan cdc vi phan nhi thic:

xdx

IJH%/F
dx dx
R bew el e v

Bai gidi

2)

b J‘(1+‘/—>-

1 {

1) I:J'x:-'(l-rxj)':dx. gdAy: p=-2¢€ Z,

41

— X = ——

1+t
i

ik

. . . 1 N
PBat x = t* ( 6 12 miun s8 chung cua % vi —_{-) thi dx = 61°dt

R 2 .
I:I—%-(’[ P S RN
1+t (I+t7)"

(
=20 -4 v s+
5 t+t°

KJ! s
— - 2larctgt + C vai:

1

t=x¢
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292

R
x(1+x*) “dx

2)1=J?ijf?=I

: +1 +1 .
g di\y:m L /.
n 2R

do d6 dar: { + x> = hi x = (U-1)77,

3 ) - - ~
dx = 'E(l‘ D 2atde =30t - DY A

=Dt =nttd .
= =3 B D
[ j 1 ‘J.(l 1y dt

o0 =

=3(——-"—+0+C vat t=yl+Vx-
5 3

dx 4 S

3) l=I——.-=Jx (I1+x7) ~dx.

x L+ x”
X + 4+
O day m I+p:---—————]-=—2e'/_,

0 2 2

< = N | -1
do dé dut: 1.x "+ 1 =t thi x= Cdx s ———=dt,
-1 (- =0

S e BT
I=J‘(l' -1
1

. ¢
— ”=~_[(r—1)d:=t——+c
(v -n°- A

\Jl+x:(2x: -

I'rg Tai bién ¢t ta ¢ =2 ————+C
3x

4 |=_[ _ -—:Ix Ve x®y ! dx

3 Ay
XVl +x



-1 +1 . : .
do d6 1adat: § + x* =" (hi

M+ |
! = =0e/,

3 day:
n

L. :
-t dx=?<1‘—l)“31'dt

R tdt Irl l —1+1
[Z—J--‘—'—Z—J— i dt
-t S230t—=1 ¢ +te+1

I
2t + +C

ﬁa"cl‘*
s

= llnll - l.l—-]—\na: L+ D+
10

. % - . '
l (( l) f,. 2[ 1+C Vél [:3I+XS

= —In———+——arctg
10 @ +1+n 5 VA

5 1= X+ x?ty
=]
g day: p:u%'é'z, m+ :O%l:%gl
n
m+l+p=l——l——l'€2,
n 4 2 4

- - . ~ - A -
Viay tich phan nay khéng bidu thi duge qua cdc him so cap
Sau niay ta s€ ¢6 cde phuong phdp tinh gin ding cdc loai tich

phan dé.

Tinh cdc tich phan:

33.
(x + dx dx x*
) | ——— 2) J*—-— 3) | ———=dx
‘[\Ix:+2x+2 XVx~ +x -1 J.s,/l—x2
i)J‘ X +x+1 s

4) J—x—dx
VI+2x —x~ T ox+l

Bai gidi
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’%
1 ‘:I (x+_)dx_:l 2x+2_dx+2 dx

VT +2x+2 0 27 Ut v2x+2 J-\/(x:+l)+l
=UxT +2x+2 42X + 1+ VT + 22X+ 23+ C

1
bat: — =1 thi:
X

dt

. .t
J\[__.___ =~ swmj———————— = —signt a.rcsmT
R 5
— =@~ )'
4

—signt . +C

s . . 2-X
Tro lai bidn x: [ =signxarsin -+C.

x5

. n A
dx . dat : x = sint | ~5<t<;, dx = costdt.

l:J‘sins tdt, dp duug 1) bai 82):

cost ., .o
1= ——ﬁ—(sm" t+4sm™t+8) +C

Trd lai bign cii: x = sint, cost = ¥l-x7 , (cost > 0). Ta cé:

1=_”“1_:' (x* +4x2 +8)+C.

dp dung phuong phip 4°.(3.3)

4)[:16_"3_‘1"___\
VI+2x-x°



g day P.(x) = x*, n = 3, nén ta cé:

I:I——JLQL——:(AXE+Bx+(ﬁv1+2x~x3+ZI dx
VI+2x -x° T+2x —x~

Pao ham 2 vé theo x, ta cé:

X

X —Ax+BWI+2x-x" +
Vi+2x-x* :

N 1-x . 1
+ (AX" +Bx+C). d-% + 7

Jl+2x—x: .‘JI+2x-x’

hay: x° = (QAX+BY(1+2%x X )+ (1 =X} (AX* + Bx + )+ 7. ,
x? = -3Ax" +(5A-2BX> +(2A+3B-COx +B+C + ..

q
T do: Az—l, B=-—, C:—B, =4
3 6 6

1 ziwzﬂ)ﬂ +2x —x° +darcsin xj_l +C
2

5)I = J‘ﬁ-l——dx

xez—x+1

dx +

]=I_XB1,  ———
xdx:—x+l xVx:~x+l

x+1 dx
= dx + =1, +L
'I X -x +1 Jxw/x:—x+l
-1 3 4]
I, = ! 2x—dx+—f X
2 X" —x+1 2 X —x+1i

295



3 ( . _
\fx‘ -X+1 +5hl(x—?+\!x' -x+1H+C,

. (1 1] 1]3 ]
—signxIn| === |+ | —| ——+1) =
x 2 X X
—sigm{ln[l—%-ﬂ)x’ —x+l]—ln|x|+(‘:
T3 1o
Vay I = x‘—x+l+EIn(x—;+ X~ —x+1)

~

—sienx {ln(] - % VX —x+ 1) - [nlx@+(‘

{C=C, +C)

89. Dung phép th¢ Euvler tinh cdc tich phan:

dx dx
1)J——— 2)j———
X+Vx~ +x+1 l+yl—2x=x"

,{)J‘x— x- +2>\+2

dx
Ix 4)
\}x +?x+2 J.(x:+a:)\)x:—n:

) 2 2y
S)J_\—X——‘——dx ()) J-—x_‘—l—dx

(x +DVxt +1 xVx? +xT +1
Bai giai

dx

TN VNS AN

1)

dgdaya=12>0
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nén ta ding phép the Buler 1, darn: Jx‘ +X+1 = -x + 1

L O X7+ x 41 = x 7+ (F=2\t¢
o 217 + U+
X = ! l\ dx = (")dl
2t+1 QL+ 1)
U+t it
t= [ D= L 3= +2J"—“
t2t+ - (2t + 1) 21 +1 |
3 1 t"
= —In +C

_— -
D2 |

VO L= x+XT +x+1, (x4 =1)

dx
2) j———, &day ¢ = >0,
[+ 31=2x —x°

rén ta ding phép the Eule 27, dat: Jl—zx—x: = xt -1

i ox= 24ED o e,

=41 > =1

]:J‘ (1+t7) _:J l+2(—(" ar
(1 -0d+17)

ZJ—_clt+J~(ll _2J‘ dl\:ln\(_l
( t—1 141" t
B F+VI=2x ="

var 1=

- 2arctgt + C

X

1 ':J-x-\/xzmx;z

—-—::dx S

(+\)x:+_¥x;+2
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g day tam thac: x* + 3x 42 ¢4 hai nghiem thuc 1A x = —1 va

x = -2 n¢n theo phép the Euler 3%, ta dat:
VT + 42 = (x+ D) thi xzz:l_ . dx::id‘;
1= -1 (t-=1n"
VXT 43 +2 =1 2:l_ o=t
-1 7 -
I_[2—13—l ~2tdt pt-D+2) -2udt
2ot (F -y dEn=- @ oyt
:J- —-2U0 -4t dt

(t=1)a - 2t + 1y?

"I LS o1 3 16
AL+ 1R+ MO8+ K- 2(t=2)

-1 S
= — - ~—-—-ln[l+l] ~ln|t—l|——lnlt—2|+C
o+ 18+ 108

\)xl +3x+2

x+1

vai: t =

4 l:J‘ dx
(x~ +zr)«/x: -a”

d diy : x7 — a” = (x — a)(x + a). thco phép the Euler 3°, ta
dat:

Saa— . -1 Jatdt
X~ —a” ={(x-a) (hi x =a— ,dx = ——

t- +1 (1:+l):'

27 +2 1 dt dt |
TJ__—Td “ S 2 4 J-[:—t\/E-HJ

29%



[mm(tf+ 1) +arcla(ty/2 - 1)] +C
Hi 'J_

. a+x
vl t =
a=X

signx(l+ —11 Ydx

X7 +1 2
5) J‘——de = j‘*——_‘x—‘—
Coax [, 1
XVXT +Xx +1 Gl o
\ X
signxd(x —l—) H —
S8 Tox . xz—l+\!x4+x:+l~ .
= J’ : = signx In +C,x =20
1Y X l
[x— +3
X
90. Tinh tich phan cdc ham lwgng gidc:
X d
1) j—-«——d———— 2) J'_&x__
8—asmx +7¢o8x cosx +2smx+3
‘x\.‘ . 0§
1 J'_51.1|x+2<.osx dx 1 J‘ i dx i
2smx +3cosx sINX™ +3$INXCOSX —Cos™ X

LO\ZXdX sin xdx
5 [ o s
cos™ x +sin? x asinx +bcosx

dx . dx

S T
(sinx +2cosx)’ \m

dx . .
+9) j—————— 10 jsinxsm2xmnf§xdx
cosxVsin© x
Bai giai
yp= [ ¥

8 —dsimx 1 7Conx
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X ) 241
dagd te - =1, 1a ¢d x = 2arctet, dx = -
2 |+t~
. 24 j-t-
sinx = —, COSX = -
{+1U- I+
?(il
: dt
1= )+t 2}' . _
-x &t 7(I-t) 1" -8t +18
]+1' [+t
=2 —111t—5—]nl—."~ +C
-l
lgx—ﬁ
[1G lai bign x: | = In|-—=—+(
X
g---23
2
dx
DHl= I— faong tu nhu 1):
COSX + 2smx +3
2dt
: de
1= J n 1+ =J N =arctg(t+ H+C
D 2t t"+21+2
,t2. — - +3
1+t [+1°

Frg tai bicu x: I = z)1‘c1g(1+l,'_15)+(‘

2SINX + 2C08X
1= J'_—dx
2smx +3cosa

Pat: 3sinx + 2c0sx = a(2sinx + 3cosx) + b(2<inx + 3cosx)’

o |20-3b =13 “:H
I'tir do: = ’
J+2b=2 h -5
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Viy:
12 . 5 .
1 (25NN + 3Cosn) — ”'(ENIIIX + 3C08X)
E |
1 = da
25X 4 3C08X

12 S .
= —X -—1||‘2smx +3cusx)l+(‘
13 13
dx
4)1:[_\ . —, dat ex =t
Sin” X+ 3smXeosx ~ CosTx
N . t 1
thi x = arctet, dx = —, sinx = L COSX = wemmmo—
L+t \/l+l' e
dL
[ = J‘ b+ _J‘ dt
(- 3 1 " +3t-1

4+ ) \_ -
P+t 14107 ] +1-

:J‘ dt §2t+"< \/_’
[(+3-‘\/EI 1+‘/7] ‘2(4‘%+r1

2

Tra lat bign x:
2tex +3 - \/

l

:-JT;I

.
d( _sin2x)
Sy 1 = I cos2xdx \/5 b
- cos x4sintx 20 b e
2
4 sIm2x
| ﬁ | 1 \/5 +ain 2y .
= In = +C = n +
2y2 |y sm-r 242 \/E—\'in'_’x
\/3 1

201
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6) I = sin xdx

asinx + beosx

cosxdx
Xé T =J'—_—ﬂ——
asinx +bcosx

Ta ¢6: al + bJ = Idx =x +C,

al - bl = dex:JMﬁdx

asinx +beosx asmx +bcosx

=In asinx+hcosx|+CZ
Do d4:
ax~blnlasinx+bcosx{
a” +b’
bx +a 1x1]1 Sinx + bcosx| =
a*+hY
7) Xét

_J sinx + 2cosx

Rl ey

sinx +2cosx  * (stnx +2cosx)’

_J-d(—cosx+2sinx)_ - CcOsX +28inx B J(cosx—2sinx)2 dx

(sinx + 2cosx)” (sinx+2cosx)2 (sinx + 2cosx)’

—cosx+2smx cosx—Zsinx): +(sinx+2cosx)j
[, - 21, = JL : dx
(sinx +2cosx)’ {(sinx +2cosx)

—CosX + 2sinx dx
_— 1 OJ-

(sinx+2cosx)‘ (sinx+2c05x)"

—1

. dx 1 (2sinx — cosx) 1
va I= J N ~ = — rale s {
(sinx +2cosx)’ 10 (sinx +2cosx)” 10



Mat khdc:

1 —J dx —i_[ X tv( ) +C
' sinx +2cosx  fs d sin(x +¢) \/_
véi: ¢ = arctg2.
Vay: I:— —-—]l|l (_ arc(g2)|+ 2smx—cosx’ +C.
(sinx +2cosx)”
(x # km— arctg?2)
dx 1 -5/
8) 1= J-——— = Jsin 32 x.cos ™ xdx
Vsin® xcos® x
. RN 8 - . .
& day: \'+p.——3-5=—5=—4: chdn, nén tich phan trén tinh
duge qua cdc ham so cip.
Ta cé:

—

sm- x COS X (g X J(g X

=J‘ dx =J‘ J’1+tg dtgx

.03

J OSBX
cos X

= -2,/cotgx +% ngX +C, v6r: (km<x <—12£+k7z).

dx

9) I= j—— = J'(cosx)"(sinx)': dx
cosxVsin x
p = —1:1¢, vay I tinh duge qua cac ham so cip:
IZI . ({\mx. — . dat: sinx = ¢, dsinx = 30%d,
(I-sm~ x)(smx)" "

a W a[p dt o
h.[ (St"ZBI : =_U ‘ ‘+I dll]ATmh todn ta cé:
(-1 1-1¢ 20311t 4
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{ UL+t 3 3
1=—|ll(|\ Ly +ﬂl)+‘/ arctg —- —IT+(‘
3o —t+ht-1y 2 -t

. A km
vdi: t=4sinx , x # —.
2

10y 1= Jsinx §10 2X sin 3xdx = J.%(cosx ~ cos3x) sin 3xdx
| . ) .
= II(S]I\ 4X + 810 2x —simGxdx =

= —l—cos()x - Lcos4x - lcmZx +C.
24 16

91. Diing pltép thé lugng gidce tinh cdc tich phan:

1) J‘(x3+x+‘])3;dx 2) J‘?‘—dx___
X

dx dx
Iy — H—_
'[(l+x:)\,’l—x: J(I—x:) 1+x°

Bai gidi

- 3 A * lﬂ 3 32
1) 1:J(x‘+x+1)"dx:J[(x+5)‘+-‘1] dx ,

ﬁ dt

. 3 . k! l
Bat: x+—=—1gt thi x=—1g1-—, dx = ———
202 2 2 cosTi

ﬁ dt

3 ARCRRE
=[laeer
4

. khi dé:

cosT 1

9 h
[__ (

- s
164 costt

Litp dung 4) bat 82 a cé:
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9 { sint 3j‘ dt
[= +=
4

I(>_5—l.cos4( cos’ t

_ 9 sint 31 sint +l]‘ dt
64 costt +\2cos?t 29 cost

9 sint 3 st

3
+=In +C

ki

64 cos*t 8 cos t

ot
tg(—+-)
& 4 2

x+1

vdi: t=arctg

&

dx dx
2) 1= — = 3
-[(x:—2x+5)'"‘ J.[(x—l)+4]3“'

Pat: x - )} = 28ht = x = 2sht + 1, dx = 2chtdt.

2¢ht
1= cht__ :lj @ _li+c.
[4(sh‘l+n]“ = ddcht 4
Tra tai bién x: theo trén sht = x-1 Leht =1+ (x —41) thi:
_1sht 1 x-1

=———+C

. n b N C
dat: X = sint (——2 <t<—) thi dx = costdt khy dé:
bl

<

l_J costdt _J‘ it
(l+sinlt)cosl Psint
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Lai dat: u = tge thi dt=

= g L edausc.

e 2041 o
I+u?
Trd lai bi€n x:
2
I = —arctg V2 +C
1-x*
dx
4) 1=J'%,
(1 =-x*)1+x?
bat x = tgt thi dx = dt
cos?
Tdt )
- cos? t _J‘ costdt
(1 -1g20). l 1-2sin*t
cost

d(v/2 sint) 1

_ LJ :_lnl+s/55int
V2 1-(2siny? 2

—————1+C
I—\/Esint

tat X

Jl+tg:[ i \/H-x2
I V4x +x42

I1=-—1In

\E V1+x® —x\,E

Trd lai bign x: sint =

+(C.



92. Tinh tich phan cdc ham md v hyperboles:

"de dx xe*
1 |~ 2) 5) dx
e e Ve
shxdx xe*
) [enxdx 4 j 6) [—X _ax
J- Jch2x j(e‘ +1)?
Bai pidi
1 I:J'e‘ dx
l4+e’

N dt
Pbate' = (thi x = Int, dx=—

I:J' t-dt ZJ'td( =J‘t+1 dt —Jdt+ dl
(a+1n 1+1 t+1 1+t

t - ln|l+(]+ C=¢" —In(l+e') + C.

I

2) I:J‘ dx
Vi+e® +\/l~e‘

Pat: ¢* =1t thi x = Int, dx=gl—
t

_J~ C :JJIH—\/l—td
1(\/1_;_[...,/1_() t(l+t—-1+1)

jﬁl—%j\/il—_[dt

=1, - L.

Tinh 1:

llzéj"‘/'(? =—J [+t ([ ]

307



2

| —

l{_m+Jd(J]7+Tl-)_ “_M+J d(W1+ 1) }
t l J [ t WI+07 -1

+—In

t 2 Jtrl+)

2

l[_m 1 m'l}n:

Trd lat bign x:

1| Vi+e? +lhl\/c‘+l—l o C
2 e’ 2 Yo+ ’

[, nhin duge tUr 1, bang cdch thay t by —t.

I =

N I= fch"xdx = J‘%(l +ch2x)" dx
= —l—j(l +2ch2x +ch™x)dx = l_l' 1 +2¢h2x +l(1 +chdx)
4 4 2

1 3 I 3
= —j(—+ 2¢ch2x +lch4x)dx = —(=x +sh2x +lsh4x)+(‘
49 2 T2 42 8 .

4) 1:[ shxdx dehx = Lln(\/fchx+ 2ch’x ~ 1) +C

Jeh2x :’|-\/2ch:x—l \/5

= L [n(ﬁchx +vJch2x)+C
V2

x X X
5)15.[6 dx—_[ © _dx=-= +I e’ dx—J. ¢’
x+1 (x+1)? x+1 iy )2 (x + D)2
X
== +cC
X+t
6)e* =1 = In tdr =—lnt+ de . —x +In e’ L C
(t+1)? t+1 e+l)  e* gy e*+1
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93, Tinh cic tich phan:
N J-[xidx 2) J‘mux(l,x‘\)(l( 1) J'E(X).(sin nx[dx

[] ~x7: né’u]x\ 51
11 =[xz néulx] > 1

1:0 <1
5) If'(x)dx néu {"(lax) = { <x (0 = 0.

+) jf(X)dx néu f(x) =

X:h<x <40

ﬂl\
]

n

X
(a, =const, i=1,2,3...n).

6) I= jP(l)c‘LIx vai : P(l) =a, T
X X X

7)[-—‘:'-—-dx

x: -3x+2
£yl = —i(i)-—dx , ©(x) 1d mot troug cdc ham:
(X—m)k
¢*', sinax, cosax, k € N.

Bai gidi

1y 1= .ﬂxgdx

.

Ix(u=§;+C1:x20
Tacod: 1= 2

5

—J.xdx=~12-—+(‘2 1x <0

Theo dinh nghia, nguyén hdm cia mdt ham s6 14 mdt ham
lien tue trong mién tén tai cia nd, do do 1ai x = 0 (a phii ¢é: C,
= C. = C = const. Vay Vxe R:

x> x|
[=—xigix +C=—+C
2 2

2) J‘mn,\'(l\xz)dx
Xér lx%sb ta ¢6: I=J.l(lx =x+C,

3
) . X
W>1 taco I:Jx’dx =5 +C
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Vi nguyeén ham {3 mot ham 1én (ue nén tac x = 1, ta ¢6:

| 2
1+C, =%+(‘: hay C. :%+Cl :;+(‘

(C, = C) khi x > 0.

Taix=~1: ~1+C, :—%-+C: hay C, =~%—+C,,(.‘:C, khi x £0.

x+C:[x|<1 ‘

Vay : 1 =J‘max(l‘x2)dx = 9 .
—+—singx+C:[x\>1
303

N I= J‘E(x).~si|11rxl(1x
Theo dinh nghia:
Ii(x).]sin nx]:(—])“.n.sinnx . n<x<n+l, neZ.

i —1 n+l
Do da: lz( ) ncosnx+C_, n < X< n +1.
b9

Theo tinh lién tyc cla nguyén ham, tai x =n + 1 ta phai cd:

:C[\+2n+l ‘
B

C

0+l

) 1-x* :m‘."u'XlSl
4) 1=J-f(x)dx néu f(x) =

| ]x] :néu

x|>1
Lay tich phin ta cé:

A

X
)(+-2—+(7l —wex <—l

X
X
x——q—+C::—!<x<O

1

X
X‘T’“C;:“SXS‘

>

X
X——4+C,:11<x <+x
2
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Vinguyén ham cua mot ham sd 1a mét ham lién tuc nén:

| 1
C,-C,=—.C,=C,, C,-C,=—
2w T SR s
' ! 1
hay C3=C3=E+C|$ C4=;+C|
<
x—-—+(?:x]$l

Vay I:If(x)dx =

x~§|x|+-ésignx+C: | <|x(< +00

5) bat t = Inx thi x = ¢' va thco gia thiét :

l: -0 <1<0
HOERN
e :0<t<+e

t+C, :-0o<1<0
Do d6: f(1) =

e +C,:0<t <+

Do {(1) 1A mot ham liegn tuc nén tai t =0: 0 + C, =1 + C,.

1+C, :—0<i<0
Vay f(t) =

e' -1+C, :0<t <+»

Do f(0) = 0 nén C, = 0.

6) Ta c6: (Tich phan ting phén)

1= J.P(—]-).e‘dx = J.(a(1 +—al+...+ill)c‘dx
X X X1

. a, .

= ape’ +alic’ ——¢' +a,liec’ -
X

aﬂ + a||

(n=-H!'x  (n-I}

A 3 lie" )

S u

+ .- _
(="' (n-1n-2)x""

(C, = C).
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A
. - x Cc ~ = A N
vai li(e™) = j-—dx+(., dat e' = u thi
X

x = lou, e'dx = du va lie) =lin= (224 C.
Inu
ce dx B ‘ o )
Ta bict: lix = e khong bidu thi duge qua cdc hdm so cip.
nx

Vay didu kién dé 1 biéu thi duge qua cdc ham so cdp la:

a @ a
A+t —2 =0

roo2 T -1y

e ™ c™
7 I=1— dx = dx - dx
jx’—3x+2 '[X—Z ‘[x—l
2%
Xét I‘=J‘e dx,d:_it:x—Z:tthidx:dt
X—2

et 2t
I =j(' d c"J‘e 2&0 =c*li(e™)+C = e*lie” ' +C,
i t

Tuong ty ta c6: I, =e:li(c:“"')+(‘1

Vay: I = c'lile™ *) - eife* ) + . (€=, + O

8) I = ——ip(—x)de, (k € N).
(x = 1m)
. . . . dx
Iich phan timg phau, dat : u = p(x), dv= -
(x —m)

N 1
thi de = @'(x)dx va v=———. ]

k=1 (x -t !

A e 1 @'(x)
k-1 x-m)*' k-1 (x —m)® !

Ix
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vi (¢’ = ae" , (sinax)' = acosax, (cosax)' = —astnax. do dé
tr I tich phan timg phian k 1ao ta ¢d mot trong cdc tich phan:

e sinax cosax
j- ——x —— dx

X — m -m X—m

dat « a(x—m) = ¢, ta di dé&n phai tinh cdc tich phan :

. .
e . st . cost .
I—d( =lie' J dt =sit J dt =it
1 1 1

Céc tich phan lix, six, cix khéng bicu thi duge qua cic him
so cap (ngudi ta da l4p bang tinh gdn ding cdc tich phan nay).
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CHUONG 5

TICH PHAN XAC DINH

§1. KHAI NIEM CO BAN

1.1 Binh nghia

- Tich phan xdc dinh cta hamm f(x) xdc dinh va bi chan trén
doan [a, b]:
b n
I= jf(x)ix: hm’ogf(-;‘)m,: lim 1,

max Ay, - max dx, -0
a

vGi mot cdch chia bat ky doan [a, b]:

a=X, <X:<...<X, <X,,; <...Xp; =b,AX, =X%,,,-X

1

-

e [x,x,.,4] (i=1,2,...n)
I, gol li téng tich phin thit n cia f(x) trén [a, b].

F(x) ¢6 tich phan trén {a, b} goi1 1a kha tich trén d6

1.2. Diéu kién kha tich (R) (RIEMANN)

Bicu kicn cian vd da d€ kam bi chan f(x) kha tich trén doan
{a, b {a:

Tim O(S—<) =0

[LaRE NS SN
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trong dé: S = iM.AX.1 S im,Axl
st -1
M = sup ]f(x),m‘z [int' tf(x). i=1,2,....n

S(s) zoi 12 cac t8nz Darboux trén (dudi) cia f(x) tdng vdi
cdeh chia nio dé cia (a, b], goi chung A cdc 1éng Darboux.

Tir diéu kién (R) suy ra:

1°. Moi ham f(x) lién tuc trén [a, b) déu kha tich trén doan
dé.

2°. Moi ham f(x) bi chan vi cé mo6t s6 hire han dié¢m gidn
doan trén |a, b] dév kha tich trén doan dé.

3% Moi ham f(x) don dié¢u va bi chan trén [(a. b] déu kha tich
trén doan d6.

1.3 Y nghia hinh hoc va €6 hoc

b
1 = j'f(x)dx\ vl f(x) 2 0 trén fa, b] la dién tich hinh thang

cong gidgi han bdi cdc dudng x = a,x =b,y =0vay = f(x).
h
1= jf(x)dx vai f(x) > D trén [a, b] la:

- Khoi lugng cua doan {a, b] vsi mat dé khéi Twang (dai)
f(x).

- Cong cua lue ¢é6 do 18n f(x) > O tdic dyng vao mot vat

chuydn dong thang tir x = a dén x = b

1.4. Tinh chat

Gia (hié [(x), e(x) kha tich trén |a, b)
b

1°. j[af(x) +Be)|dx = (1jf(x)dx t [ijg(x)dx , O[3 = const
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n

¢ b
2°. If(x)dx :J-f(x)dx+_|-f(x)(lx (T(x) kha tich (rén doan 16n nhat

a1

(tong cdc doan [a, b], (a, ¢]. lc, b)).

b b
3% f(x) = g(x) Vxe {a.b] (a<b)= If(x)dxz_[g(x)dx.

a a

b
40 jf(x)dx

b
< [[foojdx  (a < b).

b
5. m . (b- a)sjﬂx)dx <M (b - a).

3 < b, M(m) = sup(infHf(x)

[a.b)

{aby

»
0°. If(x)dx =p(b - a), i[)bff(X)SuSSllpf(x)
lab]

Pac bidt: f(x) lien tuc trén [a, b].

b
f(2) = —l~jf(x)dx got 14 gid tri trung binh cda f(x) trén
-a;
[a. b].(a<E<b).
Tong qudt: Néu f(x), g(x) lién tuc trén [a, b]. a(x) = 0 (< 0)

b b
Ux € {a, bl thi [feOg(dx = £(2) | a(x)dx, Z & [a, b).

RA1 TAP

94, Tinh truc 1i¢p (1 dinh nghia) cde tich phan:

b
O T = [x”dx (e R.0<ca<h)

a

2.1 = j[z\‘(lx

O
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N

3.1 = j\'inxdx
Q]

= jcostdt, x>0
[}

=
|

Bai gidi
D) {(x) = x* 13 ham lién tue Vx>0, dac biét nd licn tue trén
ja, b} vd1 0 < a < b.

Vay theo hé qua 1° (1.2) f(x) kha tich trén {a, b]. Do 46 ta
chi cdn chon mot cdch chia dac biét doan [a, b] d¢ tfuh T (vi theo
dinh nghta: khi {(x) dd kha tich thi vdi moi cich chia 1a déuw ¢é
cing mot k&t qua).

Xét oo #-1, ta chon céach chia [a, b] thinh n phin b&i cdc
di¢m tao thanh mét cip s6 nbhan:

Xy =4, Xy = X(.q...X, = X; . ‘I"--- + Xpey < an“ =b.

Khid():q="\[§ JAX, =X ,,, X, =a.q " '(q-1).

va téng tich phan thi v cda f(x) trén [a. b] la:
LL=Y (ag' " H“aq " '(q9- 1.
1=1
o day ta chon 2, =x, (1 =1, 2, ... ,n)

Ta ¢o:

ln =a“" l(q -0 zq"‘vln—lb
1l

=2 Q- DG gt L gttt
Llu.-ll"_
=a“*'(q - l)lli (Fong cua cap sé nhin)
q" -1
y b,
R (GRS} g1
= ; a = (bu'l - (ll"'l) .
q* -1 q" -1
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. -1
Vay F= lim I, = (" a“*Hlim il
q—»lq -1

nux Ay, 30

DU -1
b Tl Axos0e g

n &Z%\aqu(q_l)
Lt

Xét o = -1: IH_E -
-1 x‘ 1-1 i‘lq

1 [l_)) -1
hay: I, =>.(q-D =n(q-1)= ~3—1—
=l
n
N . b
vi 1= hmI =ln—, (Ax, >0 &0 »x)
n-+- a

|
2) I:Ia‘dx‘ (a >0 =1)

Tuong ty nhu () ham f(x) = a* kha tich trén [0, 1], do d6
chon mat cdch chia dac biét: chia (0, 1) ra n phdn bing nhau bdi

cidce didm:

x.:“_,lzl 2, 0+l AX, =X, -X, = —,i=1,2..... N
n .
I l n -1
Chon 2, = x, khi d6 1, = Zf(é.)AX. =_Za "
-1 n|':I
1 1 _l n-i 1 a-1 4
hay I, = —({I+a" +a” +..+a " )=—. a _ a7l
1 1
" oL
a" -1 a" -1
1
n

)|

( cip s6 nhan s¢ ddua =1, cong boigq=am")
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Vay 1= liml =limA—L -2~

=7 1 w5

l »(max Ax, 50 n - x)
na
ar -1

1
n
i
Pac bid¢ta=e¢: I= J.e"dx=e-1.
0

Hi= jsinxdx.
(4]

Tuong tu nhar 2), chia [0, g] thanh n phAn bing nhau:

1-1 b4
X, = —n, Ax,= —, 1=1,2 .+ )
n 2n
choné, =x,,,,i=1,2, .., n Khidé
i &, In
I, = YsinZ Lo —~Zsm]—

=1 n 2n  2no, 2n

Ap dung 10° (1. 6) chuong 1 cho téng I, ta cé:

n+Dn

. R Y S 4
— S —sin —— sm(- + —-)
I = 20 4 4n _ \/ETC 4 4n
! LT 4n . T
sin—— Sin——
dn 4n

19

T ‘
Do dé: 1= linl, =lim n Asin(£+1) = ﬁlﬁ =1
4 dn 2

noes - Tt
S ---

4n
4) Twong ty ol 3) chia [0, x| ra n phdn bang nhau bai:
CG-1Ix

t, AL =X G=1 2 # D)
n n
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chon 2, =t + 1= — (h=1,2,...,m

13 1
Ta ¢é:
< X X o
" cos—.—  theo (1.6, 117) chuang I:
1 non

—
1l

n+l x . n x
S COS—=--. SI0 -

X <n X X ’
[ = 2% cos= =2 0 2 n

no noon

sin -
2n

Do do:

. XX
I = hml =2sin ECOSE = sinx

no s

#95, Ching minh rang ndu f(x), g(x) khd tich trén [a, b} thi
cdc bam sau cing kha tich trén |a, b]:

1) i . sup f(x), inf f(x) #0 va ciing dau
(X} vy b

2) JEX), (f(x) > 0)
3) f(x) . g(X).
Bai gidi

£) X&t M = sup (m= wnf )f(\) > 0.

k] vlak

Khi dd m < [(x) € M, ¥x € [a. b].

o !
— <

|
Y| [1x) m

P l )
Do do N = sup (im'= infy —= —— | —
l P f(x) m L\ )
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Xét cdac tong Darboux trén § (dudi s) cva ?(—) thi
X

1=1 1

SIS VRN (L

uM

= E;m'.AX‘

. MM,
l n
hay S -5 £ —Y (M, -m )Ax
[l
Theo gia thi€t f(x) kha tich nén téng & v& phai dén t61 0 khi

: ; , 1 P
max Ax, > 0. Vay lim (S—s):(): chimg (o -Er)- kha tich trén
X

max Ax, g,

[a, b]. Trudng hgp m, M < 0, dat g(x) = - f(x) thi dua duge vé
trudgng hop trén.

2) a(x) = f(x). Tuong tw nhu 1), goi S(s) 12 cédc t6ng
Darboux clia g(x) (ng vdi mét cach czﬂa doan (a, b) va xét:

-5 = [F N)Ax = J_ l‘l/l_ ﬁg(M.—m.)Ax. <e,
nghia 1a g(x) = JI(x) kha tich trén [a, b) .

3) Tuone tu nhu 2), 3) vi st dung hat dﬁng thitc:

dé

lrex ey = Fxe) < fifeey - e Jax Of + [la™ -

ding ching minh duge 3).

*96. Ching minh rang:

1) NCEu f(x) kha tich trén [a, b] thi f(x) kha tich trén |a, ]
c |a, b].

b
2) Ncu [(x) 2 0 va lién tue trong [a, b], jf(x)dx:o thi f(x) =

K]

., ¥x € [a, b], (a < h).
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3) Néu f(x) kha tich va f(x) > 0, Vx € [a, b]

b
thi [f(x)dx >0 (a < b).

4) £(x) kha tich tren [a, b] thi |f(x)| kha tich trén (a, b]

Diéu nguge lai c¢6 ding khéng ? (a < b)

Bai gidi

1) Xét [a, B] < [a. b], theo 2° & (1.4): Né€u f(x) kha tich trén
{a, b] thi f(x) kha tich trén [a,] va [B. b].

Lai theo 2° & (1.4): f(x) knd tich trén [a, BT thi f(x) kha tich
trén [a, a] v [a, B}. VAy f(x) kha tich wren [a, b] thi f(x) kha
tich trén (a, 8] < [a, b].

2) Gia thiét nguge lai f(xX) > 0 tai x, € {a, b]; theo tinh chat
cuia ham lién tuc thi cé6 mot lan cén («, B) cua x,. {a, B) € [a, b]

B v
sao cho f(x) > 0, do dé jf(x)dx> 0 vﬁJ'f(;;)dx>O: trdi véi gia

thi€t. Vay k&t luan 12 ddng.

b
3) Gia sut nguge lai [f(x)dx= O khi d6 t8ng Darboux trén
8

S = ZM,AXI — 0 khi d = max Ax, - 0, do 46 Ve, > 0, 35 > 0,

d <d = ZM,AX, < g, (b -a), do d6 mét trong nhing M, < ¢,

1=l

nghia 14 trong {a, b} ¢é phan (a,, b,]: f(x) < &,
b1
R& rang If(x)dx: 0 vi:
Bl

b 1 by b ]
j:f+f+jvhjZOnénO£ <
a a a

4 by

g

b —
Il
<

[
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L.y ludn twong tu, c6 [a
{a,.

,bllgla byl va 0 < f(x) < &,,.._,
bl € [a,, b ] vii O < f(x) < ¢, Ta thiy diy doan {[a,, b,]}
1A mot doan that, nén 3C € [a,, by], Xk = 1.2..., khi d6 0 < f(c) <
e .k=1,2, ...
. N
dé 3) fa ding

Cho e, —» 0 1hY 0 < f(c¢) < 0, diéu v6 1y ndy, ching td menh
4) Goi cic téng Darboux cha f(x) 1a S, s vi cua ‘f(x)|la S
thi theo bit ding thic

) 2 ‘s’ S‘\
-l <o

tacéd: 5’ -s° <S-s.

oux Ax, -0

ITheo gia thi&t f(x) kha tich, nghia Y limS-s)= 0, do dé
lim(S'-s"y= 0 nghia la lf(x)| kha tich trén [a, b].

max Ax, -0

Diéu nguge lai, néi chung khéng didng, chidng han xét
1 néu x e Q (hitu ¢)
f(x) = { Q

I néu x e 1 (vo 1)

g day|f(x)|— 1, VX € R nén |f(x)| kha tich trén [a, b] bat k¥
Nhung f(x) khong kha tich trén [a, b] bat ky

Vivai Z,e Q, f(Z) =1,

=b-a—> (b-a).
el f(2)=-1, }:le =-(b-a) > (a-h).
97. 1. Xét dau cua cde tich phan
a)y I = ]'x sin xdx ] = J‘mlx
0

2. So sianh cdc tich phan
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,
=
S~
—
It
[r]
=
>
M
o
i
—
(]
=
I3

b) I, = jc":cos: xdx ., I.= j‘c Y eos xdx

0
Bai gidi

x Ix

1ya)l = J'xemxdx— _[xsmxdx+ J'x:mxdx

(4] Q X

trong tich phan thit hai dat x = n + ¢, ta

X n
I = Jx.sinxdx+ J(n+t)sin(n
0

nhung sin(n + t) = - sint, nén:

(o]
[N

+tdt ,

x L] X
I= jxsinxdx- _“tsintdl—n jsinldl= -7 “sing < 0,

0

sin X
b) Xét F(x) = X
1 vl x=0

’

vl x € (0, 2m)

Khi d6 1= [Fax= [Foodx .
4]

0

hay 1 = JF(x)dx+ _jﬂdx
X
o

x

Trong tich phan thi hai, dat x = n

(0<z <,

=

+ t (i

theo 6°

_ Jl:(x)(lx+ “-sm(Tr+()l _ l{smx smx}lx

(T

j Slll X

y X(X + 71 x =l )J-

\+I(

X X+ 7

sin s

T

=n2>0

(1-4).



v

0<Z<n (Bmhly (rung binh li‘ing quat: (1.4,6%

sinx__io |
véi f(xy=F(x)y=+{ x ,8(x) =
X+ 7
I :x=0

] .
2) a) Xér I, - 1. = j(c" —e V" xdx, ap dung dinh ly trung binh
0

(1.4,6%.

I-le=(e5-e¥)1-0), 0<Z<]

M 2
hav ], -[l.<Oval <1,
b) Trong ., dat x = 1 + 1.

ta ¢é:

r n
I, = Ic'“‘”“ cos™ dt = _[e'”"“' cos” xdx
(] o

Xér I-L = [(c Yo yeos® xdx
o

Ap dung dinh Iy trung binh thi:
I, -1.= (c';: —e™™ ) 0 < S<m

hay I, -1,>0 va I, > 1,

98. UUde lugng cdc tich phan

ST
D 1= [xflaxax s 1= | L osinxdx, 3) 1= [
0

[

n

. il
SMX —CONX
4y 1 = I _— dx
° SIMX +COSX



Tim gid tri trung binh cia 5) f(x) = x° trén [0, 1]
: ) n
6) ((x) = asinx + b trén [0, —2—]
Bai gidi
Ta ¢6 thé dung 5° hoac 6° & (1-4) d& gidi cdc bai todn nay.
1) Diung 5° xd&t f{(x) = xlgx . ta tim gid tri 1dn (bé) nhat
o Vs
M(m) cua f(x) trong [0, I}.

Ta ¢é:

f'(x) = 1/(,g)( + ——‘x—-—>0 khi 0 < x < L
2c0s” Xqftax 4

(f(x) » 0 chi khi x > 0)
Do dé f(x) 1a ham don dicu tang trong [0, g] nén m = f(0) =

ooM=fZy=2,
<

Vay 0(Z -0y <1< = (Z - 0). (theo (1.4, 6%)
4 44
T[:
ha 0<l s —.
y 16

N&u ditng 6° ta ¢6:

[= £Jigf (1;-— 0)vGi0< &< %(f(x) don diéu tang)

A

Khi2=0.thi[l=0,khiZ= Z(hil= e vav0<l<
- . 4 16 . 16

2) Ap dung (1.4, 6%, 1a cé:
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| S T
1= fl+=sin"Z (—-0)
2 2

wds 1oy = Xy =
27 2

0<ic<

N

R
.2.

ISR

Vay:

3) Ap dung (1.4,6°) tacé:

1= — (1-0}.0 < £ < 1.

-

=

—
+
g

1 1
I(0)=0, (1)Y= ——=VvayO0<I < —.
V2 NG
4y Ap dung (1.4, 6") tacé:
e o a1 :
[ = w] _[E_O} 0<t<
sinZ +cosg 4

hid 7t n
(0Yy=-=, I|—|=0vay - —<1<0.
(0) 1 (4} ay 3

£1R

I .
] J‘x_dx= % (Theco 1) bay ).

5y Theo(1.4,6%: (%) =
1-07

6)Theo (1.4. 6°), ta c6:

r 2 2:
f(Z) = L f(asinx+b) dx = —-(a+b£)=—'+b
n_o ° n 2 .
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Yy, Chung mmh:
1 xn
1) lim j——dxz 0
A
x

2y Wm J_'sin“ xdx = 0
0

o0

b s b
*3) \ If(x)g(x)dx l < ‘j]'fz(x)dx. ‘ﬁgz(x)dx. (Schwarz)

[
b

1,2 5 b . 142
*4) J[f(x)+g(x)]:dx} s{jff(x)dx} +l;[g:(x)dx}

Bai gidi
1) Ap dung 6°(t-4), ta cé:

= n

I n
lim [S—dx= Jim 2—(1-0=0 (0 <
o 1 +X +Z

e
n—-e nossa |

2) Nhu 1):

X

A
N A

e

u—s+n novd 2 2

N T
“lim Jsm xdx = [im sin"3(—-0), 0 <
0
=0(vi0< i< Ll
2
b N

b b
3) XS (T +7gydx=[Pdx+ 22 [ade+ 2 7 ) feddx 2 0.

J a

Pay 1 mol tam thic bdc hai cia 7., khone am, suy ra:

b b »
A=b7-ac= (J-I'Agdx): - If:(lx.‘[g:(lx <0

a2

. 0 <sing < ).

= <l)

(1



fir su kha tich cua £, g theo 3) bay 2, suy ra f.g, 7, ¢ kha
tich nén cdc tich phan & (1) 1a 160 tai vd tie A6 1a suy ra 3).

b h h b
4) Xét ".(f+g):dx = J.fzdx + Ig:dx+ 2jf.gdx <

L b b

b
J.f:dx+ .[S:dx+ 2(J‘f:dx )“:(J-gldx)'“ =

A

S /2 b 1)1
[jf:dx) +[Ig:<lx] J (theo 3) va do dé ta c¢é 4).

4 a

§2. DAO HAM THEO CAN TREN - CONG THUC NEWTON - LEIBNIZ
CAC PHUONG PHAP TINH CO BAN

2.1. bao ham theo can trén

- Néu f(x) kha tich trén {a. b) thi I(x) = [f(hdi1d mot him

lién tuc trén {a, b] .

- N&u them didu kién f(t) lién tuc tai t = x € |a, b] thi I'(x)
= f(x).

- Mai ham lién toue trén [a, b] déu ¢é nguyén ham trén doan
ds.

2.2. CAng thic Newton - Leibniz (N - L)

)
N&u f(x) li¢n tuc trén fa, b thi [fodx= Foof = E(b) - F(a).

Var F(x)y T mét nguven hiim caa ((x) 1rén {a, bl.
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2.3. Phuong phép tich phan tiing phdn
NEéuw cdc ham u(x), v(x) khi vi lién e (¢6 dao ham tién tuc)
trén [a, b] thi:
b b b
Iudv: (uv)L - J'vdu (N

Ap dung:

m-01 | Zn=2m

n!

I, =

(2)

O t——ain

sin” xdx = _fcos“ xdx =
0 l:n=2m+1

2.4, Phuong phap déi bién s8

b
p& tinh 1 = jf(x)dx, f(x) tén tuc tréan {a, b), dat x = x(0),

a <t <pB, thoi man:
x(1) ¢6 x'(1) lién tuc trong [a, fl.a <t <P =a<x<b.
x(ay =a,x(By=>b

b 4
thi [feodx = Jf[x]x @t (h*

¢6 thé dat t = ((x), nhung phdi thod min didu kién: 1 = 1(x)
lign tuc, don didu 1ang (pidam) vd cé t'(x) =0, lién tuc trong
[a. b], f(x)dx = g(t)dt thi:

1tb)y

Tf(x)dx = famyh (2)

Uah

Ap dung:

It

”f(x) + f(—x)]dx nfuf(x) khongchan, 18,
0

1 S
jl'(x)dx = 2jf(x)(lx ncuf(x) chan. (2)
8 0

0 nduf () 1E,
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(k>0

BAI TAD
100. 1) Tinh I'(x) néu:

v

a) I{x) = jc":dt b) |costdt (x> 0)

|

x

2) Tim:
j(mttgl):(lt J',/tgldt
a) lm &———— b) ligu P
X" +1 f Vs tde
4]
2ch‘:dl
¢) hm
X-br o el
Bai gidi

1 a) I(x) = ]:e "t - ]c":dt

v

Vadiu=x", u, = 2x.

X

4

Viay I'(x) = ¢ Coax-e Y maxe Voo ¥
b) Tuong tu nhir a)

1

, T T I (1
I'(x) = JC()S['(]I—JC()SI'(“ = COSX. —cos—‘.[——‘
» \ 2Vx b e X7

X

RK3



_cosx 1

_<)_
2\/7 COS

2) a) Gidi han c¢é dang vo dinh —, 4p dung quy tac
sl

I."Haopital:

Jaragn®a faretgx)® _

l

1)

ko4

= lim —, (lm

\ s X: +| N-be 7 __5____ e T X: +l

Vx* +1
0
b) Giai han ¢é dang vo dinh o dp dung quy tac L Hépital:

ne

tetdt -
. I = li cosx,}(gimnxi
= [tm 7= m ———-
v-r-0 e < 3+0
. ,/smilﬂxi
_[ Vsintdt

cos X

smx sinx
= Lim = lin =]
oY s tox X “0 (ax

¢) Tuong ti nhu b):

AY X
2x| " dt 2J'c"dl +2xe"
= lin —*— = fim *—cF—
X -4 C‘ 1o r 2xc‘
\ N
[c' di .
. c\
= Tim (2 —+1 )=lim ——+1 =1
N x(:\ AN T C‘ +2X~L\

107, 1) Chdne minh: f{a) lien tue ¥Vx > 0, {im {(x) =

LN R

= lim [1‘( nx)dx = 1.

n rer =
[Q
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A

. . ae L . PR
2) Tim a d¢ 1. = hm(x—l) j-—,—dl (oDt VA m gidh han dé.
[

Lt
2 3 7)3
3) Chirng minh: '[m 3/(14.,(2)2 dx + jln" T+x2dx 2 J.ln(l+x2)dx
0 u 0
Bai gidi
1) L. = 0 thi ménh dé 1a hién vhién ddng.

Xér L o# 0, dat nx = ( thi:

J.f(nx)dx = iff(l)(li =g, (n
’ ny

N . | ; .
g, li gid tri caoa ham g(x) = —fl‘(l)dt tal X = 1.
XO

>
X

[]'f(ndt

j.f(l)d(= 1im 0——;—‘: him f(x.):L (thco gia thigt).
° X aen (X) X-ae”

.1
Vi hm—
s X

1
Neén g, > L khin - 3 vd theo (1) tim_[f(nx)dx =1
n—»r
0

x
1
II Lt
. n-t
L= lim&——
-l l
(X—])"
- - - fe) 3 ’ - N -
I ¢od dang vo dinh —, dp dung quy tac L Tlopital:
x
e x(x =D
1. = hm(_‘~, datx -1 =1t
b alntx

:Khta =1

. - -1
thi x = | 1 -0 = ={ .
b AR L 0 :Khia>1

[}
3) Xét f(1) = J'ln<1+x2)dx. o) = >0: >0 = f; I6m e

1+12

REK]



B+ Rof(xy) 2 f(A ) + M) Ay = 2 Ay =

ufl\)

%‘ X =2.0m,=3=213)

102. Ap dung céne thite Newton - Leibniz (N - L), tinh cdc
tich phan:

1 2 e .
x~dx sin(Inx)
0 [——=: ) [——dx
o VX" +4 \
n 2
dx
3 [ 4 ]t~ x|dx
s ch™x o
1 A i
*5) j—fﬂ—,0<a<n; 6) J—r—r
SXT 4+ 2xcosa +1 g Sin" X +2cos” x
b 1
see” x d 1
7 8) arctg— |dx
) J2+tox _Ildx[ gx]

Bai gidi

1 1

X “dx 1: dx?
1= —l( +4x° +4)
j\/x +4 ‘*{ x" +4 A

o

= [ —mz]zlln‘*‘/—
3
< - l e
N1 = J'Sl—n(—l—‘—xldx = -cosln x‘l =] -cosl.
X
n dx %]
1= I — = thx] ' = th(In3) - th(ln2).
Inl Ch-x "3
1
LR} X— -
a bict thx = —. do dé thi(lox)= )l{
¢ +cC X 4+
X
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V(‘l l: '—ﬁ=—__-_:__
1y P

4 1= f]l—x[dx = _]((l—x)dx+ j(l—x)dx

(] 4] ]
Al R :
X~ X"
= |x-—— | +|—=-x| = 1.
D ]
; dx
I = I———— O<o<n
1XT +2xcoso +1
! d(x +cosa) | x +coso Y
= hl - h = - mCt -
L(X+cosa)” +sin" o sina sinae [,
i [ 1 +cosa 1~cosa]
= arclg— + arctg—
SINGL sina sina
1 a n
hay I = —— arctg(tg —) +arctg = —
sina 2 o 8 2sina
g —
2
o
(vi 0 <o < & :>O<E<£:>( a—>0) v theo:
2 2 2
1 T .
(arctgx +arctg—=— khi x > 0).
x 2
f 3 x
v dtex t dcotax
- = [ [
5 SiN” X +2cos” x 0 2 +1g°x ,l+2LOI“ X

335



n

| tax | [
= —arcly(—==)|* + —:uug(ﬁ cotgx)|!
\[ -\f 2 1} \‘ 2 n

2

f lllgtnf)—T 5 2—5

= (arctg——

Jz

see” X N | tex. , ., .
—— 14 —=arctg(=)¢6 gidn doan loai
2+1g°X ﬁ Jz

Kb

1 tat x 22 7 nen khong the ip dung cong thite (N - L) de tinh

tich phan nay.

7) Nguyén ham caa

d 1. 1 PR .
(arctg—=) la arctg—, ¢d gidn doan log1 1
dx X X

tai x = 0, nén cing khong (hé dp dung céug thite (N -LY d& t{nh
tich phiu nay.

8) Neuyén ham cua

103. Tim ImS

. » néu:
2 -
s =t A sl
n- n- n-
I l t
2) §, = + +...+
n +1 n +2 n+n
1" +2% + 40"
3) S“:_—_"_ (p>0
P
n
4) S|| = \n Bl + \n » +“'+ ~n Kl
n-+1° n+2° nwo+un
. .2 . — )
5y S, :—(smzt—+sm—ﬂ+...+\m(“ o )
n n n n

. . AR )
*6) S“=sn\—.z-—

n <
M2 b cos-
n
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Bai gidi
|
Ww=0,——

n
) Pat s, =S, +—thi S
1

n
o, chinh 12 téng tich phan caa ham f(x) =

=1 1 n o
R o . . iy
x trén doan [0, 1] véi cdch chia déu va &, = [,2,...n).
n

- . .1 . o
Do dé limS, =limo —lim—, vi theo dinh nghia’tich phan xdc
nes oy

L 2
limS,,=J‘xdx~0:x -1
now ° 2 A 2

28, =~y
=i
n

nos

dinh:

trén doan {0,

day chinh la t8ng tich phan cia ham f(x) =l
+X

=L (i=1,2,...1n).

1) véi cdch chia déu va &,
n

Theo dinh nghia tich phan xdac dinh:

L
. d
imS, = I—x =In(l +)()|l =In2.
W 01+ 0
I 1l M
3 S, :—Z(l)" , trong tr nhu ), 2):
nson
t pet
ms, = jx'dx X =-—1-—. p>0
noas ! p+1, p+l

137



338

4) Tuong sty nhu trén ta cé:

a

o . I L dx 1
imS, =hm) =J‘ T =arclgx| =
0

n-.r n—»r: - 1 -
| -
' 1

5) Ciing tuong tu nhu trén:

. . 17
lim§, = hm[ ZSm——sm——]

e LR R n
' . 1 )
= J‘sinnxdx:M =—.
0 n 0
6) Tacé: S, = sm—~2
D9 4 cos —
m
Vi sin£=E+0[L) (khi n > )
n n n
1
nén limS,_ = llm—z =I dx
e b 5 '2+cos— o 2 +cosx
n
1-tg* X
Vi cosx = 2 nén:
L4ttt
2
J‘ d(tgi tg ); x
lim§, =2 = —=arclg =—=
03+[g : X ﬁ/g \/.3- ﬁ



104, Dung phuong phdp tich phan titng phan, tinh cdc tich

phan:
1) jx cosxdx 2) jxarctgxdx
D) o
x R L
3) Je" sin 3xdx 4) jx“c:‘dx

o 0

Bai gidi

1) Bat u = x, cosxdx = dv thi du = dx, v = sinx
2 *
3 L n
1 = Ixcosxdx: Xsin x\l —fsinxdx:—-—l
0 2
0 0
dx x*
2) biat u = arctgx, xdx = dv thi du = ~ V= —
+Xx- 2
N 2 R e
X 1Y xTdx
I = J'xm'ctgxdxz—-a.rctg —~—j
5 2 > 2 5+ x”

3) C6 thé tinh truc (i€p, dat u = sin3x, dv = e¢>*dx hoic 4p
dung co6ng thuc (1.4: 23°, chuong 4):

n

" X
T= [e™ sinaxdx = %—mm 3x — 308 3X)
) ;

N O
13
0

3 s A :
N oy 3x"¢ e 3
1= J'x“r:“"dx e.c X’ —J‘——--d)(=-~——l1
o 2, 5 2 2 2
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I, = jxic"dx——x —Ixc"dx
0 g @
X ! 1 2x 2 2
S N, _Iem g e et 1 e 1
2 |27, 12 2 2 4 4 4 4
va [ = e’ 3fe’ 1) ¢’+3
Y 2 204 4 R

108, Ching minh cdc cong thirc:

S ]

Y L, = {cos" xcosnxdx = 2—?; n=0,1,2,..).
YK, = Icos" x sinnxdx S (S (ne N).
) 2 1 2 n

; _ n-t
A e | LRI
0

3 5 2n-1
! — IWm = )
4) Bm n = J.xm_l(l '—x)n_ldx = w (Ili‘llll Beta)(m, n € N).
s (m+n-H!

Bai gidi

1) Pat u = cos"x , dv = cosnxdx thi du = - ncos”'xsinxdx,
Sin nx

0

nnx

st SMnx
L, = |cos" xcosnxdx = cos' x

+

© | 4 | A

ncos" ' x sinx. dx

'
[y S———

n
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] . . - N wr .
hay L, = jcos" xsinnxsinxdx , cong vio 2 v& L ta ¢é:
0

O Syt | A

2L, . {cos™!' x(sin nxsin x + cosnx cosx)dx
hay 2L, = ]cos"" xcos(n—xdx =L, .
0
1 o . A
Vay L, = ;Ln ... ap dung lién ti€p cong thdc nay ta cé:
L=ttt .= =211,
2 2 2° 2"
bl
? T
nhung Ly = |Jdx= —
& Lo ! >
Vﬁy L" = n+l

2) Pbat u = cos"x, dv = sinnxdx thi du =
—cosnx

n

= -ncos™ 'xsinxdx,

1 x
L .
K = [eos xsi —cos® X.cosSnxX |T  Fcosnx w—t
L= feos" xsinnxdx = ————— |- .ncos™™ x sin xdx.
Y n > N
0
X
3 , ‘
hay K, = — - Icos" X cosnx sin xex
n
0

Cone K, viio hai vé, ta ¢é:
. n



1 : a . .
2K — + |cos"" x(sinnx cosx — cosnx sin X }ix
n

n

n o
I S 1
hay 2K, = — + Icos xsinn — Dxdx = — + K,
n A n
. l 1
Dodé K,=— (~ +K_.)), (1)
2 n

Ap dung lién ti€p cong thdc truy héi (1) ta cé:

Kn = }. |:_I_+ l[_l_+K"_‘]jl
2 |In 2{n-1 B
- _1_ l+ ! +l —l_[ ! _K‘_\]
2|ln 2(n-1 2|2{n-2 - ]

1|1 | | 1
= —| —4 +— +..+——K,
2{n 2m-1) 2°(n-2) p

L 4
= 1

2

sin” x

bl
K, = jcosxsiuxdx =
Y 0

Do d6 K, = 1 i+ L +— ! +.._+—1—
2ln 2m-1D 2*n-2) 2!

Nhan 1t vAa mau § v& phai vai 2" ta ¢6:

[ 2 22 21\—! 2"
= .+ +—
p A U B n-1 n
; s
3y I, = Itg"'xdx :Ilg‘" “x(tg"x +1 - Ndx
I [¢]
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Ti cong thitc nay, suy ra:

1 1 B
m-1 2n-3 ™
_1\2e-in-l)
= ! - ! + ...+ ( l) +(_l)nlo
2n-1 2n-3 2n-(2n-1)
: T
Theo gia thiét: I, = [ldx=—
g o ! 7
l ) l _l nel 1t
vy I, = - +...+( ) +(=D" =
2n-1 2n-3 - 1 4
a-3 _ !
hay L= -ne|Bofiolely D0, OD
4 (-3 5 2n-3  2n-1

4y Pat v = (1 -x)"" |, dv =x™"dx

thi du=- (a-1)(1-x)" 2dx, v=—
11
x"(1-x)"[ n-1!
B(m, ll) = + J'Xm(l_X)"_:({X
m ‘o m 3

-1 ; .
= B(m+L, n-D (s hangddu bang khéng)
m

Ap dung cong thic nay lién i&p, ta c6:
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|
B(m, n) = I n-2 Bm+2,n-2)
' m m+l

- 1\—1.11—2 n-(n- B(m+n—1 N

m m+l m+n-2

1

Mat khédc:' B(m + n.1) = jx'"*"':(l—x)"'dx:~i—
m+n-1

n-N(n-2)..2.1 (m-BH! _ (n~NHi{m-D!
mm+l.m+n-1) (m-1)! (m+o—1)

Do d6: B(m, n) =

106. Dung phuong phdp d8i bi€n s&, tinh cédc tich phan:

1
D [ ———dx: 2) dx
£ X X
InS . x X )]
3 Ie lc 1(]}{; ) J‘ dx
s ¢ +3 S+xTY

]
5) fa-x)dx.m=012.);  6) jx—dx (n=012..)
! 3

ovl-x
*7) J- X sinx : £8) J~ln(l+x)dx
1+cos’ x o 1+x
Bai gidi
. 2 b4 b4
1) Pat x = sint, dx = costdt, —<x <]l & —<t<—
2 4 2
x : ' x
tcost.costdt 3 l-sint :odt 3
1= J~L ‘Lf)S :J-l .51? dl=j a _J-m
4 st N () | 3 L I S
4 n 3 1
3 : n
= n |x=]__
F 4



2y Pat I -1=1 lsx<2e0<1<4

fo

batx =1g; 0 <x <1 0t <

(]

4) 1

-
—
+
><
*_/

(P
ol—-—.—
~~
—
3
><
\-/
[ B3

1

n
4 cos™ 1

" 5 ,

TSl F 1 sin2t)
1=2[—9%t = 2 feos® uu—z[—ﬁ"’

! ! 27 4

1
2

T
/o 4
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Chii x: C6 (hé dp dung 28° (1.4) chuang 4.

A
A

1 D ¢ 1
] =2 ————+—arctgx | = — + —.
[2(x'+l) 2 ]0 4 2
1
$HYT= fa-xH"dx, datx =sint, 0 S x <1 <0<t
1= j(l—sillzl)" costdt = Icos““” td .
\] [+
; . . 2n)it
Ap dyng cdng thdc I, d(2.3) tacé: I = —(—L)——
o+ D
L xu
6)I=| dx (n=0.1,2, ..)
ovi—x°
Pat x =sint,dx =costdt  0<x <l & 0<t< —72!—

sin" t.costdt

J1l—sin’t

—
1]
O Vgl | W

: n
7 -H |~ p=2m,m=0,1,2..
= J‘sin" tde = £n_l_)_ 2
9 !
l1:n=2m+,m=0,1,2...

(Theo 2.3)
7y I = I&dx dat x =n-1,dx =-dt

o P+cos™ x

X

[ = j-(n—t)sin(n—()(—dt)_ I(rc—()simdl
1+cos*(m=1) 3 l+cos’t

n
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n - ] .
sin tdt tsintdt
=n| - |

ol+cos™t  pl+cosTt
% dcost e n’
Do dé: 21 = -n J —_= —nartg(cost)r = Vy[=—
» 1 Hcost o2 4

In(1
_[de dat x = tgt, dx = (1 + tg°0dt,
0

R
0<x<l, @0<t < —

=

[ JI~I11(1+ tat) ;
D

4
S0 (1+ t220dt =( In(1 + tet)dt
1+tgt g ‘.!.‘ ©

ﬁsm[4 H]

cost

nhung I + tgt =

Do dé:

. 1
In sin —+IJ l—jlllcosldt
4 o

Z2t20,dt=-drt

n-,/_d(

o‘—-—u—ln
O‘-—.l-lll

In
&1

Datt:%-r,Osl (=

r
4
Khi dé6:

PR AN :
Jln[siu(-— + t))dl = Iln(sin(— - 1)](['( = Jln(con)dt = j'ln(cost)dl
0 4 0 2 [\] [

x4

4 x4
Vay I = j lnﬁdt + jln(cost)dl— jln(cosl)dt =£—]n2

0 0

167. Ching minh cie cong thite:
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b i
1D jf(x)dx:(h—a)jf[n+(b—a)x]dx vdi f(x) lien tuc trén |a, b].
a ]

2)

O—yra 2

f(smx)dx = If(cosx)dx véi f(x) liéa tuc teén [0, 1).
[M]

3) J'xf(sinx)dx:—;E_(f(sinx)dx véi f(x) lign tuc trén [0, 1),
0 [\

. asT T
4) J' f(x)dxzf!‘(x)dx véi f(x) tuan hoan, fién tuc Vx € R, chu
a ]

ky T, a € R.
n
x5y B oy | S2ME | ! (Wallis).
2 Cn-=-DI| 2n+1}
Bai gidi
- X-a
)y bBatt = , X =a+ (b-a)t, dx = (b - a)dt,

o

—a

A<X<be®0<tg1

b L
I = If(x)dx = (b—n){f[aﬂb—a)t}h = (b—a)_j;f[aﬂb-a)x}ix

2y Dot Fox=toe= L oLdx=-dt, 0k 2 o
2 2 2

N | R
I\
v
o

0 3 B
f(sinx)dx = —J' f{«sin(-;i - t)d(} = If(cosl)dr = Jf(cosx)dx
0 0

1

1
-

3

I =

o se—

2) 1= fxf(sinx)dx‘d.";(xzn-(.(ix:-(li.()$x5nc>n2|2(>
a
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0 » x ]
I = j(n ~ t)fsin(m ~ vk —dn :Inf(silm Ot —I tf(sin )dt = nJ- f(sinx)dx -1
n 0 o

0

do dé: 1= 2=
2

O ——

f(sint)dy = 1J‘f(sin x)dx
2 Q

3+T T a+T
4y I = [ f(x)dx:Jf(x)dx+ jf(x)dx
a T

a

3+T
Xét I, = jf(x)dx,datx:T+t,dx=dt‘T5xsa+Tc¢
T
0<t<a
1, = jr(‘r+1)dt:jf(:)dt = [feodx
0 o [}

vi (T + t) = f(1) do f(x) tudn hoan chu ky T.

Vay I = }f(x)dx+]f(x)dx =}f(x)dx.
Y v} a

5y VGi 0 < x < 5 thi sin™*!'x < sin’"x < sin*"'x

M xdx < [sin™ "' xdx .

L4

-
[y —— ]
5e—ln

B
- el .
sin™"" xdx < Ism
0

Ap dung (2) @ (2.3), 1a ¢6:

2mY <(2n—l)!! £<(2n—2)!!
Cn+HY @ 2 2u-Dit

e T [ ame T
hav . <—<|—| .— ()
. 2n+ 1) Coun+1) 2 2a-nHY 2n
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et Tl et o1
bat X, = . e e
Con+D| 2n+D 2n-Ht| 2n

. 2o 3[ ] | ] ot T 1
thi 0 <y, -x,=|——"—| 41—~ = . <
an+nt| 12n 2n+1) | @n-D1| 2n@2n+1)

<

™o (theo (1.
2 2n

vi lim——=0 nen lim(y, —x,)=0
n A 411 n—n
mat khidc ciing theo (1):

n - :
0< 5 X, <Y, - X,, theo chéing minh trén:

hm(y, -x,)=0,

n—

do dé limx = z
n—m 2
[ eyt ] 1 . 22.4.4.202n
hay — = lim ; =]im
2 ool A=D1 2n+1) 212335 (2n-1)(2n+1)

108. Tinh cac tfch phan:

1) j'llnxkix 2) isign(x—x’)dx *3) j'xsign(cosx)dx
1 o o

6
*3) jE(x)sin-’—Tg—dx (E(x): phan nguyén cua x, E(x) < x).
Bai gidi

—Inxdx + Iln xdx
1

Iy I= j.llnx]dx =
\
. 3

o |y =

350



1 ¢
= (-xlnx + x)‘l +(xlnx—x)|! :2(l~l).
! c

e

lnéul0<x<l
2)Ta c6: sign(x - x) = {-Inéulc<x<2

Onfux=0,x=1

Dodé61= jsign(x—x’)dxzidx—jdx:l—2=—l.
o a H

1 né’uOSx<Z
2

L. . T
3) Ta cd: sign(cosx) = J—l néu —<x <t

0 ne'ux=E
2

xdx —

© L=y | M

Do d6: 1= jxsign(cosx)dx: xdx =-%

| Ca—

4) f(x) = E(x)sin% cé gidn doan loai | 1ai x, =k, k=1, 2,
, 4, 5 trong [0, 6].
Vi E(x) = k khi x € [k, k + 1] nén {(x) kha tich trén [0, 6]

3 k<l 5 k 3
I= Zk I sinlx-dx =zﬁcos‘—ﬂ'i :ﬁ.
k=l g 6 k= L 6 brd

k+l

§3 AP DUNG CUA TiCH PHAN

3.}, Tinh dién tich phang

- Dign tich S cta hinh thang cong gigi han bdi cic dudng

lién tue y = f(x), x = a, x = b va truc Ox (1.43).
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S = .Jz]f(x)ldx (N y

- N&u hioh gidi han bd a < x<

b,y €y <y, thi: 8
b A
S= J‘(yl—y,)dx {2)
- Néu duong y = f(x) cho dudi 3 p 5 5

dang tham s6: x = x(1), y = y(1), o <
t <P dng vdr a < x < b thi:

8 ) Hinh 43.
s = [ly wxfae (3)
- N&u dudong x = x(1), y = y(1), 0 <t < T la dudng kin

lien tee |, chay nguogce chiéu kim déng hé vi gisi han dién tich S
va phia trdi thi:

7]
]

T T
- [ yox'dt = [xy
0 o

hay S

.
% [y @-x@ympt @)
[¢]

- Trong toa d¢ doéc cuc, dién
tich S cua kinh gidi han bdi cdc tia:
@ =oa, @ =0 vaduong r = r(y) la: ’ <

10 ° *
S = Ejrl(cp)dcp (H.44) (5
a Hinh 44,

3.2.Tinh dd ddi dudng cong

)
Do dai s cha cung dudng cong AB: y = y(x). y'(x) lin tyc, a<x < b:

§ = j,/1+y'fdx (N

3152



- Néu ABcé phuong trinh tham s x = x(), y = y(t), a <1 < f
(tng v@i a < x < b thi:

S =

JX7 4y dt (2)

Trong toa d6 doc cuc do ddi cua AB: r = (@), o < ¢ < B:

& —"D

o
s =[{rf+r.de (3)
3.3. Tinh thé tich yi
- Thé tich V cua vat Sex)

th¢ T ma thidt dién
thaing géc véi Ox c¢é
dién tich S(x} 1A mot
ham lién tuc cda x: a <
x < b (H45) la:

b
V= IS(x)dx (1

Thé tich V cita vat
thé tron xoay T do hinh
¢igi han bdi cdc dudmng
X = a, x = b,y = 0, Hiqh45.
v f(x), f(x) i ham ’
lidn tuc Vx € [a, b).

quay quanh Ox tao nén la: V

b
njy:(xklx L (2)

quay quanh Oy tao nén la: V

b
2nfxy(x)dx (3)

Do hinh: c £y £d, 0
[c, d].

{72

X < xX(y). x(y) 13 hdm lién tuc Uxe€

quay quanh Oy tao nén la:



d
V = n]xz(y)dy (4)
Do hinh 0 € a € ¢ £ B < 7, r = t(¢), r(¢) 12 ham lien tuc
Yo € [a, B].

quay quanh truc d6c cuc Ox tao nén la:

B
V= %jr’((p)Sinqxicp (5)

3.4.Tinh dién tich mé&t trdn xoay

Dien tich ciia mit trén ‘ Y
xoay do cung AB: y = f(x),
f'(x) lién tuc

a < x £ b quay

quanh Ox tao nén
(H.46):

b
c= 2n[y l+y’dx. (1)

Néu do cung 0 x
~~
AB: x = x(y).c <y <d
quay quanh Oy thi:
d
c = 2nIx T+xydy  (2)

N&u AB cé phuong Hinh 46.
trinh tham s68:

{x =x(1)
y =yt
a <t <P dng véia<x <b vd quayquanh Ox thi:

c = 2T(Ty(t),/xf +yldt (3)
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quay quanh Oy thi:

6 = 2n}x(l)w/x',: +y dt (4)

Néu cung AR cho theo phuong trinh déc cuc r = r(¢p), o £ @
< f§ quay quanh truc Ox thi:

: P
G = ZnJ' r(q>)sinq>,’r‘: +r, do (5)

BA1 TAP

109. Tinh dién tich ctta hinh giéi han bdi cic duong:

1) x+y=0,y=2x-x".

2y y=x yzx?‘y=2x.
3) y=2x, x* + y* =8, (x 20)
4) x* + yr=16, x*=12(y- 1), (y=1)
5) Xj-yi_l X = 2a
a~ b-
Bai gidi Y

1) Hai dudng cit nhau
tai x = 0 vd x = 3 (H47).

Do dé theo (1) & (3.1): 0/—\ 3
N T

|

, )

|

!

S = H2x -x° —(-x)}ix

u

. ANE
3 _x7
[2 3J

0

= 2—7-17—:4—1- (dvd?)
2 3 2

Hinh 47.
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2) Cdc dudng cat nhau
tat x = 0, x = 2, x = 4
(H48), do dé, theo (1) &
(1.4).

S = j:(x:‘—x—;—)dx +

I

+

Ky
J.(2x -x)dx =

4

A N
X N X
—‘ +|x* ==

Q hd

(d.v.d.1).

=4

2) Hai dudng cat nhau tai x

S = 2 (Din tich % hinh tron - §))

S, = [(W8-x* -V2x)x = [gds—x* +%arcsin

I na

=T -

S ]

(Theo 2° (1-4) C.4).
Vay:

S=2 {——(2‘5)_'“ —(n—z)}
3 3

2n + ~:- (dvdt).

4) Hai dwdng cit

nhau tar x = izﬁ (y =
2).

356

2 (H.49).

Hinh 48.

22

3
—Jz_.zx'i]
3

y
LY
{
5,
9 | vz
Hinh 49,

N

0



!
|
vzv; x 0

Hinh 50. Hinh 51.

Theo HSO0, ta cb:

2] {Jl(w—x: —(%+l)}dx

v
Il

L RO

L VERI
3 a

R
2 (1\}16—)(3 +-l—6ar<:sin£—x—~x)
2 4 306

2

-lia

(Theo (1.4;20° chuong 4)

5

~—

Theo H.51, ta ¢cé:

S=2 j% X" —a~dx

= Z_b[g\/x: —a* +32;|n(x +vx® -2’ )]

a

21
a

ab (243 + 2 +¥3))  (dvdny
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110. Tinh dién tich S cia cdc hinh gidi han béi cidc dudng
cho theo phugng trinh tham s6 va doc cue:

Xx=a(t—sint) 0<t<2n .
(cycloide)
y=a(l-cost) y20
X =acos' t .
2) . (astroide)
y =bsin" t
X = a(2cost —cos2t
3) ( . . ) (cardioide)
y =a(2sint —sin 21)
4} r=a(l + cosp) {cardioidc)
5) r = acos2¢g (hoa héng 4 cdnh)
6) r = asin3g (hoa héng 3 cdnh)
P n n
N r= ——, —<p<L— (parabole)
1—-coso 4 M 2 P
8) r=acosp, r = a(cosg + sing), (% O]e hinh

9) r = 2acos3@, r = a (phian ngodi dudng trén)

3at
X = 3
*10) l+t2 (14 Descarte)
T
1) x* +y'=x*+y° y
Bai gidi
Tacéd 0<t£21n &0«
X < 2an
Theo (3), (3.1), H.52 vi do :
déi ximg ta co: .
. 0 alL Mg *
S= 2Ia(l—cost)r_(;—cost)dt
0
Hinh 52.
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= Za:j(l—cost):dt
[d]
YUY 2{anat
=2a J'4sm —dt =8a Ism —dt
o 2 0

bat %=uthi05t5nc:>0$u

S = 16a°

(Theo (2), (2.3)).

2)Tac¢_$0$t$§c332x20

Tuong tu 1):

S

2

c|——w|n

O Gy | %

sin® ndu = 16a°.

0 .
4 J’bsin3 t(-3acos’ tsin t)dt

= 12ab |(sin® t —sin® )dt

3. 3.
INEARSEENE )
42 2 6422

3
= -é—nab (dvdr)

3) Theo (4), (3.1) va H.54:

Mlh—

:f (Xy'—x'y)dt
]

<X 4t =2du
2
31T _3ma? (dvdyy
4272
(H.53)
y
b
0 a ™
H53.
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1 k3
= Ej'[a(Zcost - cos2t)a(2cost —j2cos2t) -
Qa
—a(-2sint + 2sin2t)a(2 sint — sin 2t)]dt
hay S = 3a° J'(l—cos()d(=6aln (dvdy)
0

I

Ja

N
)

Hinh 54.

4) r = a(l + coso)
Theo (5), (3.1) va vi d¢68i xdng (H.S5)

Y
/—\za‘
%
Hinh 55.

2 [%!r:dcp] = 2[%{33(1 +cosq;):dcp]

w
I

1}
=]
—
+
o
- &
l
B,
<



< , do = 2du thi:

{)Ql%=1l'()$(p£nc>05u<g

PR |

. 3 .13 3a’
S = 8a* ICos4 udu=8a'(——.£]= ar (dvdt)
. 24°2) 2

5) Theo H.56 va do déi xdung:

YR
S=8—)a"cos 2
2! pdo
Pat2¢9=1,0<¢< o0t = dp = &
’ T T s T2 2
(dvdt).
¥
a
N 7
N s
\|/~
0 x
Hinh 56. Hinh 57.

6) Theo H.57 va déi xtng:

n

1S .,
S = 6—]a sin 3pd
2! edo
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St h=cosOp R sin G
= j. F— (|‘p:-2—;|‘((p *._p)

u “ )

/
\

x

a na-

= — dvdri).
n ( )

0]

7) Theo H.58

~\“o

Hinh 58.
3 :3
S = ljplkd(p . :p—j(l+cotg —)d(cotg——)
25 (I-cos¢@)y 44
3 B
=P (cotg$+ cotg‘q)) —-p—(4\[2_+3) (dvdt)
4 2 3 = 6
n
x I +cos-- .
(colg—:—n4:l+\5)
8 sin -

%) Hai dudng céat nhau
tai:

(- E‘ 0) va (0, a)
3

Theco H.59:

S=3S§ +8.

" Hinh 53,
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by ‘- 4 hd - ’ rd 1
S, 1a di¢n tich nwa hinh trom ban kinh —‘2—:

0 >0
= — f 1 p =a_ 1
S, 5 J'(smq)+c05(p) de > J;(l+sm2q>)d<p
-z .

4

- 0
a” cos2
= 7(‘9— (P)

a: Tt 1
> . 2%

3

Vay S=S, + S, = %(n— ) (dvdy).

9) Xét 2cos3p = a

1}
coslg = —2-

= ¢ = khi O

N
<
A

4
9

. , . n
Vay hai dudng cat nhan tal (E‘ a)

]

Hinh €0,
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Theo H.60 va do dé8i xdng nén:

w
0

1, :
6. —|(da cos” 3p—a~)d
2{ ® @

() + cos6op) al:’-
—Tdp——|d
ey de

\

= 6] 2a°

O Z |

5 I

sinb@ —(%——(P)‘ =a’(—=+—2) (dvd)

)

6(: +
as(¢ P

0 0

10) Bua vé phuong trinh F(x,y) = 0 bang cdch dat y = tx thit
y
X

Yy

Thay v&o phuong trinh
tham s4 ta c6:

x*' + y' = 3axy (1)

(LA Descartes 5) bai 75) /] x
H.61.

Lai dua (1) vé toa do déc
cuc:

X = 1cosq@,
y = ['Sil)q) Hinh 61.

3asinQeos

thir — 8
sin” @ +cos”

dudng cong khép kin khi O < ¢ < %

Do do:
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sin” gpeos® @

9--
>

_‘a_S
_2;{

d(tg’ )
(I+1tg cp)'

(cos' @ +sin’ @)’

_3a’
2

1
l+lg"<pJ n

=z5?fmmm
2 L +tg'e)

'%a"
=— (dvd?1)
2

11) Bua phurong trinh dudng cong vé toa d¢ doc cuc:

X = ICosQ, Yy

= rsing thi

Do déi xung nén:

__L‘
5_42£

1

cos® p+sin’ ¢

- =

(H.62)

\ 1

(1 + g p)d(tgy)

cos* cp+sm 6]

o l+tgle

Xét:

J'|+l“ [()]
1+12%¢

digp =

Hinh 62.

I +1
f

1+1

Tdit=120
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Vay S= -2—arclo 8-

V2 V2igp

;

0

5

2 R= nﬁ {dvdt).

111. Tinh do dai s cua cdc cung dudng cong:

l)y:achi,OSXsb:
a

| S | “
D x=—y ——ny, 1l £y <e;
. 4y 2 Y y

-
~
<

I

A}
s X 5
= ,0<x<—a.
2a-x 3

2

R
In(cosx), 0 £ x <a< —;

S5) x = a(t-sint); y =a(l -cost),0<1t < 2n.

6) x = acos't, y= asint, 0 <t < 27.
7) x =
8) x = asint, y = becost.

9) r = a(l + cosp)

i O
IO r =a sec” =, -— <
IR

<

N~ R

a(cost + (sint), y = a(sint - tcost), 0 £t < 2x,



11y ¢ = %[l'+1], l<re<3

r
*12) r = asin’ %

Bai gidi
1) Theo (1), (3.2)

,/1+yxd.x j l+sh‘

P
1

b = —

b
Jchidx = ashi
. a

aj,

2) D4i vai trd cia x va y trong (1), (3.2):

tacéd s= j‘}l dy = I 1+— (y—;] dy
I

€

1501 1 y?
==||—=+ =—|Iny+—| =
2.[y y}dy 2[ ’ 2J,‘

3) Tuong ty nhu 1):

Jl_“

Lae ey (dvdn
4 .

COsSX

al—.»

Jl+tgixdx = i d_ In
(]

18[1@
2 4J

- lntg{%+%]‘ (dvd). (Theo 25° & 1.4.C.4).

4) Theo 6) bai 75, dudmmg cong gém 2 nhdnh d6i xing nhau

qua Ox (H63), do dé:
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X("M

§ =2 _Hny (lx_2j (2,_)()

(2a - x) = 8a - 3x véi 2 <t < 3 va bign dbi ta dugc:

bt

s=4ajtdtq—4aj.dl+‘{]’ .
t- =7 1 -

4«[1+§h l+£]_‘

Pat t*

V2

421[1 + ﬁ‘nﬁ] (dvd).

(theo 19°, {1.4), C4).
|

g

2a

)
M

. — 4

Hinh 63.

5) Ta phai tinh d6 dai cha | nhip cia Cycloide
Theo (2). (3.2) vi do d6i xing déi vai duomg thang x = an

L 1 I 0
2 j\/x;‘ +y; dt= 2_{ da”sin” %d( = 4ajsm-2Adt =4a.2 c05%|
[ N o ”

8a (dvd).

Vi
fl

6) Puang cong 1h dudng astroide dai xidng déi vdi cdce truc

toa dd (2) bat 75), (1164). Do d6:

n
5 = 4 J\/‘)n:cos4 tsin 1 49a° sin® teos® ¢dt

[$]
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x 2
= lZaIsinlcusldt =Gasin“ 1| = 6a (dvd0)
4]
0

y y

(S

Hinh 64. Hinh 65.
7) Budng cong la duong than khai cia duong tron (H65):

B

s = Jt‘/x‘: +y~dt =j:\/azlldt =a:‘t‘tdt=a%1° =% (dvd)

8) Phuang trinh tham sé cia ellipse d&a cho:

X = asint, y = bcost

Do d6i xtng nén: '
x .
s = 4},/)(;2 +ydt :41\./alcos°t+b:sin:ldl
[ o
"_ L] ¢
= 4 [yYbisin® t+a%(1 - sin® 0dt = 4af 2 sin® tdt
0 0 a”
"
= -m_[\ll—c:sin:td( @)
o
a’-b" oo :
¢ = — 1d tam sai cua cllipse.

NV
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Tich phan (1) goi 1a mo6t tich phan ellipteque loai 2 chi c¢
thé tinh g4n ding.

9) Pudng cardioide, d8i xing d6i véi truc Ox (4) bai 17).
Theo (3), (3.2), ta ¢6:

s = 2_|")r2 +r; dp

o

r* + 17 = a%(1 + cosg)’ + (-asing)?

= 2a%(1 + cosg) = 4acos 2

Do 4d6:

2 L]
s =4da J'cosidq>=4a.25in(p =8 (dvd)
o 2 2 [b]

10) r = asec’%: a___ 2 : dudng parabole (H.66).
cosz% 1+cosg

(xem 7), bai 17). y

\m
s
]

Hinh 686.

3 day 4= 4a” _— 4a” s ¢
(1+cosg)® (I +cos)*

_ . 8a° a’

(+cosg) @
2

Cos



Ap dung 4) baj 5 chuong 4:

f dt 1 sint +1! dt 1 sint
cos't 2cosit 27cost 2 cos*t

1 T X
+—Intg(—+=)
2 g(4 2

an
to .

®

Vay s = 4a.i LI

Py

cos™ t

t(i+£
g2 4

=2a(J2 +In

3
(4]

= 2a[V2+ma+vD)  (dvd)

@n+@n
an T o 4 °8 n
g = tg(— +—) [=—2—2_ g =1
[88 8(4 )J l_tgn(gE 8
4°°8
. = V2
n Slﬂz >
[ggz =J5"l

1+cos - l+£
4 2

:1g§1=1+7‘/5_1=1+.\/5
B8 1-(/2-1)

11) Trong (3), (3.2) ta 48i bié€n ¢ thanh r, ta cé:

s = ] L .<p;.d.r=]:'\’(rcp',)3+ldr

@

0 day: (rg,) +1 :%(1 - l, ) =

r 1 .-
(T+—)’
2 2r

3

M 1] ol
vay: s= (—+— dr = (—+—1Inr)
J. 2 2r 4 2

=2+%1113 (dvd)
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12) Khi 0 € ¢ < 3xn, di€m (¢, t) V€ toan bod dudng cong
(H.67).
3x
Vay: s = I‘}rz +1; do
[¢]

kY ]

= j asin® 2 4 2% sin® Leos? L
: 3 33
oL s Ana ¢
=a jsm' —dgp= 3ajsm' tdt=—, (t=1) (dvd)
A ) 2 3
| Y
0 X
Hinh 67.

112, Tinh thé tich cha hinh gidi han bdi cdc mat (cdc tham
s6 déu duong).

2 ~

1y Y4z

—+4+—=Xx,X=a
2p 2q

2) i;+—)-,—~—=l‘z=£x,z:0
a- b a

1) xﬁ‘+—y—\—i:l‘z=(l‘z=h
a- b ¢

-

¥4) x4 y*'=R® x"+ 2" =R

S z=4-y, x=0,y=0,2=0,x=a

372



Bai gidi

1) L-&»l_—:x 142 mat y
2p 2q
paraboloide  elliptique,
truc Ox, (H.68).

G day S(x) 12 hinh
ellipse: 0 x a

\
8

S(x) =7 J2px.42qx
= Zn\/p—q.x

Theo (1), (3.3), ta cé thé tich phai tim 1a:

Hinh 68.

Vv = js<x)dx=j2n‘fp—qxdx =a'mfpq  (dvtt)
0 o

2) Hinh phai tim thé tich gi&i han bdi mat tru ellipse:

X: 2
__+y

-

-
a~ b

=1

13 < N v
mat phang z = —x va mit phang xOy: z=0
a

Theo H.69:
AB oC
AB_OA | po ABX
Ch OC OA

Dién tich S(x) cia thiét dién (hinh chit nhat) vudng géc véi
Ox tai X = x sé la:

S(x) = 2b1'l—§-:—.£x = 2b°"1’1—¥
a- a a a-

¢
==X
a

an



Viay:

o
be | o 2hea * 3
V= }-——_{x 1= X e = 20 X005 _ 2o (dviy
a a” 3 a” R
z -8
A
///
/K\D !
A kY
s/
{
RAuRiAY
~
0~ (A X
Hinh 69.
3) Hinh phai tinh thé tich gidi han bdi mat hyperboloide |
ting:
x_. y_:.—z: =1
a L

via hai mat phdng z=0vaz=h (H.70).
Dién tich S(z) cta thi¢t dien b4t ky Z = z thing géc vai Oz la
dién tich cua ellipse:

X + Y =1

{a‘/ni] [b 1+Z‘;]
c” c”

S(z) = nmab (1 +2)
ol

1

h h 2
Vay V = [S()dz = mab] (1 + Z-)dz
0 o ¢

2 h X
nab[z+£—\-)‘ :mb(h +—h—] (dvtt)
R 3c-

N

I
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Hinbh 70.

4) Hinh gi6i han b&i mat try x° + y* = R?, dudng sinh song
song véi Oz vd mat try x° + z* = R” dudng sinh song song véi
Oy (H.71).

il

Hinh 71.

378



Trong g6c phan tdm thi nhit, dién tich coa thi€t dién

26c véi Ox (X = x) la:

S(x) =y.z= YR -x" 4R ~-x* =R~

Do d8i xung:

v

1]

8 }S(x)dx :ST(R° -x3)dx
0 0

N R
S[R:x —L]
3

0

_16R®

(dvtr)

2
-X

thang

5) Hinh da cho giéi han bdi cdc mat phing toa do, mat phing
X = a vd mit tru parabole dudng sinh song song vdi Ox (H.72).

y

£
Hinh 72,

Dien tich cua thi€1 dign thing géc véi Ox, S(x) bing dién

tich hinh thang cong OAB, do d6:

r . 'k 16
S(x) = j(4—y')dy=(4y—%—]' =—
o K

0

va VvV = J'S(x)dx =I%(u=-l?6n (dvitt)
o 3 :

0
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113. Tiunh thé tich hinh trdon xoay tao bdi cdc dudng:

Dy =ax - x* (a>0),y =0 quay quanh: a) Ox; b) Oy.

2) 1:~+¥=1 gquay quanh Ox.
a~ b~

*3) y? = 2px, x = =, quay quanh: a) Oy, b) dudne thing y = - p.

[N -]

4) x> +(y - b)* =a°; 0 < a < b quay quanh Ox.
5) x =acos’t, y = bsin't, 0 <t < 2% quay quanh: a) Ox, b) Oy.

*¥6) x = a(t - sint), y = a(l - cost), (0 <t <2n), y =0 quay
quanh: a) Ox, b) Oy, c)y = 2a.

*7yr = a(l + cosp) (0 < @ < 27) quay quanh truc cuc.
8) (xl + y1)3 = a(x: . yl)

quay quanh Ox. Y
Bai gidi
1) a) Theo (3.3,(2)), (2 cé:
(H73):
2 . 3 o
V= In(ax—x:)'dx:&(dvt(). g x
o 30

Hinh 73.
b) Theo (2°), (3.3):

a 2 el +\° 1
V = 2njx(ax—x:)(lx:2nj(ax:—x")dx=27r X2 vt
A A . 3 4 6
2) Tuong ty nhu 1)
K] s x.‘.\
V=mn h‘(l— — |dx
)
= 2nb’| I—X: dx = 2nb” x——x-—, _ b’ (dvtt).
p a- )
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3) a) Theo (4), (3.3) v H74 ta ¢é:

giai ra d6i vdi Y ta cé:

7 [ 4 P s X
2 Y s 3 4 Yy np
W =m|x(ydy==n ~dy = — ydy:—r[-} = ~—— (dvtt
'[, _'[41')‘ Zp‘;[ 2p L 5 )
b) Tinh tién géc O vé A
O (0,-p):x=X
y =Y - p phuong trinh P |
cta parabole la:
. L p/z
{Y - p)- = 2pX, 0 1
!
|

Y = p+2pX L TP

ung v&i 2 nhanh trén va Hinh 74,
duédi truc Ox, do dé:

r
V= nI[(p+J2pX): -(p—,prX):]dX
r | o
hay V = nj;4p,’2deX=7t.4p\[2_p[%X; ]I :%xp‘\ (dvit)
[} - J =

"

4) Tu phuong trinh dd cho ta ¢é cdc phuong trinh:

y = bxva’ -x*

dgng v&i nua (rén vh nia duéi coa dedme tron, do dé va theo H.75,
ta ¢6:

Y O L
=nx ]’_vaﬁ: -x dx -'hhﬁlj 2’ ~xTdx
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a

=2ma’h  (dvtt)

TS a° L X
= 8nb %da‘ -x" +%arcsm-j

a

ua

y Y
b
b
| |
{ ]
A L 0 ya x
-a a X
Hinbh 75. Hinh 76.

S) a) Theo H.76 do d6i xung:

V= 2n}y1dx
o

vikhi0 < x <a & >t >0 nén sang bi&n 1 ta cé:

bid
2

"

<
]

0 3
2 Ib: sin® t{—3acos® tsin)dt = ()sz:a_f(sin7 t -sin® 1)dt
L { 0

5

= (dvtt)
753 9753

6nabi(1, - 1I,) = 6mab” (
105

042 8.6.4.2] _ 32mab’

b) Tuong Wr nhu a) ta c¢é:

- Vnab
V =2nlx(y)dy=
{ iy 108

(dvit)

6) a) Tuong 1if nhu 5): (1.77)
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Hinh 77.

an

V =2nr jy:dx = 2nja3(l —cost)* a(l —cost)dt
0 0

1l

2ra’ J-(l—cos()"dl = 2nn"j(2sin: -!—)“dl
0 0 2

bt 3 t
16ma” Ism‘5 —dt =32na° jsm" udu,(u = =)
(] 2 4] 2

J30 R
32ma’ 1, = 32na’| g3 575 | = Sn'at (dvty)

b) Theo (), (3.3):

Jaw

V =2n jxy(x)dx =2na"]‘(l—sint)(l-cost)zdl
1} 0

2x 3 t 3 A Sintcos?
=2m’l‘j[—[—21 cosl+—cos2l——sml+su|2l———-—““ cosit dt
Q 2 2 p)
cael” .
=2m.a’, —— = 671t n (dvi).
22 .

¢) DE gidi bai todn, didu tien toh tién goc O vé didm O°
(0, 2a): x =X
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y =Y + 2a, khi d6 phuong trinh cita cycloide la:
X =a(t -sint), Y =a(l - cost) - 2a
Theo .77, thé tich phai tim la: V.=V, - V.

V, 14 thé tich hinh tru ¢rdn ban kinh 2a vi ¢hidu cao ld 2na:

V, = (2a)’.x.2na = 8n-a’

L= R j‘deX; sang bién t.

<
H

V,=n ]'(a(l —cost) ~ 2a) a(l - cost)dt
0

Tinh todn ta cé: V, = r’a’

Vay V = 8xn°a° - n*a® = 7n"a’ (dvit).

7) Theo 4) bai 77 va (3.3,(5)), tacé:

?EJ‘ snl(pd(p——J"t (1+cos@)" singpde
0

2 1
21 a J'(l+<.oscp) d(1 +cos@) = : . (1 +cosg)*

4

A (dvtr)
= —Ta \"
3

4

8) Chuyén sang toa do6 déc cuc: x = rcosg, y
phuong trinh: r* = a:cosZcp (lemniscate, 6) bai 77).

Theo (5), (3.3), do déi xing,

= rsing, ta ¢é

ta c6:

k3 k)

R 3. 48 .
V = %n]zr’(cosZ(p): sin g = ;7!(1"}.(2COS' e-N>dcose
- 0 - L3
4

Pat ﬁC()S(pzl, ta co:

.

T—D3dt, va tinh toar ta dwgce:

3&1



vV = %{ﬁ]n(Hﬁ)—%J {(dvtt).

114. Tinh dién tich o cia mat tron xoay tao nén do ciac
dudng sau:
[) 9y° = x(3-x)*, 0 < x £ 3 quay quanh Ox.

4

*2) x* +y

1

Y40 quay quanh: a) Oy: b) y = x
Xl y_
3) _T+.};:.=1 quay quanh: a) Ox; b) Oy (a > b)
e 2
4) x* + (y - b)* = a°, (a < b) guay quanh Ox
¥3) x = a(t - sinl), y = a(l - cost), O <1 £ 2mn, quay
quanh: @) Ox: bYOy : ¢) duimg y = 2a.

*6) r° = a’cos2¢ quay quanh: a) truc doc cuc; b) ¢ = g

7y v =a(l + cosg) quay quanh truc dbc cuc.
Bai gidi '

1) Dudng cong ¢é hai nhanh deéi xing nhaw qua Ox, (H.78)

y==% -,l;(}—xwix

néun chi xét nhdnh: y = %(3—x)\fx_.

Theo (1), (3.4):

Ay 3
G = 2TrJ'y l+y':dx:2n_|'~i-(3—x)\[;.ﬂdx:3n (dvdt)
[ [ 2Vx

=

2) a) Dua vé tham sa, phuong trinh cta dudng da cho Ia:

X = acos't, y = asin't (dudng astroide)

K2



Theo (4), (3.4) va do d6i xtng (H.79), ta ¢é6:

y
L
3 /X
AN alc /
AN S
%
\I j AN A
/] ) 'z / 0 a x
7/
7/
/
Hinh 78. Hinh 79.

4w

Q
n

X(OYx;? +y; dt

O 1> A

ERS |

4n J‘acos3 14927 cos® t sin®t +9a% sin® t.cos® tdt
0

o .
a 12a™n
12a°n Icos‘ tdcost =

It

(dvdt).

il

b) Lam phép quay truc mot géc %

n . T A
x = Xcos~ - Ysin = .Yy =Ycos— + Xsin—
4 4 4

(u (1(’). X - = —(hlll (+ l‘-os\ [)
Y -

a . \
=—=(sm t—cos 1)
2 V2
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[a phuong trinh coa dudng cong 461 vai hé toa do mé XOY.
Do ¢6i xdng, dién tich can tim bang bai lan téng dién tich céc
mat duoe tao nén Khi quay cidc cung AR, vd CD quanh Ox (H.79).

g =4dn I[Y|ds+ Yds
0

A e | G

ds = X4y dt. (khit e [0, %]; Y < 0).

Tinh todn, ta co6: ds = 3alsin(cosl|dt va:

T '
12ra” | 4 . ) :o. )
= I(cos‘ { —sin' Osintcostdl —J.(sm3 t —cos’ )sint costdt
NS A
J2: ° :
642ma” . . : 3na’
= VM osttasin® ) +cos’ tasin )] =22 a2 -
5 " ix 5
3 B
(dvdo)

3) a) Ta bi&t phremg trinh tham s6 cua ellipse I3 x = acost,
y = bsint, 0 <t <2n

Tuong ty, ta ¢é:

ER |

c=4n

=8 e U]

V(OYX7 +y; dt= 4ansim a® —(a’ =b” cos” t)dt
0

4nb

Ja® -b*

dnb | @® —bz)com\ﬁ:
va© - b* 2

\E—(nj -b%cos’ l).d[\/u2 -b* cosl]

1l
A — o

—(*-b Ycos L +
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N

a .
+ —arcsin
2

2ma’b ) *ob?
arcsin

= 2nb* +

va’ -b’ a
(Theo 20°, (1. 4) chuong ).
b) Tuong tu:

a

Qa
H
0\__.| al=

(l)\)x +y dt= 41::1ij +(a® -b*)sin” td sint

I

a’-b’

Ap dung: 21°, (1.4) chuong 4, ta cé:

—j\/b +(a® —b%ysin® ld(\/'l ~-b smt)

= omate 2P Al VaTob b vdn
va®-b* | b a

4) Phuong trinh cic nita trén va
duéi caa dudng tron 1a: (H.80)

y,=b+ va -x-

va~ = b~ cost

N

y.=b- yai-x’ -a

Dicn tich phai G 1A dng dign
lich cua cdc nlra trén va dudi cua
dudng tron quay quanh Ox tgo nén,
do dé:

bid j[[(bJr\/nz —x)+(b-va -x" )} Y+

(dvdn).
)Y
b
| ]
| |
0 ag x
Hinh 80.
—dx
a -x-
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= Suabj = &nab{arcsin i) = 4 ab

: dx dx
Lva® -x°t oVt —x° al,

= J4mab

5) a) Tacé ds = \[xf +yfdt =Jal(l—cost): +a% sin” tdt
N L
= 2a‘(l—cost)dt=2asm5dt

Do d6 va do d6i xitng d6i v4i dudng thing x = na

n .4
c=4n Iy(t),/xf +yidt = 41tja(l —cosl).Zasin%dt
o o

®

Pt 3 , 2  64ma’
= 16na® J'sm3 —dt= 321'ca‘J‘5mJ udu = R2ra’ — = ——— (dvdt)
s ! 30 3

(u = , va theo (2), (2.3)).

!
2
b) Theo (4), (3.4):

2x - - 2x ot
G =2n J'x(t)\lx;“ +y;dt =2nja(t —sin().2asm—2-dl
o 0

st [ oo s

= 4na- I(t-snnl)mnid(:ama' J'tsinidt—jsmtsm—dl =}6m"a”
o 2 ’ 2 ° 2

(dvdt)

c) Tinh tién truc: X =x, Y = y - 2a, do dudng cong d4§i xing
v6i dudng thing X = an vido Y < 0 d6i véi hé truc méi, ta cé:

G =4n :[:|YNX',: +Y7 dt = 47rj£ [a(1-cost) - 2a)2a sin%dt
0 o

gma’ ]("—cosl - l|sinidt = l()ﬂ{l:]l-cosl lsin—‘-dl
0 2 o 2

]

o > o s
- -t t 32ma” { 327ma
32na'Icos‘5dcos—= cos®’—| = -

(dvdt)



6) B 12 dudng lemniscate, do d6i xudng va theo (5), (3.4), ta
cd;

4
G = 4n jr((p)sin q:>,ﬂ1‘1 + r: de
o

@ day:
rsing = a,/cos?.q)sincp

a’sin’ 2@ _ a’

I’ +17 =a% cos2¢p +
¢ .
Cos2¢ COs2¢p

L}
3

Do dd: o =4dn J'a,lcoschsimp;dcp
: Veos2e

x

3
= 4na’ Isin(pd(pz 4ma*cos@

0

; =21m:(2—\/5) (dvdt)
3

b) Tir a) va tir (4) (3.4) coi dudng cong cho theo tham s6 ¢
ta ¢é:

o = 4ma® [cospdp =2v2ma’ (dvdt)

o In

7) O day ds

i+ de= 2acos%d(p
® .

y= 1sing = a(1 + cos@)sing = 4acos’ 2sin— , nén:

a
B

27 [rsinodr’ +e2de = 167’ [cos® sin2d
{ Q1+ dop { S sin—de

. O 32ra’ O I
32xat J‘cos‘%d(cos%):%cos‘% = Tna' (dvdt)

X - “ o
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11S. 1) Linh coug dé nang mot vt ¢é kh6i fugng m tir mat
qua dat ¢4 bén kinh R 1¢n d6 cao h.

2) Finh dp lwe cha nude 1én mot thimh dap hiang ding cé
dang hinh thang, bi€t ddy tren cua dap 1A a = 70 m, ddy duéi 12
b= S0 m va chiéu caola h =20 m.

3) Tinh khoi lugng cita mot hinh cdu ban kinh R. Bigt khoi
lugng riéng tai mdi di¢m coa hinb cdu ty (¢ véi khodng ciach cua
di¢m dé dén tam.

Bai gidi
1) Theo dinh loat Newton, ltre hidt caa qua dar [én vat cé do
ton 1

k.m.M

F=-——
r
r 14 khodng cdach tir vat N dén tAm qua dat,
M 14 khai lugng qua dat (J1.81).
(dau - do hudng cua lure nguoe vai huéng cha truc Ox).

Theo ¢ nghia co hoe cua tich phan, cong T phai tim la:

R:b o,
T = j—“”_ledrz—kmM(-l—- ! ]
R

i R R+h
trén mat didt: F = mg nén x
kmM .
mg = — , suy ra: N
R"
kmM = mgR* W%
Viy T ~-mghR
R+h
2) Xét mét dai MN cua dap 9
o d6 sau x, bé réng dx khi be Hinh 81
(H.82). '

Theo dinh tuat Pascat:

Ap luce cua nude 18n dai ny:
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dP = v x ditn tich dai x d6 sau x

v la trong luogng ricng cova nude, vy = 1.
Ta tinh dién tich cua dai dS = MN.dx.
MK DI MK h-x
=2 -

MN=MK + KN=MK + b, — =
AH DI a-b h
(a—l‘a)(h—x)+b

:wzifi'_h)l(l"’():w:
)

Vay:

- - - A
dsS = (erhjdx 1
h [
. Il
va ka
|

ap = [wm}m_ v
\ h
Do dé dp luc ciha nudc Hinh 82.
lén dip la:
3%
P= [[—(ﬂ‘b)(l’ X} +bx}dx
o \S
\ N h L h h_‘
= azh l_u(__x_ +hx_ =—(a+2b)
h 2 3 2 6
Theo gia thict:  P.= 11,3.10° (tan/m”).

3} Xdét hinh vanh cdu bdin kinh r va r + dr (H&3), thé tich cua

hinh vanh cae nayv 1i:
4 .+ 1,
dV = | =nr+d0)’ - =75’ [ = —m3c7dr
3 2 3

(bo gua cie VCB bac cao hon dr vit khoi lugng cla né 1a:
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4 A
dm = —{Tl..‘{l‘_dl'.kl" k 1A he¢ 56
ty 1é

Theo dinh nghia tich phan, khoi
luong cua hinh cau da cho 1a:

R
m = 4Knjr“dr:knR‘ (dvkl)

Hinh 83.

§4. TICH PHAN SUY RONG

4.1. inh nghia

- Ta s€ x&t hai loai tich phan suy rong:

Tich phén suy 1ong ¢ can vo han (loar 1) 12 tich phan:

. b
f0xdx = Jim [feodx ., [(x) kha tich trén [a, b] Vb € R
N b
Jl(x)dxz lim_]‘f(_x)dx, f(x) kha tich trén [a, b] Va € R

If(x)dx = l‘f(x)dx+ Jf:"(x)dx

- Tich phan suy rong cua f(x) khong bi chan (Joai 2) 1 tich
tich »;.au:

b [ 3
If(x)dx:lim J'f(x)(l.\“ f(x) khong bi chan tai b v kha tich
[
(én ja,b-¢ |.Ve: 0O<e<h-a

b b
jf(x)dx =l _[f(x)dx , [(x) khong b chao tai a
E-»0
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b C b
Jf(x)dx =jf(x)dx +_[f(x)dx ., f(x) khéng bi chan tai ¢ € (a. b).
Cdc gidi han trén t6n tai (kKhong ton tai) thy tich phan suy

rong goi fa hoi tu (phan ky); +o | - =

a. b, c goi la cic diém b4t thuong cua tich phén.

Ap dung: J'-(l:f- (1) hoi ty (phan k¥ khia >1 (0 <a < 1)
1 X

b
jd—" (2) hoi tu (phan k¥) khi 0 < a < 1 (a > 1).
(b~x)*

4.2. Tiéu chudn héi tu cda tich phén suy réng logi (1) (can + =)

1°. Tiéu chudn so sdnh

Néu f(x) kha tich trén (a, b] Vb € R, O < f(x) < g(x), Vx 2 a va:

J'-g(x)clx hoéi tu, ( If(x)dx phfﬁ) ky), thi:

_[f(x)dx héi tu, ( Ig(x)dx phan ky)
2°. Tiéu chudn Cauchy

. R . M
Né&u tén taic > 0, M > 0, @ > | sao cho: 0 € f(x) £ —
X

. , M
¢ £ x < +a (hi If(x)dx hoi tu, coOn néu a £ 1 sao cho f(x) 2 —
X

a

vdi ¢ £ x < 4 1hi tich phan phan ky.
Hé qud
a) Néu a > 1 vh téa tai lim fO)x® (o € | va tén tai
X re 7

him f(x).x" > () thi J‘f(x)dx hoi tu (phéan ky).

- s
a
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. P
b) Néu x = + o , f(x) la mot vé cang bé bac a > 0 so vdi —

X
thi Jf(x)dx hoi tu (phan ky) khia > 1 (a < 1).

3° Tiéu chudn héi tu véi f(x) cé ddu tuy y

a) Néu Jlfoidx hoi ty thi [foadx hoi ty,

khi d6 [f(x)dx goi 12 hoi tu tuydt d6i.

j|f(x)|dx phan ky, J'f(x)dx hoi tu thi _[f(x)dx 20oi la bdn hdi tu
hay hoi tu c6 diéu kién.

. : . o . Tex) .
b) N&u F(x) = Jq)(x)dx bi chan khi x - + o thi J—adx Ia
T X

héi tu, Vo > O (a > 0) (tidu chufn Dirichlet).,

4.3, Tiéu chudn hdi tu cuia tich phan suy réng loai 2

Véi f(x) khong bi chan tai b.

b b
1°, 0 < f(x) € g(x), Vx € (a. b -¢g), Ig(x)dx hoi tu (jf(x)dx

b b
phian ky) (hi If(x)dx hoi tu (jg(x)dx phin ky).

M

2% Neéu 0 < [(x) < '(K:)T\

cSsx<h M>0,0<cacxl,

b
thi tich phan I((x)dx h6i ty
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M

(b-x)

b
az |l f[(x) 2 Ye: ¢ € x < b thi J‘f(x)dx phan ky.

Hé qud

b
a) Néu a < 1, lim f(x)(b - x)“ tén tai thi If(x)dx hoi tu,
x—b

o+

b
a2 1, lim FO (b -x)*>0 thi jfoodx phan ky.

b) Khi x — b, f(x) Ia VCL bac o so vé&i

thi tich phan
-X
hé1 tu (phan ky) khi 0 <o < | (a0 2 1).

Chi y

1) D& ding suy ra (tvong tu nhu 4.2) cd¢ tieu chuin hoi ty
déi1 véi cic tich phan suy rong:

a b '
J'f(x)dx R J‘f(x)dx vai f(x) khoéng bi chan tai a.

-n

2) N¢&u tich phan suy rong 1 = If(x)dx, ngoai cdc diém bat

thudng + (-®) ¢6 nhing diém bat thudng ¢, (i = 1, 2, ..., n)
tw < ¢, < +2 (Lai ¢,, f(x) khong bi chan) thi khi xét sy hoi tu cia
[. ta phdi tdch U thanh t6ng cia 2 loai tich phan dd xét, va sau dé
két hop lai.

Trong cdc bai tap, dé don gidn cdch viét ta xét ngay tai cdc
diédm bat thudng dé vdi k&t hop 1ai.

RBA1 TAP

116. Tinh cdc tich phin suy rone:

T dx "’ dx
1 | —/——— 2y | ——m—
':[X'+X—2 /(x:+x+l)'

393



394

2) jc ®sinbxdx (a > 0) 4) _[—x—]—'-l—{-(ix—
4 5 (1+x7)

'lf \/1+x +x'°

Lt x
8) j dx

! dx
7y | ———
'£(2—x)\/l—x s X

*9) Iln(coex)dx jln(smx)dx *¥10) thdx
o 18X

o 0 1
W= '[x e 1J[ -1 x+2]dx

. . -1
= | —J ]dx = [im ilnx
n-s x -1 x+2 bove 30 X +2],

= lim — lnh‘I —[11l =_2_1"2
b 3 b+2 4 3

j Ix
(X XY _'[

1, 3l
(X+ )Y +-
4]

+n
6) fx"c"dx .n =
0

b

_ ] 2 N 1 arcle 2x +1 dn
B R e
2.7 (x+ ! )+ 2(}5)-* Va W3
By 2 4 2



(Ap dung (1.4, 28°, chuong 4).

-

HI= J-c'“ sinbxdx , ap dung (1.4, 23" chuong 1), ta cé:

W]
~asinbx — bcosbx |-~ b b
l= ——————— e =0+ — i S
W +b- 0 a-+b” a +b”
0= Jlxlanix‘
s (1%
xdx -1

. I
ythidu= —dx ,v=

batu = lnx, dv = ———— -
(x° +1)" X 2(x” +1)

Tinh todn ta cé:

o

—lnx I x - : lux - 1 x°
I = - +~1In = = lim| —————1In 3
2"+ 4 1+x- . 10l AxT+1) 4+ 14xT

. Inx | | |
)| ————— ——Inx" ——In —
el x4 4 4 1+x°

1}

= lim —x“Inx -iln l‘ =0
e xT 4+ 4 14X

(vi limx~lax =0)
X =0
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3906

i

. 2+x> +2Yx e xP 41
thi I, =1In <
2x°

s

2+xt +2¢x"0 +x° +l"

Vay I 1 In

hay 1

] . 3 o ]
In|t+—+ ’((+—)'+-— VOt = —
2 2 4 X

. 2x*
fim1 —{ In
S 2ext 2k 4xt s

«n
6) I [x"edx,
4}
Pat u = x°, ¢*dx = dv, thi du = nx"'dx, v="-¢
r > r
vk f, = e X" +n[x" 'e “dx
a
°

Do d6: I, = nl,.,. mat khic I, = Ic"dx
0

neén I, = 1.lg=1,1.=21, =2.1... ,1

dx

o ( —x)\/l—x

dat {fl=x=1>0,0<x<le]121>0, x

1_2j

,)]+(

-...-,,.

DR

il

1
= 7.nun| =—

-in 2
I 3+243

2
1 ]113—1|1 2 lln 1+33[—_
5 3 ‘4+2f S 3

n(n-1)...

1 -1°

X

2.1 =u!

,dx = -2udt



|
I x

=

| ] 3 1 .
)Yl = IJL)i(|X z_[ln'xdlnxz
13 X 0

o

Vay tich phan I phan ky.

.

In(sinx yix

O a4 A

9) bat I, = Iln(cosx)dx , L=
(4]

- Tt
[rong I, dat x = §-|‘0£x<§c>521>0‘dx=—dt

ln(u)x(——t)jdl IIn sintdt =1,

—
v AC— O

Do dé: 21, =1, +1, = jin( sin 2x)dx
[

Pk

Xét ] = jll)(sin2x)dx.
]

(RO |

bat2x =tthi J = Iln(sint)dl Ilnsmtd(+_[]nsmtd[ .
o

|-

S

Trong tich phan K = <{lnsintdt, dat t = x - u

ta :t'——‘,

; :
thi K = - Iln(sin(n— u))du = _[lnsinudu =1
i}

n
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Vay 21, = ~§lnz+%(l,+13)
hay I. = —§I112

Vil =1 nén [= —2-1112.

i x gxcosx ; dsinxl t
10yl = | —dx = _ . _ . _
) '[lgx 'OI st x dx _(I;x S X {Xd(lnsmx)

= xln(sinx] - jlnsinxdx
0 0

Nhung xln(sinxX- =0- liu(}x In(sinx)
0 !

. . X
= - lim| sinxIn(sinx) x — =0
x—0 SMX

jlt)(Six)X)dx: -gln2 (bai (rén)
0

Vay L= - (-Zln2)y = Zm2.
2 2

Py = ‘_[/e":dx
o]

Xér ham f() = (1 + t)e!
f'idY=-(l+De'"+c¢'=-te'=0tatt =0
f'"(Yy>0khit<Ovaf (<O khit>0

Vay max f(t) = f(0) = 1
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hay (L+t)ecf< 1, Viz0

D.’}ll:x:(h‘t(l+x:)c":<lh.ayc*:< lﬁ
1+Xx~
t=-x"thi(l - xH) e < | hay e > 1 - x?
Vay (1-xY<e” < IQ,Vx>0
+x~
1 1 . b . n
vi '[(l—xl)“dx<jc'"'dx<je""‘ dx < |———
0 0 o o (1+x7)
- . o2 1 }
(1 -x">0khi0O<x<l,e™ <«<——— khi x > 0)
(1+x)"

»

Py 5 1 + s
nhung e ™ dx = — {e "™ d(vnx)
e Jerae Lo ach

n oy

l +m_2 l
= — fedt=—1 (t=vhx)
Jnj; Jn

n

Sl

(2!

| 2
L—x)"dx = [sin™"" tdt = ————
£( ) ! (2n+ BN

(x = cost va theo (2), (2.3))

+r

uoa Cn-H! n
.f ,[““' “tdt =———.— , (x = colgt)
0 (1+X ¥ Qn-2)! 2
)N
Do dé: -\/ﬁﬂ <. (2n-3H! ©
(2n + 1t Cn-2)1"2
uy’ : ) -1 7
hay N (2w ar o {en-3mfen-n 2t
W41 (2n-Du)Yn+1) -1 (2n-20) 2°

Theo 5) bai 14:
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I lim ((2“)!!)_

= (cone thite Wallis).
2w {o-nrY e+ D) °

-
~

Viay khin = » ta ¢é:

1A

AE<I z
2 n

N
r

\
<—.
2

(tich phan Poisson)

”l;ﬁ |-

hay [ = ’J:c"—dx =
0

117. Xét su hoi ty chia cic tich phan:

*d “Care
1 J- x~dx 2 jarqudx
toxT+5 v X"
+4 _‘i _!’ -s n
3 e T e ¥ fax B [Z—dx m20)
5 s 14+x"
d/;l l o “‘{_
5) J‘Ll(.f—x)dx 6) J‘mdx (n=0)
s X o 1+x"
*7) J'-x—fm—ax‘dx (K,a>0)
o K™ +x°
' any SIN2X .
*8) [e™ —=dx (2> 0)
[¢] X"
> dx
i s— 10)
',(x"(lnx)“ JJ
2 In(si i d
11y [RORX) 1) f—=— (p.q>0)
s Jx o sinf x cos® x
| e
13) |sin(secx)dx 1) | —=
0 oyx(et —e ™)
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3 Inx
[5) J(tgx)"dx 16) —d.x
{ J‘\.}l x*

e 'J-” In xdx 18) J lnx

T XVX© -1 +x

*19) I[(p) = Ix“".e"dx (him "amma)
0

1
*20) B(p.q) = Ix“"(l—x)q"dx (p. q > 0), (ham Beta)
a

¢'sin X

*21) Tc":dx 22) j
' 0

23) jd—" 24)NEu [ f(x)dx hoi ty thi lim f(x) = 0 khong?
o Inx x>+

Bai gidi
Tox7dx ., s i

nI= j4— chi ¢6 diém bat thudng:
DX —X +5

. X X
+ookhlx——>+co,#~~—-
X -x‘+5 x X

Theo he qua b) & 2°, (4.2). 6 day a = 2 > 1 nén tich phan di
cho héi tu.

2) 1= J-zuvct,__ dx tich phan ndy cé hai diém bat thudmg x = 0

N

va »o,

. arctg g 1
Khi x - +0, arctgx arclgx 1 ~

w ‘Ll a-1

X X X X

Tuong 1y nhir 1), tich phan héi tu khia -1 < | hay a < 2 (1)



. arcigx |
Khi x »> + =, arciex |

- —, tich phén h¢i tu khi o > 1 (2)
X X
v t
Vay theo (1) va (2): 1= ["“Fdx hoitukhil <a<2.
> X
wof 22 ¥
NI= Jle —e tich phan ndy chi cé di€ém b4t thudng
o
32 bl
+m (i ) e Y e ¥ =20).

Khi X > + ®:

a* b?

7 3 a* 1 a b- 1 b*
e’ —et [=(l-—sF=—t— |-l -——F+=—.——-..
. x* 2 x* x* 2 x*

<*
& day oo = 2 > 1 nén tich phan héi tu.

QQX
HI=

£+x

(khi m < 0) vd + .

dx

a >

tich phan ndy cé hai diém b4t thudng: x = 0

m

Khi x > + 0, =

_~—L_ 40 d6 tich phan hoi ty khi - m < |
1+x x™
haym> -1 (1).

m

Khi x - + = X !

~
.

— do dé tich phan hoi tu khi n - m
l+xn xn m
> 1 (2).

Vay theo (1) va (2), 1 hoi tu khi_{lﬂ)—l

n—-m>1
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———dx, I c6 hai diém b4t thudng: 0, +«

In(l+x) _In(l+xy 1 1

X 3 X xh—l X »-l

Khi x - + 0,

Do d6, I héitu khi -1 < 1lhayx <2 (1)

Khi x = 4+, theo a) 2°, (4.2), xét:

. 2 In(1+x) .o In(d+x) (1+x
lim x y = lim <

A-a
x) J =0 Xhik-a>0
Xz X e (1+x)

va I héi tu khi oo > 1, nghia [a [ héitw khi A > 1 (2).
Keét hop (1) va (2) thi T hoi tyg khi 1 < A < 2.

6) 1= jx—mﬂdx‘ I c6 2 diém bat thudng: 0, +
s l1+x"
. i 1

Khi x — + 0; X 218X _ L —. arcigx . Sl
1+x" x7™P 1 +x™)  x
m ' 1

Khi x — +o0; 2 2OBK . SOBY
1+x" - x A+ —) X

Xﬂ

Vay Théi tu khi - (m+ [) <l vin-m>1hay m>- 2 va
n-m>]1.

Hi= [Z% 4 (Ka>0)., Icé didm bat thudng: +oo
K +x~
4

Theo b) 3%, (4.2), xét @(x) = sinax

A S
- . 1 —casax | . .
F(x) = Ismatdl:——— bi chan khi x &> +
4}

a

Mat khic —X— < o -1 >0. Vay T hoi tu.
K" +x* x'
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+c

8) I = jc“’” SI2X gy (L >0)
v x/.
Tuong tu 7) ta ¢6:

X

I ™™ sin 21d1

0

X
2j.s'm ™ dsint
]

2[sin et

Theo gia thi€t » > 0 nén I hoi tu.

+n +d _11-pH
9y 1 = J- dx _re

1 XF (Inx)9

dt ., (Inx =1)

Q lq
I ¢ hai diém bat thudng 0 va + o

i—pt

Khi t —» 0, ~—,q< 1, Ih6itu
1t 19

Khit > +0vap>1,gq<«<1l,a>1thi

(1=pn ta-q

=lm——=0
Lea 300 e(p—l)t

hm t®

t—rw t

Vay I héi tu khtq < 1 vap> L.

1
dx .
101 = . [ ¢é diédm b4t thudug x = 1
'l%/hx‘
1 1 { |
Vi =— ~
4 l k] . 2 l
Vl—x 1=x)" ,/(l+x)(l+x ). (1 -x)*
o day: a = % < 1. nén I hoi tn.

2 In(si e
IDI= I“(—j/“lﬁ-dx, ¢6 diém bal thuong x = 0
X

o
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X
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Theo a) 2°, (4.3). xét: véi o < | :

1=

0

. ] [}
. Insinx . L . X
lim x* = lim(sinx) °.lnsinx| —
a0 ' 0 sinXx

X

khi o - % > 0 hay o > % dac biét khi %< a < 1. Vay I hoi

tu.

12) 1= jL . 1 cé diém bat thudng: x =0 vi x = k2
o Sin® x cos? x 2
Khi x > + 0, —1_..,_1__
sm”xcos'x  xF
Khix - = -0, 1 - 1 —

nf q b4 s
sin® x cos? x . .
co sin® xsin? x(fzv-x) (E-X)“

Vay Thoéitukhip<1l vaq<i.

x n
R . 1
I3 I = Ism(secx)dx =Ism( Ydx
o s COSX
PR 1 <
(ky hié¢o seex = ). dat =t thi
COSX COSX
sin xdx cos” X
Y dtdx =2 X
cos™ X sin X

T
D<x<s — o1l <ci1<+»

-

" sin1dt - .
val= Sinid ¢6 2 diem bat thudng 1, +00.
tftT —1
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\sin t 1

Khit - 14+ 0,

1
~ a=—<]
Yt - DYt +1 (t~nl3 2
Khi x =5 +o Sint ‘g ! = ! ~L,u:2>1
t\/t’-l‘ W' -1 t:\ﬁ_L 1
tl
Vay I hgi tu tuyét d6i.
14) I = j—L c6 di€m bAt thudng: x = 0
0 %/x(e" -¢™)
1 X -1
Ta viét: 1= I———L,vi limc—e—:2
x -x x +0 X
°, ‘E?_ e )
X
. L 1 .
nén khi x - + 0, ~ S
Vet Vaxe
X

d diy a = %< 1. Vay I héi tu.

3
15) T ={(tgx)*dx, ki % < 0, I c6 diém bat thudng x = 0, khi
4]

%> 0,1 cé di€m bal thudng x = %

Do dé I hoi tu khi ] < L.

1
16) T =[—2X dx, ¢6 diém bat thudng x = 0 (x > | - 0,
0

Vi-x*

Inx

- 0).
1-x7
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Inxx®

Vi-x°

Khi x — +0, > 0véi Ya > 0, dac bi¢t 0 < a < 1.

Vay I héi tu.
't Inxdx
INIl= | —.
!xe’ -1
Vi fim—2% im 2 "1 = 0 nen chi c6 diém bat thudng ®.
x—l X 'x2 -1 -l x(2x' —IJ

lnxx*® In

X
xvx? -1 N ’1_L
x'.‘

a < 2,dacbiét l <a < 2.
Vay I héi .

Khi x > +o,

>0 khi 2 - @ > 0 hay

1
18) 1 =I Inx‘ dx. c6 diém b4t thuong x = 0
p1+Xx”
. lnx.x” . .
Khi x &> + 0, — >0 khia > 0,dacbiéet 0 <a <1
I+x-
Vay I hoi tu.

19) T(p) = [x""e™dx c6 2 diém b4t thudng: x = 0 khi p < 1
0
vVa .

. . } - | , .
Khip<Ivix o +0:x"'e"= ¢ VAtich phan hoi

_ -
xll‘ x!'r

tukhil -p<1hayp>0.

arp-l
) X
Khi x - +2, x*x* " '.¢ " =

— >0, khi p > 0 via > 1

e
(a+p-1>0).
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Vay I'(p) h6i tu ¥Yp > 0.

L
20) B(p, q) = J’x"'(l—x)“'ldx (p. q > 0)
0

p < 1: c6 diém bat thudng x = 0, q < 1: cé diém b4t thudng
x = 1.

Khi x - + 0, x*'(1-x)%" ~—_
X -F

1

X o>+ 1, X' 1-0%" ~——
(1-x)"!

Vay B(p.q) hoéitukhit 1 -p<1vadl-q< 1 hayp>0,q>0.

2D 1= Tc"’dx = jc'*:dx ﬂc‘fe":dx =1, +1,
[ 4] 1

I, tdn tai vi e lien tuc trong [0, 1]
X -8 . 1 ]
Xétl,,vix21,tachd: e <e *ma Ie dx =—: hoéi tu
€
1

Do dé 1, héi tu.
Vay I héi tu (tich phan Poisson).

-« 6

2 1= dx,xétl,=‘_[

(] X 2

sinx sin X

dx (a>0)
Theo by, 2°, (4.2), xét @(x) = sinx

A}
S = A .
thi F(x) = jsmxdx :cosx\a =cosa-cosx bi chan

¢ day a=1>0nen I, hoi tu,

« .. SiX
Vi lim

LELIVE 4

=1 nén 1 hoi tu
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Chd y 1a I khong hoi ty tuydt doi vi cd thé chdng minh

I Znx dx phan ky.
ol x

Thyc vay, vi n¢u nguge lai thi

1 —cos2x

(Vi sin“x € lsinxb !1ay%J Ix héi tu

ICOSZX

Mat khiéc hoi tu (ching minh tuong tu nhu

J.smx y. Do dé: _ICOSX J' ‘3052") = Lpdx la hoi tu,
2 X

vo 1¥. vi: Ii‘i:mx‘" — » phan ky.
X b ‘

1 :-
2%)1..3—34-dx I+ 1.
oInx glnx 1lInx

I,, I. déu cé diém bat thudang tai x = 1.

1
XétI,: lim (x - 1) = lim L-— limx=1>0
1o1-00 X x—1-0 1—1-0

X
Theo b) 2° (4.3) thi I, Ia phan k§.

Vi moét trong [, 1. phan ky nén [ phan ky.
4o
24) Khong. Ching han xét I = Isinxzdx f(x) = sinx® # 0 khi x — +.
0
Nhung 1 hoi tu, thuc vay: D6i bign x* =

a . +@o .
tdt td
I= jsm + ]-sm ! =1, +1, (a>0)

N
- I, t6n tai sinx2 lien tuc trong [0, a})

-COS(

I, =
2 2«/-

_ l ']D- cos tdt

) 3
: 16n tai (o = 2 > 1). Vay I hoi tu.
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CHUONG 6

HAM SO NHIEU BIEN SO

§1 KHONG GIAN VECTEUR n CHIEU R®

1.1. ®inh nghia
Tap hgp cdc bé n s6 thue ¢é thit (v (x,, X.. ..., X,) goi 12 mot
khoéng gian hay mo6t khéng gian vecteur n chidu, ky hiéu R”

X = (X,.X....x,) € R" goi 4 mot diém hay m6l vecteur trong
R".

Cho x = (X;. X4, -o.y Xp)o Y = (¥, ¥au ---n ¥a) ta dinh nghia:
X+y=(X +Y¥,X:+Y¥2 s X, +Y,)

ax = (X;, dXa, ..., ax ), a € R

Povyy = J(xI —y) H G — Y +aH(x, —y)Y goi 1a khodng cach
gitta hai diéin x, y.

2.2. T&p hgp mé& va déng trong R"

Tap hapS(x) = {x : p(x. x,) <r.r € R, r>0} c R" (1) goi 13
mot lan cin coa didm x, € R".

MNétx € R"vatap hgp A c R".

x goi 1A mot diédm trong (ngodi) cia A nlu:
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3S.(x): S,(x) € A, (x € A)

(S,(x) © A%, (x € A))

x goi 12 mot diém bién cua A néuv VS,(x) déu chida cic diém
x thudc A va nhitng diém khdc khoéng thudc A.

Tdp hop A c R" goi la mo (ddng) néu A khéng chira (chitd)
diem bién nao (moi diém bién) cia A. R3 rang:

- Lan can S,(xg) 1a mot tap hop md (hinh clu ma).
- Tap hop S,(xo)z {x 2 p(x, X)) £r, 7T € R, r >0} la mot tap
hgp déng (hinh cfu déng).

Tap hgp A < R" goi 12 bt chin (giéi ndél) néu: Ix, € A, VX €
A.3c e R,c>0: p(x, x,) €c.

Tap hop A < R" déng va bi chdn ;g(;i la mot tap hop Compact.

Tap hop A < R" goi la lién thong néu Yx, y € A, cé thé néi
nhau bing mét dudng lien tuc < A.

Tap hogp D < R", lién théng va md goi 12 mot mién.
Tap hgp D < R, lién thong vi déng goi 1A mot mién ddng.

~ Mién D goi ta mdt mién Compact n€u D 12 mot mién déng va
bi chan.

Miéu D goi 12 don (da lién) ndu D gidi han bdi mot (nhidu)
duong lién tuc va khép kin.

§2. KHAI NIEM CO BAN - DAC HAM VA VI PHAN CUA HAM NHIEU BIEN

Xét ham hai bifn, cic khdi ni¢m déu suy rong duge cho ham
n bién bat ky, a > 2.

2.1, Dlnh nghia

Anh xa f: D € R°— R goi 1a mér ham 56 thie cia har déi <6
fray hai bién 5o thiee,
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Ky hi¢u z = f(x,y) hay z = [(M) v&i M(x, y) € D, [(M) cang
gol 1h gid tri coa f tai M.

D aoi la mién xic dinh cua ham s6.
Tap hop {f(M)). YM e D} goi 1a mién gi4 tri cia ham s6.

Tap hop {(x,y,2): z=1f(M), YM € D < R} goi la 46 thi cua
ham s6.

2.2. Gléi han va ltén tyc

a = limf(x.y)= lim f(M), (Mo(X4.¥o).M(x.¥))
Y¥—Yo

& VYe> 0,38 >0, p(Mg,M) <b = [f(M—a){«:

hay VM.(x,.y,). M, # M,, M, &> My (X, = Xo. Yo Yo) >
f(M,) > £(M,).

Ham Z = f(x,y) = (M) zoi 1A lién tuc tai My(x,, y,) néu
lim f(M) = f(M,).

MM,

- gol 1a [ién tuce trong mién D néu né lién tuc YM(x, y) € D.

- got 12 {ién tuc déu trong mién D néu: Ve > 0, 38 > 0, VM,
M’ e D, p(M, M") < 8'= [f[(M)—f(M')] < &, (M(x.y). M (x",y")).

Pinh 1y
- N&u z = f(M) lién tuc trong mién Compact D thi:
1°. f(M) bi chan trong D
2°. (M) dat mét gid tri nhd (14n) nhat m (M) trong D.
3. m<y< M= IM(X,.y.) € D: f{(M,) = y.
4% f(x,y) la lién tuc dén trong D.

2.3. bao ham riéng

Dao ham riéng cua z = {(x, y) d6i vdi x tai (x.y) € D:
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7= op (xy) = lim LA GLY)
(‘)x Ax 0

‘ Ax
‘» —
7, = e _ £, x.y) = lim f(x,y + Ay) - f(x.y)
& lim ~

- 2.4. 8¢ khd vi, vi phan todan phén

z = f(x, y) goi 1d khd vi tai (x, y) € D né&u:
Az = fx + Ax.y + Ay) — fix.y) =adx + b Ay + (), a,b = consl

0(p) 12 mét VCB bac cao hon p = JAxl + Ay .

dz = aAx+bAy goi 1A vi phin cia hiam s6 tai (x, y).

Dinh ly
1°. N&u z = f(x, y) kha vi tai (x, y) € D thi né lién tuc vi cé
cdc dao him riéng tai (x, y), khi d6: dz = f (x,y)dx +f (x,y)dy

2°. N&u z = f(x.y) c6 cdc dao ham rigng £ (x,y).f (x,y) lien

tuc tai (x, y) € D thi né kha vi tai dé.

2.5. Do ham clia ham hop

Ham z = f(u, v). (u, v) € D, u = u(x.,y), v=v(x, y), (X, y) €
D, goi ta ham hgp cia cic bién doc lap x, y trong D, qua cdc
bién trung gian u, v,

. v .
Pao hiam: ——:——.——-+~—.(1— tai (x, y) € D,
ox

G &1 &1 o1 oov
&y ¢n &y v oy
nén z = f(u, v) kha vi tai (u, v) € D vad u, v ¢é cdc dao ham
riéng tai (x,y) € D,

Pac bidt u = u(x), v=vx), x € X:
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dz_(',‘l, du+8z dv
dx M dx ov dx

goi 12 dao ham toan phan cua z theo x tai x € X.

2.6. 0ao ham clia ham an
- Ham y = y(x) cho bdi phuong trinh F(x, y) = 0 (1) goi 1a ham
dn cda bién x trén tap hyp E, néu Vx € E, phuong trinh (1) ¢6
nghiém duy nhéat. Theo dinh nghia thi: F(x, y(x)] = 0 trén E.

S
bao ham: y =— (F, #0,9vx e E)

Y

Tuong tu:
Ham &n z = 2(x, y) xdc dinh 1t F(x,y.2) =0 trén D c R*, ¢6

cdc dao ham:

_F -F .
F, A F.’ (F, #0,V(x,y) € D).

2.7. Dao hdm va vi phan cdp cao

--Pao ham cip hai:

N

Il

~~

N

“

~—

I)I

i

#|o
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Dinh 1y Schwarz

- N&u 7 = f(x,y) ¢6 cac dao ham (hén hop) f,(x,y).f, (x.y) lién
tuc tai (x, y) thi f (x,y)=1 (x.y).

- Vi phan d°z = d(dz), ..., d*z = d(d""'z).

2. . ‘ -!! 2, . :
a2 =9 ax* 4292 aedy + 2 2ay* <[ Lax+ D ay | 2.
x aay T Ay
d"z = —édx+idy z
ox oy

M6t ham cé vi phan cdp n tai mét diém goi 13 kha vi n 14n tai
didm dé.

BAL TAP
118. Tim mién xdc dinh cua cic hamsé:
Dz=Ja—x+yl1-y
2)z = J(x: +y'—ay2a® —-x’ -y (a>0)

Nz= ,’ysinx

4y ¢z = arcsini

X
x_

5) z = arclg ,y‘

1+X7y”

6)z = ,/sin(x: +y)

7) u = arcsinx + arcsiny + arcsinz

8)u= Z—;‘+ Inx +\l|1y + Inz

c
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Bai gidi

Dz xdcdinh khid4 -x> 20,1 -y >0hay-2<xg2,-1¢
y < 1.
Vay mién xdc dinh cda z 1a hinh ch@¥ nhit (déng): - 2 < x <
2,- 1<y <1 (1.84).
Yy
(Y
1
-2 2 alz
0 A a X
-1
Hinh 84. Hinh 85.

2) Ham z xdc dinh khi (x* + y* - a®)(2a” - x* - y7) 2 0.

x*+y* -a* <0 X*+y* -2’20
hay { y (1) va { y (2)

22° ~x" -y <0 2a° —x* -y 20

. [)v{2+y2 >a*
hé (1) v6 nghiém, hé (2) cho: 1 . . .
X +y <£2a°

Nghia 1A mién xdc dinh cia z 12 mée hinh vanh tron (ddéng)
(H.85).

3) z xdc dinh khi ysinx 2 O hay:

yz0 . |yso y20
. v ) hay
sinx 20 sinx <0 2kn<x <Rk +

y<0
(2), (H.86)
QRK+Dr<x <2k +n
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-1 —R_In

0 '}// S x

Hinh 88. . Hinh 87.

VAy mién xdc dinh cia z 12 tap hgp c4dc dai xdc dinh bdi (1)
va (2).

4) z x4c dinh khi: -1515 I,x 20
. x

0
hay {x > (1) va {x <0 2)
-x<y<x X<ys—Xx

Vay mién x4c dinh cia z gdm 2 géc xédc dinh bédi (1) vd (2)
trir diém g&c O (x = 0) (H87).

5) Ham z x4dc dinh V(x, y) € R*.

6) HAm z xdc dinh khi sin(x* + y*) 2 0, hay 2kn < x> + y* 5
2k + DHn ()

Nghia 1A midn xdc dinh cua z 1A tap hop cdc hinh vanh tron

xdac dinh bdi (1) (H.88).

7) u = arvsinx + arcsiny + arcsinz

v xdce dinh khi-1Ssx<1,-1<€y<1,-1<2z2<1(]).
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Vay mién xic dinh cla u 12 hinh hop déng xéc dinh bai (1).

Y b 4
c
b
9 Yy
aQ
x
Hinh 88. Hinh 88.
xZ y2 2
—+ L+ < ) . .
hay {a® §* ¢* (1). Vay mién xdc dinh cia u ]2 hinh
x>0y>0,z>0 _
2 2 2
gi6i han bai mat ellipse: x1 +y—,+Z‘ =1
a- b~ ¢

(ké ca nhing diém trén mat). trong géc phin tdm thi nhat va
céc mat toa d6 (khéng ké cdc diém trén cdc mat phing toa do dé).

119, Tim céc giéi han:

1) li_rg(x:+y:)sin—l‘ : 2) “mx:—y:
-0 Xy SRXT Y
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3) lim(x: +y:)e I+y) : 4) lim(x3 +y1)x‘y‘
Y1 £ -0
\ratn v 0

Bai gidi

1) lim(x* +y:)sin—L =0
x—0 Xy

y—0
- s > . I
vi im(x"+y)=0 va sin—<|
0 xy
y—+0
2) lim> =Y dar fixy) = S0
X +y X" +y
. 1 1 .
Ly x, = —. ¥y, = —= X,.¥, &> O khin > o0.
n n
1 1
va f(x,y) = 32— =050,x%x,=0,y, = L ihi Xp Yo~ O khin 5o
_L+_1_ n
n® 0’
_t
vi f(X,.y,) = ;1‘ =-1--1.
n’

Vay |ii1(}f(x.y) khong t8n tai.

y—0

. a A -
X +y X X~
.,.-): =——+ y s—‘+y——>0
ety e™ e e

2) Tacb: 0 <

khi x> +o,y—> +o

Vay: lim(x* +yH)e™" = 0.
y-»+a
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4) Ta ¢é: lim(x +y3)‘:":= exp{limx iy n(x® + yH}
-

v 0
. T s o XY
= expqlim(x™ + y Yindx” +y ). im——
=0 x-Ox‘.J,.y'
-0 y—0
=e’ =1
< s 2 2 le: 2 :
vi limtint=0 (t=x"+y"), 0 ——<x"+y > I (x » 0,
L=y +Q x—+y_

y = 0).

120° Xét sy lien tuc va gidn doan cha cdc ham s6:

1)z = ):+y1: 2) z ="arcsin
X" +y’ X
_ﬁi,: 2,0 ~2xy TiX7 4y 20
3)z = {¢ X" +y 20 : S dyz= IxP+y’
0 X" 4y =0 0 :x'+y =0
Bai gidi

1) Ham z lién tue V(x, y): x* + y’ # 0 vi i2 ham so c4p, do dé
z chi c6 thé gidn doan tai (x, y): x' + y ' =0 hay y = - x, xét x, =
0.¥,#20, Xg+Yyy=0.

. . - . 1
Khi d6 lim — y‘=hm - - =— ! —.
Xt byt onxT oxy vy X XY, +Ye
Yvp Y=Yy
Do dé céc diém trén dudng thing y = - x 12 cdc didm gidn

doan bd dugce cua 2 triy didm (0, 0).

. X-= . i

Xér lim— y\zllm = - = 40
—0 N =20 ¥y~ — -
X Ty a0xT-xy+y

Vaiy (0.0) 12 didmn gidn doan loai 2 (v6 cuc) cia z.
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2y7z = arcsinl‘ 2z X4ac dinh khi: - | < !-s 1, x # 0 hay |y|s|x
X X

.

x # 0 (1)

Vay mién xdc dinh ciha z xdc dinh b&i (1). Trong mién d6 z
la lién tuc vi nd 1A ham so cap.

3) z xdc dinh V(x, y) # (0, 0) nén z 1ién tye, Y(x, y) # (0, 0).
Tai (0, 0) ta c6:

limf(x,y) = lime " =0={(00)
-0 -0

30 y—0

Nghia [a z lign tuc tai (0, 0). Vay z lién tuc ¥(x,y) € R*.

4) Ham z x4c dinh V(x,y) # (0, 0) nén né lign tuc V(x, y) #
(0. 0), vt z 1a ham so cédp.

Xét tai (x,y) = (0, 0), 18y x, = l,y,,: -l—.x”—b 0. y,~ 0 khi
n n
2
n - o, z2(X,.y,)= —l-'-llT=1—>l
S+
n~ o
A 2 1 .
LailAy x, = =y, =—, %, =2 0,y, > 0khin > w.
n n
4
> 4
n
Z(XpYy) = ———— > —.
(XnYy) i 15
n- "

Viy z khong lign tuc tai (0, 0), vi 2z bi chan trong lan cAn cua

(0, 0):

\x1+y:| FE +y:

neén (0, 0) th diém gidn doan loai I coa ham so.
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121. Tinh cdc dao hidin ri¢ng
ham sé.

Vz= 2
x* +y®
3) z = arcsin ;_-2;
Vx‘+y~
5) u = (xy)*

7)Yz =1u", U=sinx, v=_cosx

o0

-
N
il

9)u =
10) f(x.y, 2) = ——
X" +y”

Bai gidi

2 P
Y +y X.W:

va vi phan todn phin coa céc
2)yz = ln[x +Jx3+y’]

) z=x"

6)u= ﬁ: +y* - 2xycosz

X .
arctg—, X = usinv, y = ucosv
xyz, x =2+ 1, y=Int, z =gt

=, tinh df(3,4,5).

-

D z,= 2 2 Y 3
. X" +y (x:+y2)§
z= —F . dz= _____y°dx—xy<;y
fc+y): [ +y*F
L+
X" +y” I
2) 2, = =
? X+JX1 +y: &:_Fy:
y
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dz = —— [dx+
2 2

. |x
3) z = arcsin |— . datu=
e

. & oz
= z = arcsinu, —=—07H ——
ox du X

oz 1 1 1

A Jl—ul X —y? 2y°
1- 2 2 2, .2

o _
X 5 x‘l _y2 x: _yz
x: +y2 x2+y1
2 _ 1 2y xy® x4yl
ox 2y° X -y |y| -sz -yt
x: +y: x2+y2
Twong t: e _‘Eﬂ-. x'1+y" . x#y
M-y
va dz = Y2 Xty

(ydx — xdy)
M o ey v :

4) 7z = x¥ | |4y logarithme Neper hai v& ta cé:

Inz = x*Inx, dac him hai v& theo x:

z _ |
2 oyx x4 x.—

YA X
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= z,= xV7 (yinx +1)

y -
z,= x* “in” x

dz = x""{[llnx +i}1x +In’ xdy}
X x

5) n = (xy), u = yz(xy)”', u, = xz(xy)"', w,= (xy)in(xy)

du = (xy)“'[yzdx + xzdy + xyln(xy)dz}

6 u= Jx:+y’,—2xycosz

. X —YycosZ X ~ycosz
w, = — =
ﬁ +y~ —2xycosz. u

. _ y-xcosz . _ Xysin2
u,= . U=
u u

= ! [(x —ycosz)dx +(y - xcosz)dy +xysinzd.z]
Jx’ +y* —2xycosz

du =

7)2 =w', u=-=siagX, v = COSX

0z Oz du Oz dv . .
'cosx +u" Inu(-sinx)

Theo (2.5): —=—.—+—.—=wu""
(2-3): & dudx v dx

= (sinx)****(cosxcotgx - sinxinsinx)

dz = (sinx)****(cosxcotgx - sinxInsinx)dx.

X .
B) z = arclg—, x = usinv, y = ucosv

Theo (2.5):
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2 & > 2 &y 1 . -x

etk Tl AN stnv+ .COSV

A X u &y éu { le [ x*]
yl 1+ -5 yi 1+

(ucosvsinv - usinvcosv) =0

. X
= —sinv ————Cosv=——,
X" +y" X" 4y X +y°

(X* +y*#0)

Tuong tu: —ql-=l va dz = dv.
v

Nu=xyz,x=t"+ 1, y=Int, z =gt
du_oudx otudy oudz
dt & dt &y dt. & dt

(1° + gt . (1" + Dint

—=1{(1)
cos™ t

= 2t.Inttgl +

du = f()dr.

10) f(x. y, 2) = ‘z
X +y’

f,=z(- %.2x)(x:+y:)_ :_—X/‘

(x* +y?)?

[EN D]

4
25

. 3 . .
f(3.4,5)= -2_—‘ tuong tu fy(3.4.5) = ——.: [,(34.5) = i

dz = L(Sdz - 3dx - 4dv).
25 )

122. Xét su lién tue v khi vi cua ham sé:

D) f(x.y) = ;/E 2) f(x.y) = |xy|
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x’y

— :x'4y %0
*3) f(x, y) = {x°+y° y
0 X +y' =0
(x* +y*)sin ! 1x*+y? 20
*4) f(x,y) = eyt
0 X +y =0

Bai gidi
1) RS rang f(x, y) lién tuc V(x, y) € R?
y

X
v P, y) = =,
R(xy)’ ’ Rxy)

f (x. y). f;(x. y) 12 lign tuc V(x, y) # (0, 0). Vi 1A cdc ham
so cAp, theo dinh Iy & (2.4) thl f(x,y) kha vi ¥Y(x,y) = (0,0).
Xét taj (0,0):

£(0, 0) = }i%,\%"w‘o_o

f(x.y) = V(x.y) # (0.0).

f,(0,0)=0.

Gia sir Af00)=0.Ax +D.Ay +0.(p). p= \/Auﬁ +Ay*

Néu O(p) 1a mot vo cing bé bic cao hon bac cia p. nghia la

gﬂ—)O(p—)O)lhi f(x.y) kha vi tai (0,0).
o

K&t o) _ Af(00) _ {AxAy

PP sy

. | .
Liy Ax = Ay = — thi Ax, Ay - Okhin 9>
i\
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si"w

Vay O(p) khong 1i vo cing bé béc cao hon p vi f(x, y) la
khoéng kha vi tai (0, 0).

2) Tuong ty nhu 1) f(x, y)la lién tyuc V(x. y) € R* va kha vi
V(x, y) # (0, 0). Xét tai (0, 0):
A [0+ Ax).0] -0 _
£¢0,0) = lim¥——" =0, (0.0)=0
) Ax—0 Ax

o) - y|Axay|

Af(0,0) = JlaxAy| = 0(p).

Lay Ax = Ay = l—»O(n - «0)
n

Kglln

nfff

Vay f(x, y) khong kha vi tai (0, 0).

#0 khi p = 0.

3 f(x, y) 1a gidn doan tai (0, 0), vi lay x, = J—, Yo = ‘!T thi
. n n

Xne Yo 0 (n > o).

o 11
f(x,, = 0 5 —20=((0, O).
( n yn) _]:_+_I__ 2 2 ( )

o a

n n

Vay f(x, y) khong kha vi tai (0. ). RS rang f(x, ¥) 1A lién
tuc v kha vi V(x, y) # (0, 0).

(Vi f. f [ 1 cdc hAm so cip V(x,y) = (0, 0))
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Tuy nhién f(x, y) vin ¢é cdc dao ham riéng tai (0, 0).

him
Ax oD

Thue vay: (0, 0)

(0+ AxY' 0 ol L g
0+ Ax)® +0° | Ax

f, (0, 0) = 0 (tuong 1)

Chu y:Qua 3) so sanh véi him s mot bién, ta thay ¢6 nhing
diém khac nhau co ban: tai diém gidn doan cia ham nhiéu bién,
vin ¢6 thé ¢é6 céc dao ham rigng.

4) V(x, y) # (0, 0), ta cé:

. . 1 2 1
f (X,y) = 2xsin — —— — X ~ COS—; -
) X" +y X" +y° X"ty

. . 1 1
f(x,y) =2ysin ——=- ,2y —COS———
X" +y X" +y X" +y’

Viy [(x. y) Ia lién tuc va kha vi V(x. y) # (0. 0)., (vi f(x, y),
f(x, y). f, (x, y) 12 cdc ham so cdp).

Xét tat (0, 0):

. Ax” sin lz '
£(0, 0) = lim——AB% =0, £ (0, 0) = 0.
Ax-+0 AX

Gia st Af(0, 0) = 0.Ax + 0.Ay + O(p),

N Al . |
hay . O(p) = Af(0.0) = (Ax" + Ay )sin—————
Y P y Ax~ + Ay~

hd . '
posin
VA w:__ﬂ_,)() khip->0
p r

Vay 1{4. y) kha vi tai (0, 0).

Tuy ahica f(x,y), f,(x,y) khong ti¢n tuc tai (0, 0).
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Thyc vay: fay x, = L = L thi x,, y,» 0 (n > »)

o T 2don

vd £ (X, ¥o) = - 24 > -020={ (0.0)...

123. Tinh gfn ddne:

1) A =(1,02)%0,97)
2) A = ,/(4.0.5)-‘+(2.93)2

3) A = s5in32%o0s59°
Bai gidi
Ta bi€t néu f(x. y) kha vi tai (x4, y,) thi
Af(Xq. ¥o) = f(Xo 4+ AX, yo+ AY) - [(Xos ¥o)-

= f,(X0.Yo)AX + f,(Xo.¥o)Ay + 0(p) (1)

O(p) 12 v6 ciing b& bac cao hon p= YA +ay* .

Khi Ax, Ay khd bé, ta ¢é thé bd qua 0(p) vh ta cé cong thic
tinh gan ddng:

f(xo+ AX. Yo + Ay) = (X5, Yo) + [ (X0, Yo)BX + £ (X, Yo)AY
1) Xétham s6 f(x, ;) =x'y’
Patxy= 1, Ax = 0,02, y, = 1, Ay = - 0,03 thi
A = (X, + AX, ¥p + AY)
If(xo, yo) = 117 = 11 fi(x, y) = 2x%y*: £ (Xq, ¥o) = 22
f.0x, y) = 2x%y, £ (Xo. Yo) = 2.

Vay theo (1 A = 1 +3.(0,02) -2.(0,03)y =1

2) Xét ham f(x. y) = x +y°
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bat x, = 4, Ax = 0,05, yo= 3, Ay = - 0,07
Tuogng ty nhu 1) tacé A =~ 4,998,

L. g 2
) Ta ¢d s1n32% . cos539° = sin [%Jh-—ljco{ﬁ—iJ

180 3 180
Xét ham f(x, y) = sinxcosy va dat x, = Ioax= 2n Yo = L
: : ‘ RO 18" 3"
T
Ay = = —- |
y 180

Tuong tu nha 1) ta cé: A =0,273.

*124. Ham v = f(x, y. 2) goi la ddng c4p bac n néu Vi € R:
f(x, Ay . 2z) = 2" {(x,y.2), (x,y.2) e V
1) Chytng minh ring n&u ham f(x, y, z)ding cdp bic n vi tén
tai f;, f;, f,' tai (x, y, z) thi:
xf(x,y. )+ yf(x,y. 2y + 2§, (x, y, 2) = af(x. y, 2).

2) Chiéng minh riang ham f(x, y, z) ddng c4p bac n va kha vi
tai (x, y, z) thi cidc dao ham riéng cla f 12 cdc ham ding cip bac
n-1.

Bai gidi

1) Theo gia thi&t: f(ix, Ay, Az) = A" f(x, y, 2). (X, y. 2) € V.
Pao ham theo L haj vé dang thitc nay:

x f, (Ax, Ly, kz) + y £, (7.x, %y, Az) + zf,(Ax, Ay, Az) =
nA"t(x, y. 2)
Cho A =1 ta ¢6:
xB' (x,y. 2) + yf' (x,y.2) + 2" (X, y. 2) = nf(x, y, 7)

2) Theo trén {(2x, Ay, 2z) = 2"f(x, y. 2).
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Pao ham theo x hai v& ta ¢6:

LE (x, y, 22) = A"f(x.y,z), A =O0.
hay f (hx, by, kz) = A" ' f (X, y, 2).
Tuong ty f (Ax, Ay, Az) = A" ' [ (x, Y, 2)

f.(Ax. Ay, 22) = A" f.(x, ¥, 2)

nghia 1A cdc dao ham riéng cuia f 12 c4c ham ding c4p bacn - I.

125. Ching minh riadg cdc him sau ddy thod min (12 nghiém)
cta céc phuong trinh tuong ing:

Q

. . S | 1z 2
Dz=yo(x" -y) ot =
- s Xox yoy y
y &L 0z
2 =Xxy + =1 T tY—=xy+
) z=xy xcp[x] xax 3/3.y Xy+z

3) f(x, y, z) = F(u, v, w) véi x> =vw, y* = uw: 2% = uv.
xf, + yf+zf,=uF,+ vF, + wF, .

(Gia thiét cdc ham dél-l c6 c4c dao him)

Bai gidi

1) Patu'=x*.- y°, u = 2x, u,= - 2y
‘—32—- L0 = 2Xy@:
& y'¢u' 1 y(Pu

= QO —y ) +ye(-2y) = @ix* -y ) -2y,
2y

Thay vao phuong trinh ta cé:

1 1 . : z
;-2xy4>'. + ; [cp.u. - 2y‘¢;] = 2y, + %- 2yQ, = -z
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Noau= Lo o-L =L
X X

Z_ e +x .[_J_]
& y (‘Plub (Pn x: >
—=X+X “(l—)
a (P\' X =

Thay viko phuang trink ta ¢6 mét déng nhat thic.

3) Theo gia thi¢t: F(u, v, w) = f( va‘Juw,Ju-;).

Pao ham hai vé ding thic ndy theo u, v, w, ta ¢é:

. LW - Y
F, =f_. +f,. ()
T 2uw 2vuv
. o w . u
F=f. +f,. (2)
* 24 vw 2uv
Fo=f.—v +f.— (3)

Nhan lan luge (1), (2), (3) v6i v, v, w tdi cOng lai ta cé:

uF, +VE +wk =xf_ +yf +f,.

126. Tinh:
1) d°f(0, 0) n®u f(x. y) = (1 + x)™(1 + y)"
2) d°{(0, 0. 0) néu
f(x,y.2) = x*+ 2y 7+ 327 - 2xy + dxz + 2yz.

T -y’ ..
. . . Xy — —:x +y =0
3) f‘} (0, 0), f_u(()‘ M néu {(x, V)= X"ty

0:x"+y* =0.
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4y 4?7 n&u 2 = f(u, v), 1—u(x ¥), v = v(x, y).
Bai gidi

D G y)y=md +)0" (1 + vy, f=n(l +y)" (1 +x)°
Ly)= m(m - D1+ )" (4 + y)"
foay)=moan(l +x)™ (1 + y)™!
fo=nm- DI+ )" 3 (1 +x)"

r;':(o, M= m(m - 1), f:_v(O. 0) = mm, f;z(O,()):n(n—l).

Vay d°f(0.0) = m(m - )dx" + 2mndxdy + n(n - 1)dy*.

2) Theo (2.7) suy rong cho trudmg hgp ham 3 bi€n ta ¢6:

) A :
d*f(x,y,2) = (i—dx+—;;dy+_%dz] z

&
.‘2 a M
- Cfdx af af
8x..
.3 2
+2 fd d.x+2ﬂdxdz+2 ot dydz
Xy oz ez

Tiah todn 1a cé:
~d*f(0, 0, 0) = 2dx” + 4d y* + 6dz* -
- 4dxdy + 8dxdz + 4dydz.

n oL 1,0 R
3) Ta ¢cé: f\(x‘y)=yx 'V+ Xy

+y* (x1 +y’

V6 X7+ ¥y 2 0.

f(X y)_ X —y 4x'y-
X +y

— Vi x* + y? 2 0.
Theey)
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f(Ax, 0y— (0, O)

£.(0,0)= lim —~——27=0, {(0,0)=0
Ax 20 AX -
. £ - 40,0 —Ay?
£, 0= tim =080~ LOO o —ay
- Ay -90 Ay Ay —0 Ay-
f.(Ax,0) - £ (0,0
£,(0,0) = lim o b )=1im§5—=1
Av D Ax A0 Ax
4)y Tacé dz = —aﬁdu+gz-dv\
au ov
dz=d zL—du +d 2dv =
du ov .
=d iz—.du+01du+dai dv+gz—dv
on ov v
2 a2 ' A2 2, .
= éf—.dll.w 7 dudv+-2% 6{. v+ Z ey 2y
au” aadv : du v

—é—.du + idv .z+éd3u+ zdzv
all ov du ov

i

Vay'vi phan c4p hai cda z khéng cé tinh bdt bi€n vé dang d6i

v@i cdc bié€n sd.

127. Chiyng minh cdc ham sau day thod man cdc phuong trinh

tuong Ung:

y. &u  @u
1) u = arctg =, ——+-—:0 (phuong lrmh Laplace hai chuu)
x &x° &y
2 ~2 ~2
2)u = i r=yxT+y 427, — c? Cl":O
r X &yr &z

(phuong trinh Laplace ba chiéu).
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3

ctu . Eu
u=@ix - at) + @x +at), —=a —<
- X"

Bai gidi

1) Fa cé: é}iz;_{.__x]:_‘l

¢ \x) 4y
Y 1+[Xj Y
x

&7 2x &u ~2x s .
e L) T X~ + vy = 0.

&1y Ty (XYY

o & 2 P
F—l,l+(“—l:: ,2xyﬂ,— 1xy”=0 vdi x- + v # 0.
X dy (xh+yTYy (xT+yY

. , A t v X X
2y Tach: —=-—, —= -2
& T X xT+y*42 T
., Qu Clu ér 1 x X
Dodé —=——"—=-——.—=-—F,
X & X r°r -
2% 1 x(=3rr) I 3x?
Pl e o ==t
ox r r S
& I 3 6 1 327
Tuong s =~ =—-—+—", —=——+—
- - - 5,2 A
oy ¥ ! o, r !
. &u &u Ju 3 ATyt 47T RI
Do da: ﬁ+-—,—+7=--7+_—y5__1=__:+__ -0
&y~ oyt o r r oo
vair 2 0
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ybatx -at =%, x + atl=n

L u fu¢ouién fu éu
Tacé: — == =+~ —=—+—,
x M & & oOn

&u &u &u 22%u

PNl v (1)
& 5T Ot G80m

& A & du & ot Qu
= 24— = a— A,
a &a ena &

ﬂ: 2 ai_l} 2‘ 2 a-u 5 E‘U (2)
o &” & -

Do dé: tir (1), (2) ta ¢c6:

u . 2%
o X

128. Tim dao haAm cip mét vd cfp hai ciia cdc ham idn y

y(x), z = 2{x,y) xd&c dinh ti¥ cdc phuong trinh:

Dy=x+Iny
DX -2xy +y 4+ x+y-2=0aix=1

N1 +xy-In(e™ +e M) =90

4)z° - 3xyz = a'

430

3) 2omZ s 10, tinh dz va d°z.
z y

x+y+z=0 .
6) - vai y = y(x), z = 2(x).

Xy 4+ =1

Bai gidi

1) Theo (2.6): vy, =-_-[:EL g day F(x.y)=x + lny - y = 0, do dé:

)



[ y N L
. dao ham hai ve tireco x:

YT TS
y

y _O-yyy oy oy Y

© (y-1y (v-D" y=-n{y-1) -1y

2) Tai x =1, phuong trinh 1o thynh y* - v = 0, ¢d nzhiém Id
=0vay=1.

_2x-2y+1

Vs 2y-2x+1
tai x =1, y=0 y =3 taix=l,y=1:y.=-1I

_ 2y - 2x +1H2-2y") - (2% - 2y + D22
Qy -2x +1)

Y

Do dé: y.=8nix=1,y=0

v.=-Btaix=1,y=1.

e e ®
N 4
\ _xy'-\_) ( X)—ZX
1 x: X: x:
) Theo (2.6) -k —k
Cheo (2.06): r/=—, 2, =—
¢ r: lTl

g day F(x. v, 72y = 7'
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. —3yz v/
do dér 7, =———= = (N
RV AR A

som L G axy#0) (2).
77 =Xy

O @7 —xwyr -y2222 —Y)
3 (Z° —xyY

(X

[hav 77 (1) vao cong thic ndy vi tinh todn ta cé:

T2y
(‘\: (/.: _Xy)3
-1 3
Tuong (g (:—7 = —‘?LZ\
y* (27 ~xyYy
~2 a(7Y Yty - x Sy -
£z _ Mz 2y XY e yvao,
X3y (2% - xyY
5) L=mZo.
2 y

Xét z = 7(x, y), iy vi phan hai v& dang thie ndy ta ¢é:

rdx ~xdz _y ydz—zdy

2 7y
hay yzdx - xydz - yzdz. + 2°dy =0 (1)

7(ydx + zdy)
V(X +7)

Do do dz = (X #-12) (2)

Lai 1dy vi phan dang thae (1) ta ¢é:
vix + 2)d*z = zdxdy + (zdy - xdy)dz - vdz®
Do dé va tir (2), ta ¢o:
77 (vdx = xdy)”

([:/2 1 s (Xi-/).
v(X+2Y



6) Dao ham he da cho theo x:

{l +y +7, =0

. . (1)
2x +2yy, +27z, =0

Do dé: y =272 22X (zaxy).
z2-y 72—y

Lai ldy dao ham hé (1) vA tinh (0oédn ta c6:

v = (x=2)’ +(y-x) +(z-y)
z-yy

7= -y

129. Ching minh cdc ham $6 4n xdc dinh t¥ cdc phuong trinh
sau thod man cdc phwong trinh tuong \ing:

DFx,y,2) =0 : Q.Q.E=—
Gy &z &
2y xXCy*+ xT+y*-1=0: dx + dy =0 (x,y > 0).

J-xt Ji-y

-
NF(x-az,y-bz)y=0 : a%+b(—;;4='l
I3 o

X+ y 427 = @(ax + by +¢z) -
(cy - bx)g+(az,-cx)g:bx~ay.
&x iy
Bai gidi

1) Coi lian lugt: 2 = z(x, ¥), ¥y = v(z. X), x = x(y, 2), theo
(2.6) 1a co:

\ - b3

& ¥ ‘&z FE & FE

} [N

& -F &y -F & _ -F
Nbhén cic dang thie ndy v& vdi v& ta ¢6:
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&x &y &7

oy e ox

2) LAy vi phan phuong trinh 44 cho ta ¢é:

2xy dx + 2x°dy + 2xdx + 2ydy = 0.
hay X(1 + yHdx + y(1 + x*)dy =0 (1)
Tir phuong trinh dd cho ta cé:

X =t l_y:. y = iJl_x:
l+y~ 1+x~

Vi xy > 0, nén thay vido (1) va rdt gon ta cé:

1—-y*dx +vI1-x*dy =0 hay dx + dy =0

1-x* -y’

N Patu=x-az,v=y-bz, tacd F(u, v) =0.

cz F; _ F:. ~U: _ F:
F,.u,+F,.v, —aF -bE

1

& F

o]

v

lz
tuong Ly —6;_ W

3 iz &z aF +bF
Do d6: a_—+b—=——FF-—
& ¢y aF, +bF

4) bat ax + by + ¢z = u, ta ¢cé:

XTH V72T = @u) =0

Cr _ _2x-ag, ¢z 2y-bg,
& 2z-cq, ly  2z-c@,

Do dé va tinh todn 1a cé:
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130. Bicn doi cac phuong trinh sau bang cich ddi hi¢n séa:

1372
(cy - bz)—+(az —cx)
¢ x

-~

o

-
by - ay.

DY (x + D)y" - 2(x + Dy ' +2y =0, dat x + 1 = ¢,

n = Xx + at.

2) (1 - x)'y" - xy' =0, dat x = cost.
oz 1372 N s
N y—-x—=0,datu=x,v=x"+y".
X
au L é% .
*d) —=a —, a=0,da Z=x-at,
ar ox”
v & .
w5y S8, %20, dat X = rcos@, y = rsing.
X oy

*¥6)(y - 2)2', + (y+2)2’, =0 véi dn ham x = x(u V). 0=y -z v=y+2

Bai gidi

DTacéd: x+1 =¢", x

=<,

y, =

>

Ve =0 = ey — ey

Do d6 phuang trinh di cho bién déi thanh:

dac

cMe™ d_?’ U A PR .d—y+2y =0. hay dy
di-  dt dt
2) Ta ¢d: x = cosl, dx = - sintdt.
+_dy dy 1 dy
Ve dx —sintdt  sint
- 1 dy . 3 1 dy cost dy

-

{

sint dt

J

1

‘*9!+2y
dt

1

sint dt*

sin~ t dt

I

st

)

=0.
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Thay vio phugng trinh di cho, ta duge phuong trinh:

. {* 08 ’ rost d .
st -—l—-i-—g——ﬂd—) +i.o;_y:0 hay d’y =0.
sin~t deo  sin” o dt sint dt dt-

ITacbu=x,v=x +y°

i’-E“-zl,ﬂ:z)(‘ﬁ:n

ox X oy

&2 zlu v 2 13/
—_— = — — = —+2X—
& Ooudx Ovix Ou ov
&z v &z

oy w

Thay vao phuong trinh da cho ta cé:

ez, &z & &7, &z
y—-X—=Yy —+2x — |-x2y—=0
ox I o v v
Y,
hay yg=0 va ﬁ:(), I3 phuong trinh d3 bién d6i.
Qo Au
4) Tacé & =x-at, n =X + at, _;=1,§_:_a‘@:1,@=3
a &x

A _ul duin_ & A
& &ox nx & én

Pu_ofa ) _2(a) ofa
& ez ) a&lér) exle

cu & &u 6T|+ &u ¢

ENGEE NS

2 2 62 ‘32
_+61fa“‘n Eu+2 u  Qu
Brl_

AT ox o adZon X InéE &x

Tuong nr:




Thay vao phuong trinh da cho, ta ¢6 phuong trinh:
2w S . e
—— =0 13 pluong trinh theo bién méi Z, n.
c3cM

5) Ta ¢é: x = rcosp, y =rsing .
Lay dao ham cdc ding thidc ndy theo x va y ta cé:

cx

I =cos al ~rsin@Q-—
oe x 13

0 = cosg —ai—rsin(p——
oy 3,

. er o

0 = sinp —g¢rcosp—
P @x* q)éx
@

sing o +1COSQ
’ ey

1 =
Giai hé nay ta cé:
_(?_r:COS(PE_:_smcp‘ c:l - in ll%:wscp
X r cy By r
Tinh:
Qu_ua fwop fu_fuwd Aulp
& &dx G x y &y Oy
Theo (1) thi:
&u &u Ausing & Qu Au cosg
— = —cosp-—— . —=——sinp+— .
éx  or & r &y o &p v
Su_f(a)a £ (a)s
&7 aldx)ex dpléx ) éx
ﬂ.—smq)]coscpwL é[gcos¢ - —(EE.——-S“)@
op | or & r

or

a3

é [C\\
—COS@——=
op ot

X

sing
r



a7u N +('u sin’ zé’u 1.09(p§|n<p zu sin” @

= — cos @ = (2)
a- cr r a0 ' ap- 1
Tuong tu:
& O al ‘u cos’
I3 111: 12 t) i CP_'_ﬂcoq ¢ _ 0 COR(pﬁlll(p Cu cos (3)
&y ar % N oo r E(p' e
Cong vé vai ve (2) va (3) ta c6:
Fu &u &u 1 & | Qu
—t ===t +5.—5=0.
Sx” oyt &Toor oot Q¢

&) (y ~ 2, + (y + 22’y = 0 (1) dx = x",du + x’dv, du = dy - dz.
dv=dy+dz > dx=0"+x’ )dy+(x u—xv)dz(2) dz=7dx+ 2z’ dy > dx =

dZ Z ) _Z 3 ) l l

y
d}' 3). ). (3)Z>x +KV—*,—.X(.—XV=‘*,-’E2,(— v T
A . — X
X X X X A u
. Xy X . . _u
z, L (DX X, = —
X, - v

v u

§3 CONG THUC TAYLOR - CUC TR]

3.1. Céng thic Taylor
- Né&u f(x, y) khia vi n + 1| 1in tai lan can didm (x,.y,) thi
trong lan can nly, ta ¢6 ¢ong thitc Taylor cip n:

.
f(x.y) = £(X0.yo) + df(X4,¥o) + = d*f(xg.ye) + ... +

by + 47 (x o+ Bdx.yo+ Bdy) (T)
nl.

(x+ 1)
Vai X - xg = AX = dx; y - y, = Ay = dy.

0 <0< 1, R,(x) =;d"”(x0 + 0dx,y, + 6dy) goi 12 s6
(n+1)!

hang du.
Tuong tu, ta ¢6 cong thite Taylor cdp m cua ham n bi&n f(M)

L. A . . s o o
vai M(X,. Xs, ..., X,) tai fan can didm Mg(x], x$, x5 . x0):

f(M) = £(M,) + df(M,) + % AT (M) + ...+

+ Ld“'f(Mn) +

n! (n+1)

'dmvlf(Mu) ('[-i)



vér M(x0+0dx, . xS + 0dx., ., x2 + 0dx,), 0 <0 <.

Trong céng thic (T), (T') néu thay x4 = 0, yo = 0 (x! =

0 o ) , . . N .
X=Xy =...= x?_ =0) ta c¢bé cong thirc Maclaurin cua ham bai (n
bién).

3.2 Pinh nghia cyc trl - Diéu kién cdn
Dinh nghia

Ham z = f(M), M(x, y) xdc dinb tai lan can s cia diémn
Mu(X,, ¥o) goi 12 dat cuc dai (tifu) tai My néu VM € s:

f(M) < f(My) (f(M) 2 f(Mp).
Ki hieu f,. = [(Mg) (f,,, = f(My)).
Cyc dai, cuc tiéu goi chung 14 cye tri.
Diéu kién cdu:
- Néu ham f(x, y) dat cic tri tai (Xg, ¥p) v cé:

[ (Xo¥0) f,(Xg.Y0)

thi f (xg,y,) = f;_(xo. ¥o) = 0, (X, ¥Yo) 201 1A m6t diém dirng cia
ham sa6.

Chit v:

- Cyc tri cia ham s& ciing ¢é thé dat tai cdc di€ém cic dao

ham khéng 1én tai hoac bang =. Pi¢m ditng va cde diém trén goi
chung 1a cdc didm bar (hirgng (161 han) cda ham sé&.

Didu kisn di
- N&u ham z = f(x, y) lién tuc trong lan can s cBa diém
Mo(X0.¥0)s €6 F(Xay ¥o) = F,(Xou ¥5) = 0, £,0x,¥), £ (xoy), (2 y)

lign tuc trong s v d™l(x,, Yo) # 0 thi f,,(fu,) = ((Xe. yy) khi
d (x5, Yo) < 0 (> 0) trong s.



Va f(x, y) khong dat cyc tri tai (x4, yo) khi d*f(Xg. y,) thay
déi diu trong s

Didu kién di nay cé thé suy rong cho ham n bién bat ky ¢é
cidc dao ham dén cap m (chan) lign tuc i Mg, va ("(Mg) =
= fM)=...=0" "M =0, ("™ (M,) #0.

Trong truong hop ham hai bién z = f(x, y): dat A = f::(xo.yoi.
B=f‘}(xo,yo)‘C:f\":(xo,yo) thi didu kién du trén twong duong véi
didu kién: néu tai 'MO

A<O (>0), AC-1B>0thi f,,(f,.) = (X Yo

AC - B” < 0 thi f khong dat cuc tri tai M.

AC - B” = 0 thi f ¢6 thé dat hoac khéng dat cuc tri tai M,.

3.4. Cyc tri cla ham &n

Cho hiim an z = z(x, y) trén D xdc dinh ti¥ phwong trinh F(x, y,
2z) = 0, n€u ham z hai lAn kha vi lién tuc trong D (¢dc dao ham
rieng c&p hai déu lién tuc) va (xg. yo) € D 1A mot diém dimg cia
z thi (Xy, ¥,) thod min he:

F (Xg.Yor %) =0, F (x4.Y,, 2)=0, F(Ro.y5,2,) = 0 7, =7(x,. v)

vl z dat cuc dai (tidu) tai My khi dz(xq, ¥o) < 0 (> 0) trong
lan can cua M,.

véi dz= - T a2 CF g SV |
F,| & oxly oy°

3.5. Cuc trj b diéu kién
Ham 7z = f(x, y), (x. y) € D (1) goi la dat cuc dai (tiduv) tai
diém (x4, o) € D, v6i diéu kiegn ¢(x, y) =0 2).

N&u vét moi (x, y) € s lan ¢an cua (Xg. Yq), thoad min (2) ta
€61 f(x,y) = f(xp, Yo} (2 f(Xg. Yo))-

Cuc dai (tiéu) d6 goi chung Ia cue tri cé didu kién.

4406



Cach tim: név 1 (2) giar duge y = y(x) thay lai (1) thi z =
f{x. y(x)] ta bam mot bién dad bict cdch tim cuyc tri.

- Phuong phdp Lagrange

Viéc tim cuc tri cha ham (1) v6éi didu kién (2) duva vé viée
tim cyc (ri coa ham Lagrange:

Dd(x, y) = f(x, y) + 2¢(x, y}, » € R.
biém ding (x,, yo) ciia @ duge xdc dinh tr he:
d)" =0, (I)') = 0, (p(x) y) =0

néu d*®(xg, yo) < 0 (> 0) thi ham (1) dat cuc dai (tiéu) véi
didu kign (2) tai (X4, Yo). (f, @ c6 dao ham riéng dén cap hai lién
tuc va @, +@; = 0 tai (Xg, Yo))-

3.6. B&i toan fim gia ii 1n (bé) nhét

Pé (im gia tri 1én (bé) nhit cva ham lién tyc z = f(x, y) trong
mién compact D, ta

- Tim cédc di€m dimg cia z tai cic diém trong va trén bién
cia D (diém ding ¢é diéu kién).

- Tinh giA ri ciia 2z tai cdc diém dling d6, so sidnh cdc gid tri
dé ta s& c6 gid tri 16n (bé) nh4t cian tim.

BAI TAP
131. Vi€t cong thic Taylor coa cdc ham sau day tai cdc diém
tuong Wng:
1) f(X.y) = - X"+ 2xy + 3y~ - 6x - 2y -4 ; (-2, 1).
2) (X, Y. 2) =X+ y 4+ 27+ 2xy -yz-dx -3y -z + 4 (1, 1, 1)
1) f(x, y) = ¢'siny, (0, 0), c4p ba.
4) f(x, y) = cosxcosy, (0, 0), ¢Ap bdn.
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Bai gidi
Vi f(x, v) 1d mot da thire bace hai cda (x, y) nén cac dao

dm c4dp ba choa f(x, y) déu bang khéng. Do dé céng thitc Taylor
cua f(x, y) chi ¢d cdc s6 hang d&n bic hai.

Theo (3.1):
f(x,y) = (-2, D+ (-2. D(x +2) + f')(—Z, Iy - 1) +

+ —;-[f (QD.x+2)" + 20 (=2,D(x +2)(y ~ )+ f:: (-2.).(y - 1)3]

dgday: 6(-2, =1, (x,y) = -2x + 2y - 6, [',(-2, 1) = 0.
f,(x.y) =2x + 6y - 2, (-2, 1) = 0,
(xop)=-2. £,y =2, f(x. ) = 6.
< - ).

Vay cong thace Taylor phai tim la:
f(x,y) =1 - (x +2)7 +2(x +2)(y - 1) + 3y - D~

2) Tuong ty nhy 1) cong thdc Taylor caa f(x, y. z) ciing chi
¢6 d&n cde s6 hang [y thira bac hai:

f(x,y,7z)=f1,1,1)+ %[f‘,(l, LD.x-D+0 (L LD (y-D+
+ 000, D(z- D] + %[r": (LLD.x-D"+f, (0,1, D .(y-1Y+
1= v

+ 6L L D@ - DY+ 20 (1L D(x - Dty - D+

+ 26, (1, LDy - Di(z- D+ 26, (1, 1, Dz~ D(x - D)

g day: f'(1,1.1) = 0.

f(x,v.2)= 2x + 2y - 4; f(1,1,1)=0
f(x,y.2)=2y +2x -z-3; [ (1,1, =0
f(xy)=2z-y-1; . f(1,1,1)=0
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f.xy2)=2, f.xy2=2, f;: (x,y.2)=2,

f(x.y.2)=2. f;,(x‘y.z) =-1, f, (x,y,2)=0.

Vay co6ng thic Taylor phai tim 1a:
fi(x,y,2)=(x- 1YV +(y-1D+@-1)+.
+2(x- Dy - -(y-D(z-1)

3) f(x, y) = e'siny.

Ta c6 £(0, 0) = 0, f, = e*siny, f,(0,0) = 0, f = e*cosy,
£,(0.0)= 1, £, =e'siny. f,(0.0)=0,
f,,=¢*cosy, [ (0.0)=1, f;, =—e'siny,
f;=(0.0)=0. [, =e'siny, (,(0)=0,

f;, =—e'cosy, f;3(0.0)=-—l‘ f;,,=e‘cosy,

f,0.0=L, f;: =—e'siny. f"2 ©,0)=0.
Xy 1 4

Do d6: f(x,y) =y + xy + ———+R,(x,y)

4) Tuong tu, ta cé:

f(x,y) = cosxcosy =1 -

x*+y° +x“ +6x°y* +y*
y

+ .
o 2 R,(x.y)

132, Tim cyc tri cia cdc ham:
Dz=x>+xy+y>-2x-Yy

Yz=x’y(6-x-y), x>0.y>0

3) 2 = xy JI-x* -y



-

4)yz=35- (x2+y2)§

Syz= (x2 +y1)e‘“2+’2’

6) z = X + y + 4sinxsiny

7y 2 =x* +y*- 2x% + 4xy - 2y°
B)u=x*+y +2°- Xy +x-2z

2 2
9)u=x+y—+—+2 (x,y,z2>0)
4x y 2

Bai gidi
1) Bi€m ding cda ham s& duge xic dinh (¥ he:

tz;=2x+y—2=0 x=1

giai ta c6 {
2, =2y+x—-1=0

y=0
Theo (3.3), ta tinh:

z, =2, z,, = Lz, =2
y

A=12,010=2 B=2,(,0)=1, C=2"(,0)=2.
x y

3dly A=2>0, AC-B*=4-1=3>0.
Vay z dat cyc tiéu tai (1,0), 2z, = 2(1,0) = - 1.

3

2 z=x’y*(6-x-y) x,y>0
Z =6x3y: _x4y2 —xly

{z; =18x*y* —dx'y’ ~3x’y* =0
. _ 3 3,1
z, =12x7y - 2yx* -3y’ =0

Z, =x"y (18- 4x~3y) =0
hay \
z, =x"y(12-2x-3y)=0
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Giai hé nay vai didu kién x, y > 0 ta ¢6 dié¢m ding (3, 2).
I'inh:

z°, =36xy” —12x7y* —Gxy"

z;, = 36x°y —8x’y - 9x°y*

2, = 12x°-2x* - 6yx*
y

Do dé: A =7, D =~144 B=2z,(32)=-108
C= 72,3,2)=-162, AC - B* =144.162-108" >0
y

g day A =- 144 < 0 nén z dat cuc dai tai (3,2):
Zoae = 2(3,2) = 108.
Cha ¥

- Néu thay diéu kién x > 0, y > 0 bang didu kien x >0,y 2 0
thi ta ¢é thém cdc diém diung: (x, 0) (cdc diém trén Ox). RS rang
tai (x, 0): AC - B® = 0, nén ta chua thé khing dinh tai d6 ham cé
cyc tri hay khong. B& khing dinh ta phai xét theo dinh nghia:

Az(x, 0) = (x + Ax)*Ay*[6 - (x + AX) - Ay]"
= (X + AX)*(AYH((6 - Ay)(x + Ax) - (x + Ax)?]
Rd rang khi Ax, Ay kha bé thi:
Az(x,0) <O khi- © <x<0, 6 <x<+ .
Az(x, ) 20 khi0 < x <6.
Viy tai (x, 0) v6i -0 < x <0, 6 < x <+ ham z dat cyc dai:
z =2z2(x,0)=0.

max

vd vdi 0 < x < 6, ham z dat cuc tidu: 2z, = z(x, 0) = 0 tai (0, 0)
v tai (6, 0) ham z khéng dat cyc tri vi Az(x, 0) thay d6i diu qua
cac diém dé.

DNz=xyl-x*-y', dat I-x*-y'=u
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(=227 ~y) , Cx(=xT=2y7)
u o u

Ta ¢6: 7z,

He 7, =0, 2, =0 cho cdc diém dimg:

11 o 1 1 1 11
P.(0,0), Pl ——=|P|-——=——= | P|—~— | P|-—=.—=
| (q JE] A 7) [\E ﬁJ [ J.?J?]
Tinh:
_—xy(3-2x - 3y%)
. -

C =37 -3y 4 oxt 437y 2y

z
A R
y u

_=xy(3-2x" -2y")
vy u:l
Xét 1ai cdc di€m diung, tinh todn ta ¢é6:

Tai P,(0, 0): AC-B*=-1 < 0: haim z khong dat cuc tri.

. 1 1 )
Tai x=t—=,y=%—: AC-B*=4>0nénP,, P,,P,, P 12
V3 J3 !

chc diém cuc tri cna z.

. 1 Lo
Tat P., P,: A = z‘:[:t——.iL}z—%<O nén z dat cuc dai tai

cdc diém dé:

. ’ 1 [ 4 . .
Tar P, P A = z::[i“;t ]:5>0 nén z dat cuc tidu tai

cac didm dé:
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H2=5- (x3+y']-i
Ta thdy V(x, y) € R*. 2 - 5 < 0 hay.2 < 5 = z{(0, 0), do dé z

dat cue dai wai (0, 0), z,,,, = 5.

Syz = (x: +y1)c"‘:'-‘:’

Ta cé6: z, =2x(1—x’ —yz)]c'“z""’

z, = 2[y(1 -x* - y:)]c..,2+>1,

He¢ z, =0,z =0cho cdc diém dimg 13 di¢m (0, 0) vk cdc diém
trén dudng tron x™ + y* = 1.

- ?(él tai lan c4an dié€m (0, 0) ta cé z > 0 = z(0, 0), do dé z dat
cyc ticu tat (0, 0): z,,, = O.

- Xét cdc diém (rén dudng tron x* + y* = 1.

Patt =x* + y* (hi z = t.e”' 12 ham mot bién,

z;=¢'(1-0D=0 khit=1, z,<0 (> 0)khit> 1 (< 1).

1. nghia 12 né dat cuc dai tai cdc diém

!

Vay z dat cue dai tai t =
=1, z5,, =€ .

trén dudng tron x° + y?

6) Z = x + y + 4sinxsiny.
Pé tim diém ding cia z ta cé hé:

Z, =l+4cosxsiny =1-2si(X —y) +2sin(x +y) =0
z, =l+4sinxcosy =1 +2sin(Xx —y)+2sin(x +y) =0

gt L ~ é n
[t be ndy (acd: x +y = (- l)"‘”g + mn

)
X -y =Kkn
vi cdc diém ding:

453



x=(—l)‘““.—%+(m+k)£
M,k : 2 mke?) ()
y ==+ m-k=
- 12 2
Tinh:
z', = —4sinxsiny, 2, = 4coSXcosy, 2, = —dsinxsiny

T

Tai cdc diém dimg (2) va theo (1):

AC - B°

I

- 16 coskn.cos |:(—l)'"".§+ mn}

(- 1)'“"‘".16:05% (m, k € Z).

2 dat cuc tri khi AC - B> > 0, hay m + k + | 1a s6 chdn hay
k + m 12 s6 1é.

Tinh A = 27,(M,, )= (-D"V3 - (-D*2.
Néu m chin, k 1& thi A = y/.;+ 2> 0:

n
S S - W
R -2 f 3

Néu m [é, k chdn thi: A = - \E- 2 <0:

1]

z dat cyc tidu: 2., = z(M,,)

z dat cyc dat: z,,,, = z(M,,,) =mn + 2 + ﬁ+ —765

7yz =x*+ y*-2x7 + dxy - 2y°.

pidm dung cita z duge xdc dinh i he:

Z =dx - +4y =0
z, =4y’ ~dy +4x =0

Giai hé ndy ta cé cac dié¢m dimg:
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Tinh:

M, (0, 0}, Ma(¥2 .- v2), My(- 42 ./2)

z.=12x" -4, z;, =4, z',= 12y - 4.

y

Tai M,: AC- B> =16 - 16 = 0, ta s& xét saun.

Tai M,;, M;: AC-B*=400-16 >0 va A =20>0.

Do 46 z dat cuc tiéu tai M., M.z, = - 8.

Bay gid xét tai M, vi AC - B* = 0 nén phai xét:
8z(0. 0) = Ax* + Ay* - 2(Ax - Ay)?

n€u Ax

néu Ax

Ay thl Az(0, 0) = 2Ax* 2 0
- Ay thi Az(0. 0) = 2Ax3(AX? - 4)

vd Az(0.0) < 0 khi 0 < |Ax|<2.

Vay Az(0, 0) thay d8i d4du trong l4n cin cva M,, nghia 1A 2
khong dat cyc tri tai M,.

Bu=x*+y*+2°-xy+x- 2z
Piém dimng cia u duge x4c dinh tY hé:

U =2x-y+1=0

u, =2y-x=0
u,=22-2=0

1

hé ndy c¢6 nghi¢m duy nh4t: x = -g‘y=——.z=l

3

vi ta cé | di€m dixng: M(—%.—%‘l).

Ta tfnh:

d*w(M)

udx’ + u;:dyz +udz’ +2udxdy +2u;,dydz + 2u;,dzdx

2(dx* + dy* + dz*) - 2dxdy
2dz* + (dx* + dy*) + (dx - dy)* > 0
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Do dé, theo (3.3), u dat cuc tiéu tai M:

=u(M) = - %

umln

2 2
9)u=x+l—+£—4——2— (x,y,2>0).
z

4x y
1
ulzl—-z—-_-o
4x
y 2z’ . 1
He¢: {u,=--=-=0 cho diém ding duy nhat: M(—, 1, 1)
2x y- 2
u‘=-2—z-—-27=0
| y z
’ -y 1 22
Ta tinh: U'::‘X—;. v, =—5, u, =0, u,=—+—
Y2 Tox? 2%y
. .
2 y Z)‘ xy yl M

d*u(M) = u(Mydx* +u;:(M)dy= +uy (Mydz” +
+ 2u, (M)dxdy + 2u,, (M)dydz + 2u,, (M)dzdx

= 4dx” + 3dy? + 6dz’ - 4dxdy - 4dydz.
Pay 12 mot dang todn phuong cua cic bi&€n dx, dy, dz.

Theo tiéu chudn Sylvester trong dai s6, ta xéu:

-2 0
4 —
A‘=4>O,A==» j=8>0‘ Ay=123-21=32>0
e -2 6

Vay theo ticu chudn dé d*u(M) 12 xdc dinh duong nén hdm u
dat cuc tiéu tai M: ug, = (M) = 4.
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133. Tim cyc tri coa cac ham 4n z = z(x. y) xéc difah tr cic
shuong trinh:

D x +y 42 -2x+4y-62-11=0

D) x’-y'-3x+4y+2°+2-8=0

D xPeyreztoxz-yz+2x+2y+22-2=0

D xteyrzt-2x*+y'+2)=0

Boi gidi

1O day F(x,ya2) = x> +y> +22-2x + 4y - 62 - 11 = 0.

RS rang phuong trinh xdc dinh hai bam 4n: z = z,(x, y) va
2 = 2,(x, y). Theo (3.4) diém ding cia z duge xic dinh tir hé:

F,=2x-2=0, F, =2y+4=0
{F'(x.y.z)=x’+y3+z’—2x+4y-62—ll=0
Giai heé nay ta dugc:
X, =1l,y,=-21dng véiz =8
X.=1,y.=-206ngvéiz,=-2
Ciing theo (3.4), ta xét d°z

8 day F,=2, F,=0, F,=2,
F,=22-6, E(1,-2,8) =10, F(},-2,-2)=-10

Do d6: d%z, = -%(del +24y°) <0

d*z, = - “116(2‘“: +2dy*)> 0

khix =1, y=-2,(2)p =8.(2)pn=-2
Td phuong trinh di cho ta ¢é:

z2= 3% J25-(x-DF +(y+2)

Mién x4c dinh D cda 2 12 hinh trdn:
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(x - 1) +(y+2)?<25
Trén bién cua D, tac 13 dudng trdn (x - 1)* + (y + 2)? = 25

z, dat cuc tiéu: (z,)p,. = 3. 2. dat cuc dai: (23)p, = 3

D F(X,y.2)=x'-y*3x+4y+2°4+2-8=0
R& rang phuong trinh nay xdc dinh hai hdm 4n:
z2=2,(X,¥) Z=2s(X,Y)
Céc diém ddng cua 2 duge xdc dinh tir he:
F,=3x*-3=0, F, =-2y+4=0
{x’—y2—3x+4y+z: +2~-8=0

Giai hé nay ta cé:

M, (-1, 2) v6iz =1

M,(-T, 2) v8iz =-2

M, (1, 2) véiz =2

M,(1,2) véiz =- 3
Ta tfnh: F,= 6x, F, =0, F;:= -2, F=2z2+1

Xét d*z(M)) = - %(~6dx2~2dy2)=§(6dx1+2dy’)>0

d*z(M,) = - %(‘6‘1": -2dy*)= -%(6dx’ +2dy*) <0

d*2(M,) = - %(6‘8)(3 —2dy%)

d*2(M,) = %(6dx2 - 2dy*)

Do dé: z,,, =z(M,) =1
A Z(Ml) =-2
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Con tai M,, M,, z khong cé cue tri vi d*z(M,), d’z(M,) thay

d8i dau trong 14n cAn cia M,, M,, ching han xét d*2(M,)

s 4,
khi dx = dy thi d"z(M,) = - ?dx‘ <0,

khi dx

a 2., .
0 thi d°z(M,) = ;dy' >0.

Tir phuong trinh da cho, giai ra d6i véi z ta cé:

z= %[—li 33—4x:+4y3+12x-l6xy]

Do d6 z cdn ¢6 cuc tri tai nhitng diém trén dudng cong:

4x* - 4y? - 12x + 16y - 33 = 0:

(Zl)mm = - (Zl)ma‘ =-

1 1
2’ 2’
NFX,y,2)=x"+y +2°-x2-yz+2X +2y + 22 -
Diém ddng cia z duge xdc dinh 1 hé:

F,=2x-z+2=0, I, =2y-7+2=0

X 4y 477 Xz -yz+2Xx+2y+22-2=0
Giai hé nay ta cé:

M(-3+ 46, -3+ Jo)véiz=-4+246

M:(‘3-\/E,-3- Jg)véiz:-4-2J€

Tinh: F,=2, F.=2, F,=0, F,=22-x -y +2

v

Do d6: d*2(M,) = - \/lg(dx:—dy:)'((}

diz(M.) = L(dxl +dy ) >0

Jo

=0
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Vay  z =zM)=-34+ 6

Zon = 2Z(M.) = -3 - \[(:

.4

HDEFx.y, ) =x+y' + -2 +y +27)=0
F, =4x'-4x=0,F =4y’ -4y =0

Hé¢: * T Y . Y
x'+yt+zt -2 4yt +2%)=0

Cho cédc diém dimg cua z:

V2. ML(0, 0 vsiz = -2
Ma(L. 1) véi 2 = Y1443 . Mu(-1, -1) v6i 2 = y1+43
Mg(1. 1) v6i 2 = - Y1443 . My(-1,-1) vGi 2 = - {1 +43

Tinh: F.

M (0, 0) véi z

12x7 - 4, F;:-—- 12y* - 4

F, =0, F,= 42" - 42.

Do dé:

d*2(M,) =—Jl-?(dx: +dy’) > 0, d*2(M,) = - —=(dx* +dy’) < 0.

V2

dz(M )_M < 0, 8*z(M )-M >0
AN Y e ] 5.6/ — = -
3+303 Jie33

Vay 2., = 2(M)) = V2. 2., =2(M)) = -2

Zpay = Z(M_xlg) = ﬂl+ 3 Zoay = Z(f\/li 0) = _“]4.‘,;_

134. Tim cyc tri cha cdc ham s6 sau vai cic didu kign trong
Ung:

Nz=x+2y, x’+y =5
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27z = xT+y°,
A > S X >
3)[)=X'+y'+2‘\7+--—+1'=l

Yo = x +xito+x), X, + Xy + .+ x,=na (a>0)

Su=xyzZ',x+y+z=a (Xx,y,z,a>0)
6) u = sinxsinysinz, x +y+7=§ (X, y,7z>0)
7)1|=5—+};i,x+y+z=s (x,y,z,s>0)

FRYu =Xy +x2, X" +y =2, x+2=2 (%x,¥.2>0)
Q) u =xyz, xXy+yz+zx =8 (x,y,z2>0)
1O u=xyz, x +y+z=5xy+yz+2x =28
Bai gidi
1Y Theo (3.5) ta 1ap ham Lagrange:
DX, y) = f(x, y) + 2@p(X, y) =X +2y + A(5 - x* - y°).
diém dimg cda z dwge xdc dinh tr he:
O, =1-2)x=0, D =2-24y=0

{x:+y1 =5
Tir hai phuong trinh déu ta cé:

K= ooy=o

20 7

thay vho phuong trinh thi ba:
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Vi ta ¢6 didm dimg:

M, (1. 2) \ing v6i 7. = %
M.(-1, -2) Gng v&i % = %

Tinh @', =-2%, &', =-2), & =0.
X~ )‘ By

Do dé d*®(M,) = - (dx* + d°y) < 0, A*B(M,) = dx* + d’y > 0.
Vay z dat cuc dai (ti€n) voi didu kien x* +y* = 5.
tai M, (M1), 20 = 2(M) = §

2o = 2(M,) = -5

2) Ta lap ham Lagrange:
D(x,y) = x7 +y* + A6 - 3x - 2y)
Tim diém dimg:
®, =2x-3.=0
®, =2y-24=0
Ix+2y=6

Hé ndy cho diédm ding M Bi 12 ung va4i k. = -I—z
13 13 13

Xét d*®, tatinh @, =2, ®, =2, =0
1 y©

Do dé: d*® = 2(dx* + dy’) > 0. Vay 2., = z(M) = j—é

12

3) Lap ham Lagrange:

D(x,y,2)=X"+y +2° + ‘){1-£—!—-z’]



4 4
- 2yA 2
O =2y-——=0 -=|=
He [Py =%y 2 hay qy[l 2] ¢
@, =2z-22.=0 2(1=1) =0
x* oy, oy
—+—+z =1 4+l 4=
23 Z + Ttz

Né€ui=1thix=0,y=0,2==% 1
A=2thix=0,2=0.y= +2
A=4thiy=0,z=0,x= 1% 2
Vay ta cé céc diém dimg:
M, .(0, 0, £1) véi A = 1,
M, (0. * v2.0) véi A = 2,
M, ((£2, 0. 0) vGi X = 4.

@ .= 2[1-);]. @, = 2{1-7—‘],
i g R 2

@, =2(1-1) @, =0. &, =0. &, =0.

X

Ta c¢6:

Do dé:

: LR 1,2 3,4 .,
d'Q)M ) = 21’_ ‘+2l"— ":.-.dx‘+d- 0
d*OM, ) = 2[1-—;-}:{1(’ -dz® =dx* -dZ’

AO(M, ) = 2[1 -%]df +2(1- 4)d2* = —(dy* +6dz°) <0

Vayu,,=uv(M, ) =1, u = u(M; ) = 4.

max



Tai M,,. v khéng Jdat cuyc tri vi khy dx = 0, dz # 0 thi

dXD(M,,) = - dz- < 0, con khi dx = 0, dz = 0 thi DM, ) = dx°

> 0,

cuc
=2

464

nghia [d *B(M. ) thay déi dau trong lan cin cua M, ,.

u =X Hxd )

n®

X, +X, +...+x, =na (a>0)
L.ap ham Lagrange:
@ = X, +X1 +o X, HAMA-X, =X, = —X,) .
Piém dung ciua u duge xdc dinh tx he:
O, =% -%=0(=1L2,..,n)
X, ¥X,+..+X, =na

Giai hé ndy ta ¢é didm dimg M(a, a, ..., a) ung vdi % = kT &
Xét d°D ta cé:
. 6x ,i=j
Py = {o\l i :; (ij=42,...0)
Do dé:
DM = 6(x,dx] +x.dx3 + ..+ x,dx]) = 6a(dx; +dx} +...+dx’)>0

vay ulll!ll = u(M) - I)a“-

S)u= xy'z', x+y+z=a

RS rang cyc tri cua u va v = lou 1A nhu nhau, do 46 12 xét
tri cta: v = Inu = Inx + 2 Iny + 3 Inz v&i didu kién x + v + z

Lap ham Lagrange:

O=Inx+2lny+3Inz+i(a-x-y-1z)

. - S
Hé: (D‘=l-/-.=()‘d)\:z—)‘=0,®z=——).=0. xX+y+z=a
X Ty z
a

Cho diém dimg: x = —,y=

6
7 .

a

| ®

a .
‘2:5 ttng véi 2 =



. N 3,
Xét: d'¢=—[ l dx'+—2:dy'+—,d2‘]<().
7

6) u = sinxsinysinz, x +y +z = g (x, y.z>0).

R& ring cyuc tri cia ham u vid hdm v = Inu = lnsinx + lnsiny +

Insinz 12 nhu nhau. Do dé ta lap hidm Lagrange:

. . . ., T
@ = lnsinx + lnsiny + Insinz + /.(5 -X-y-12)

Diém dirng cia v (ciing 12 cia v) duge xdc dinh tir he:

® = cotgx - A = 0, ® = cotgy - L =0,

<D'l=cotgz-}.:0‘x+y+z=§ (X, y,z>0)
Giai he nay ta cé:
.
X = =z = —.A,:«/:;
y 6
Tinh: d)”: == l« ’ q)—: == 1‘. ‘(Dl.z =" l«
¥ sin“x Y sin"y * sin- z

b, =0,0,=0,0, =0

Do dé d’¢:—[ S A2 ]<o
sSin~x S y [31) M/
Vay u,, = u _7_[.‘1‘.11 =l_l__l_=l.
' 6’6°6) 222 8

7) u

xll+ n+Zn
=y+.x+y+z=s(n>l;x.y‘z,s>0)
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- Xét ham Lagrange:
D(x, V. z):%(x" +y" 42+ AGE-X-y~-7)

nx n-1 . l,lyn—l nzﬂ-l

He @ = -h=0, ®, = 3 -A=0, @, =

-x=0,
x+y+z=1l.s

cho diém ding M(

w | w»
w |«
|
~
&
>
1
[l=]
Vi
v [ w
—
v

Tinh:
o = n(n—l)xn_:‘ o = n(n~l)yn4‘ CD": - n(n-1) 2",
x 3 y” 3 : 3
b, =0,=0, =0.

n-2
Do d6: d*d(M) = &%[2] (dx* +dy® +dz*) > 0.

Vay: U,,,= U 'S-‘iti = E -
333 3

T dé:

x"+y"+2° S[X*ty+z
3 3

J vis=x+y+2 (x,y,z>0).

BYu=xy +xz,x +y’ =z, x+z2=2(x.y,z>0).

Vix +z=2uénz=2-x va bii todn dva vé viéc tim cuc tri
cua hdm u = xy + 2x - x° v&i didu kién x* + y* = 2.

Lap ham Lagrange cia bai todn:
®=xy+2x -x"+A(2-x"-y).
Do dé, hé sau day sé xac dinh diém dung cua u:



D =-2(1+7.)x+y+2=0 ()

® =2-2y=0 (2)
X“+y =2 3)
Gia) hé g6m (1) va (2) ta ¢cé:
47, 2
Thaen-t Y= MA+1)-1

Thay vao (3) ta ¢é phuong trinh dé x4c dinh A:
162 + 322° - 8L - 1 =0

Phuong trinh nay c6 4 nghi¢m:

) 1 l . —4+J12
M=o, b= = e s ————
2 2 4

Thu ta thdy chi ¢6 &, = 5> 0 thod min didu kién cia bai
todn vi khidé x =1 >0,y =1 > 0. Vay cé diém dimg M(1, 1).

Xét d°® = - 22dy” - 2(1 + L)dx” + 2dxdy

va
d"O(M) = - dy” - 3dx* + 2dxdy.
TU phuong trinh ndy lién he x* + y* = 2 ta cé:
xdx + ydy = 0, tai M: dx + dy =0 hay dy = - dx
vi

d*®(M) = - 4dx*- 2dx* = - 6dx* < 0.
Vay u,, = u(l, 1) = 2.

SYu=xyz.xy+yz+ zx = &, (x.y.z>0).
R& rang cuc tri cia u vi v
ham l.agrange:

lnu 12 nhu nhaw, do dé ta lap

O(x,y,z2)=1tnx + Iny + Inz + 2(8 - xy - yz - zX)
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x

) =l—).(y+z) =0 (1)
X

D, :1—9.(x+z)=o 2)
He 1 Y

O, = LR +y)=0 (3
Z

Xy+yz+zx =8

Cho diém dimng M[\[— ( \/‘] vhi )=

(LAY (1) trir (2) vdi (1) trix (3), ta suy ra x =y = z, san dé

N g
thay y = x,z = X vao (4) ta suy ra x = J;)_

Ta c6:
Fe__ 1 e 1 F6 1
ax: x:' @y: y: ' & 23
R - Fopdes) _ &t -
X8y bz ax

Vay d*d(M) = - %(dxz + dy*® + dxdy + dydz + dzdx)

T phuong trinh lién hé ta cé:
(y +2)dx + (z + x)dy +(x + y¥dz = 0.
Tai M ta cé6:

2\/§(dx +dy +d2) =0 hay dz = —(dx +dy).

Do dé: d*®(M) = ’—3(de +dy” +dxdy) <0.

a

Va =uwM)= Jg
3
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I u=xyz, x +y+2=5xy+yz+zx=§.
J.ap ham Lagrange:

DX y.2) = XyZ + W (X + Y+ Z-5)+ Jo(xy + yZ + 2X - 8)
Piém diung cia u 1h nghi¢m cua he: .
O =yz+i, try+2)=0 (D)

G, =xz+0, +1,x+ D=0 (2)
1D, =xy+i, 41X+ =0 (3)
X+y+z=5 (C))
Xy+yz+zx=8§ 5

Lay (2) trir (1) ta c6: 2(x - y) + Aa(x - y) = 0.
Suy ra x =y, va tr (4): z = § - 2x, thay vao (5) ta cé:

X* 4 X(S-2x) + x(5-2x) =8 hay 3x* - 10x + 8 =0

Nghiém caa phuong trinh ndy 1A x, =2 vAd x. =

w |

Xét x, = 2, thay vao (1) vh (3) vi gial 1a dugc &, = 4 Vi
Foa = A2,

Vay ta ¢6 didm dung M, (2, 2, 1) ing véi &, =

. .2 4
Tuong tu véi x. = % ta c6 diém diung M:(a—. . ::—)-

Bay gid dem (3) trir di (2) va (3) trir di (1) va lam tuong tu
. 7
nhu trén ta cé cdc diem dong: M.(2, 1, 2), M (1, 2, 2), M,(-:—, 3’
4 7 4 4
). M (=, —, —).
3) ol 33 3 )
Xét d*OM) (i =1,2.....6), tacéd:

»,=0, O,=0 ¢, =0

x -

P, =247, D, =x+1,. D, =y+i,

469



47 (M) = (1 - 2)dxdy + (2 —2)dydz +(2 - 2)dzdx hay d°(M,) = —dxdy
Tu cdc phuong trinh [ién hé ta cé:

dx + dy + dz = 0.

(y + 2)dx + (z + x)dy + (x + y)dz =0

Tat M, ta cé6:
dx+dy+dz=0
3dx +3dy +4dz =0

hay dy = - dx va dz = 0.

Vay d*(M,) = - dx(- dx) = dx* > 0 VA U, = 0(M,) = 4.

Lam tuong ty d6i v4i chc diém dimg khic ta cé:
Upe = UW(M;) = u(M,) = 4.

Up,. = u(M,) = U(Mj) = U(MG) = 4.2—4:7-.

135. Tim gid tri bé nh&t m va gid tri 16n nhat M cua cdc ham
$8 sau trong cdc mién tuong dug:

Nz=x>+y"-2x -y, D:x20,y20,x+y<2
2) z = x%y, D: x*+y <1

3) z = sinx + siny + sin(x + y), D:05xys§
*lu=x+y+2 vix*+y <221

Bai gidi

1) Pdu tién ta tim c4dc diém bat thudng cia z trong D, ta ¢o:
' =2x-2, 7, =2y - |
A

he z', = 0, 2, = 0 cho diém bat thudng (diém ding): M, (I,
-1—) e D.
2
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Bay gid xét cac didm bal thudng cua z (¢én bién clia D. Véi y
=0,tac6:z=x>-2x,0<x<2,2,=0khix =1, vay trén doan
y=0(0 <x < 1)tacé: didm bat thudng: M,(1, 0).

Tuong ty trén doan x = 0, 0 £ y < 2 ta ¢6 diém bat thudng:
M, (0, l).
2

Trén doan x +y=2,0<x <2tacb y=2-xvdz=2x"-7x

~)

+6,z’x=4x-7,khix=—dod6y=%vélac6diémbé(

£

5 7 1
thueong: M (—, —).
4 4

Bay gid& ta tinh gi4 tri cla z tai cdc diém b4t thudng (trong
mién va trén bién cia mién) va tai cdc ddu mit cia cdc doan lap
nén bién cla D.

5 1 5
zM)=-=- ,z(M))=-1,z(M))=-— ,z(M) = -—.
0 2 z( ‘-) z(M,) 2 (M,) 3
z(0,0) = 0,2z(2, 0) =0, z(0, 2) = 2.
5
VAyM =2, m= -=,
34 2
2) z = x'y D: x*+y* <1

PN

Ta c6: z, =2xy, z, =x°, 2, =0, 2, =0 cho céc diém ding M, trén
doan:
x=0,-1<y<1, (e D).

Céc diém diung trén bién 12 cdc diém dimg cia ham z = x°y
vGi didu kién x* + y* = 1.

Ta l4p ham Lagrange:
d(x,y) = x’y + A1 - x* - y).

® =2xy-2/x=0 2x(y—»)=0
|
He: $ =x"-2ny=0  hay {x'-2iy=0
x:+y::] X:+y1=l
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o 2
Cho cac diégm ding M.(zx ',E'ig)'

Bay gid tinh gid tri cua him z tai cac didm dung: Trén doan
x =0, -1 Sysl z=0,z(M, = 0.

, ’ ,2 ,
& 5: + - =
Tai M,z z( ,Z(x 3 ) =

Vay M =

—— ., m=
3J§ 3J5

. . . n
3) z =sinx + siny + sin(x +y), 0 <x,y< —

2

He Z,_ =cosx +cos(x +y) =0
. 2, =Cosy+cos(x +y) =0

Cho di€m dung: Ml(l_:-. g) e D
Xét cdc diém ding trén bién cta D:

y=0:2=2sinx (0£x < —)

(S ]

z,= 2cosx = 0 khi x = %

Ta c6 diém dung: Mﬁ‘%‘ 0).

n ) n T
= —:z=sinX + 1 + sin(x + — 0<x< —).
Y 2 2) ( 2

n
hay: z = 1 + sinx + cosx, z,= cosX - sinx = 0 khi x = e
.3 n
Vay ta c¢6 diem diung: M_,(z, g).
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Tuang ty, trén biégn x = 0, 0 <y <

N A

N L . n
va trén bién x = E

0<y<«< ; ta ¢é cdc diém dimg: M (0, ). Ms(g, %).

BAy gid tinh gid tri cha ham s6 tai cdc diém diung vi tai cdc
dinh cia mién D (hinh vudng).

2(M,)) = ? 2(M,)=2, zM,)=v2 +1, 2(M,) =2, 2(M,) = V2 +1

200,00 =0, (%, 0y =2, 22, By=2. 200 2y =2
2 2" 2 2

33

VayM = — m =0.
Y >

Hu=x+y+z,v:x*+y' <221,

Ta ¢é: u =L u,=Lu,=1. Do dé6 u khong cé diém dimg
trong v.

Xét trén bién cua v:

- Trén ddy (trén) cua v: z = 1, 0 € x* 4+ y° € 1, ta ¢c6 ham
Lagrange:

D=x+y+1+0(1-x>-y9)

d, =1-22x=0
He¢: @, =1-2ay=0
X +y =1
Cho cdc diém dimg: Ml(--J—E‘ -—2. 1), M, (JE —2\ DR
2 2 2 2
(‘f_ J_ f IREIR

2

Trén mat xung quanh cia mién vi z=x" + y*ta ¢é:
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Z=X+Yy+X 4y VOO < xT+y <
2, =1+2x=0,2', =1+ 2y =0,

hé nay cho diém dimeg: M,(-%‘ —l, ).

2

Tinh gid tri cia hiim v tai cdc di€m didng tréen (M,, i
2, 4, 5) va so sdnh véi nhau ta cé:

"
—
.
()
.

M=l+af2_,m=-%.

136. 1) Trong tAt ca cédc tam gidc ¢é chu vi la 2p. Tim tam
gidc c6 dién tich l1én nhat.

2) Tim hinh h6p chit nhat ¢é thé tich 16n nh4t noéi ti€p trong
ellipsoide:

—;+—‘ ‘=l.
- b- .

>
l<.l
N

=
g}

3) Trén mat cau x* + y* + z° = 1, tim mot diém ma t8ng binh
phuong cdc khoang cdch 1 diédm 46 dé&n 3 didm: M, (1, 2. 0),
Ma.(2, 0, 1), M,(0, 1, 2) la bé nhat.

4) Tim khoang cdch ngdn nhAt tir diém M(1, 2, 3) dén dudmg

*5) Tim cAc bédn truc cba cllipse: 5x* + 8xy + 5y* = 9.
Bai gidi

1) Goi x, y. z 1A cde canh c¢ia tam gidc thi dién tich cua tam
atde:

S= Jpp—xUp-yp-2) (1)
vi X+y+z2=2p (2) (x,y.z>0).

Bai todn dua vé tim cyc dai cta ham (1) véi didu kién (2),
hay ctng the, cia him v = (p - X)(p - yY)X(p - z) vdi didu kien (2).
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Datp-x=X.p-y=Y,p-z=7Ihibditodn lai dua v vice
tim cyc dai cha hiim v = XYZ vdi didu kién X + Y +Z = p (27)
(X, Y.Z>0).

R3 rang cuc dai cva u vd v = [ab 12 nhu nhau, nén ta s& tim
cuc dat ¢cia ham v = Inu = 10X + oY + InZ (1°) véi diéu kién
(2%).

Lap ham Lagrange:
O=InX+InY+InZ +2(p-X-Y-72).

Piém dimg cia v duge xdc dinh tir he:

- | : 1 . 1
O, =—-3=0,0,=—-4=0,0,=—=-)=0:X+Y+Z=
x =y vTY =% p
s . P .. 3
Giathe ndytac6: X =Y =2 = ?va/.:—
N P
Vay ta cé diém dimg: M(2, BBy
Ay ta c6 diém dimg (3 n 3)
o [P T B
Xét: o ¢=——;dX’ ——\dY -— dZ-
X Y- z"

va M) =-i(dx1 +dY* +dZ*) <0.
p

VAay ham v hay ciing thé, hkxm u dat cuc dai tai M va do dé

ham S 14 dat cyc dai tai (27[’%)-2%) va tam gidc ¢6 dién tich lon

nhat 12 tam gidc déu:

S'Il.\‘

_ P
ENE)

2) Goi 2x, 2y, 22 (x, y, z > 0) la c¢dce kich thudc cia hinh hop
thi bii todn dua vé tim cye dai ciia ham V = 8xyz véi didu kién:

x° 2 Z:
—,—+y—‘+—‘:l
a~ b" ¢



vi cuc tri cia V vd u = InV {4 nhu ahau, cén bai todn dua vé viéc
tim cwe dai cua him u = InV =

[ , = tnx + Iny + Inz + In§ vdi diéu
ki¢énr-

2 2 2
X~y 2

a~ b ¢

=1.

rY

Ta 14p ham Lagrange:
® = Inx + lny + Inz + In8 + ).[1—£—-y—-—z—,J

(1); =l—2)_L‘:O
X a”
D =~-2A==0

Y

Hé: 3;
O =--25=0
z ¢’
= +y +——=1

Ta cé: d:d):(— L 2}:]dx2+ A2 dy1+[—-l;—£fl]dzz
X- a° y- b z

va d:cb(M)=—6(ﬂx:——+dy +dz—]<o

a C

Vay u dat cyc dai tai M vi V ciing dat cuc dai tai M:

a b ¢ abc
vluax =V|—r=,—7—F|=—F
e
Nghia la hinh hop phai tim 12 mot hinh lap phuong khi a= b= ¢
Chii ¥: Bai toan ¢ (1) va (2) chinh 13 bdi toan: Tich ciha 3 <6

duonyg ta lan nhat khi ching bing nhau n&u téng cua ching A
khoéng déi.
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) Act M(X, vy, 2) € mat cdu x~ + y~ + z° = | thi bAi toin dua
ve¢ lim cue tieu cua ham:

S(X - DY (Y -2V (xR - D)
+xT Yy - D (2 - 2)°

S3AXTHFY 2 -6(x +y+ 7))+ 158

véi didu kign: x* +y  + 2 =1

Lap hiim Lagrange:

D=X"+y +2)-06(x+y+2)+ 15+ 11 -x7 -y -2%)

D, =6x-6-2/x=0

® =6y-6-2.y=0

®,=62-6-232=0

Ty 4z =1

Re:

Cho di¢m ditng cia u:

_J— J_. ‘/_.vm/-‘H:\[—

Xét A2 = (6 - 22W(dx® + dy® + dz%)

Khi % =3+ 27 thi d°® < 0 v khi & = 3 - 427 thi d°® > 0.

T

4) Xét M(x, y, z) € dudng thang da cho, ta cd bai todn:
Tim cuc tidu caa him: u = (x - 1) + (y - 2)7 + (2 - 3)° véi

diéu ki¢n ?=%=§ hay 3x +y=0,2y + 32 =0

Ham Lagrange ciha bai todn la:

= (X- DTy -2 F 2D+ (3% + y) + 2.2y + 32)
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d =2(x-D+3%, =0

DO, =2y -2)+7, +3%, =0

Xét he: |y THY TR
O, =2(z—-N+3. =0

X+y=0,2y+3z2=0
Tur 3 phugng trinh du caa b ta cé:

37. 42k, KYW
X = ]+4‘y:2+,14“‘2.:3+_-
2 2 2

Thay vao hai phuong trinh cu6i cva hé va gidi ra ta ¢cé:

. 13 ., 40
ly = om——y Ay =
21 ° 21
3
va do dé: x=i, y=-_, 22_2__
14 14 14
' 3
Viy ta c¢é diém dimg M -l—,—-—'-—‘ 2
14 14 14

Tinh d°® = 2(dx* + dy* + dz®), d*D(M) > 0.

3
Do d6 u,,, = u(M) =—2I74—-59-

2 . . . veon s ’ 30 V273
vA khodng cdch ngian nhat phai tim la: d = 2—17—- - V2730 ;

£ 14

5) Ellipse da cho ¢d tam tai gbéc 0, do d6 cdc bédn truc cua
Ellipse chinh 12 cdc khodang cach 16n nhit vi bé nhit tr tam dén
cdc diém cia Ellipse.

Xét M(x. y) e ellipse thi bai todn dua vé vige (im cuc dai va
cuc tidu ctia ham d =yx* +y* hay cing the, cla ham z = x* + y°
vgi diéu kign 5x* + 8xy + Sy* = 9.

Ham Lagrange cuda bai toda "a:

478



®=x%x"+y + 29 -5x7 - 8xy - 5y7)
Ta tim diém dung cta z tit hé:

®, =2x-10ix -8hy =0

®, =2y-10%y -8Ax =0

Sx* +8xy +5y° =9

T hée 2 phuong trinh ddu ta thiy, muén hé cé nghiém khiéc
khong thi:

1-Sh —4i
-4k 1-5K

1
hay A =1va h=—.
y 9

Bay gi&r nhan phuong trinh ddu véi x va phuong trinh thd hai
v6i y réi cOng lai ta cé:

2(x* + y7) - 24( Sx7 + 8xy + Sy") =0

Do d6, tir phuong trinh cu6i ta cé: z = 9A, nghia 12 gi4 tfi
16n, bé nhi&t cha z theo cdc gid tri cua A.

A=1thiz=9
..

A= —thiz=1.
9

VAay céc bén-lruc cia ellipse da cho 1A:

a=+9 =3.b=41 =1.
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PHU CHUONG

CAC DPE THI GIAI TICH HOC KY I 2005 — 2009
CUA DAl HOC BACH KHOA

DE 1 (GIAI TICH I X50)
(th&i gian 90 phiit)
CauT(2,5d)
1} Tim giét han lim (arctgx)"'“ .

x =0
2) Tim dao ham cdp ncta hdm s6 y = %, (n nguyeén duong).
e

Cau 11 (2.5 d)
1) Xért tinh lién ruc tai d (0;0) cha ham sé6:
fxy) = "zi%"yi’z) khi (x;y) # (0:0)
a khi (x:y) = (0:0)
2) Phuong trinh x - 2z + 2 = ye*™ x4c dinh ham 4n z(x,y). Tinh dz(0;0).
Ciulll 25 d)

2
1) Tinh J'arcsin,’x 1dx.
X
|

X =L +cost
;0<t <m.

2) Tinh do dai cung { .
y=sint

CaulV (2,54)

+@ a 3
1) Xét surhoi tu theo tham s8 o clia tich phan suy rong Imdx

o 1+2x



2) Ching minh ring véi moi x, y thoa man x 2 y > 0 ra c¢6:

2
arctgx® - arctgy® < In [}7]

y
DAP AN
Caul25d)
. hm sinx In(arcigx) lim |I\I(ur.|.'(g)l) [E)
1) lim (arctgx)™™* = ex+" = groun Hanx (o
x— U
2

fim A sinTx
= ex_mcarulgx lex? cosx - en - L
.2 2
e . |—sin“x~-x
Vi khi x — 0 th} ,
arctgx.(l+ x“)cosx ~ x

n
D Patu=1-2x.v=e* 3y=uv, y" = ZC:.U“‘).V(“""’

k=0
w=2u"=0>u®=0vk22
V= (=2)e 0, v = (<2)2e Y, L v = (-2)e
=y = (1 - 20.(-2)"e™ + n(=2)(-2)" e
= (-2)"e".(n+1-2x)
Caull (2,5 d)

2,.2 2.2 2
. . . XS(x* -k x%) 1-k
DVéiy=kx, 1 f(x,y) =1 =
) 'y X x—»lll;n xy) x:v_r’r}, x‘ +k4x4 1+k4
y=kx-»0

Gidi han trén thay déi theo k
=7 lim £(x,y) = f(x,y) khong lién tyc tai (0:0)
y->0
2)DatF=x -2z +2~y.e"
>F,=1-yz2e"FPy=-¢" F,=-2 - xy.e™
. K _ 1

Tai (0;0). z‘x=—5’f~ = 1 = =——
F, 2

y_F_; )

= dz(0:0) = %(dx -dy)

(0,5d)

(0,5d)

(0,5d)
(0,50)

(0.54)

(0,5d)

(0.54)

(0,5d)
(0.54d)

(0,5d)
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Cau II1 (2,5 d)

2
2 _ ~ 2 _
1) J‘arcsin‘}x 1dx = xarcsin x=1) Ix.d arcsin“x 1
i X | X

2 2
=[2.2-0] - | _ax =X il =1y
4 ~1 2 2

12‘VX 1

2)x’ =1 - sint; y’ = cost

n e
— 5= !‘\[(l—sim)2 +costtdt = [ 2(1 - sint)dt
0 0

sin 1.z dt
2 4
[(=/2 * 3
=2 ]—sin[i—ﬁjdu jsin[i~1Jd¢
i 2 4 a2 4

t = )
oo Lo [ =8- 442
o 4]] 2

o 2\?
= 2.)2cos ——+]
5-3)
In®(2 +3x) _ 1_1n°(2+3x) B

T

ot U, 5
[sm;—cos;\dt =2. I

0 0

s=42

CaulvV(254d)

1) Khi x — 40, f(x) = g(x)

1+2x 2 2+3x

+m +o | 1 7 dt
(x)dx = [=In®*(2+3x)}dIn+3x) = —- | —
(J).g (')[ 2 ) 2 )t

hoi tu khi —a > 1 hay o < -1
phan ky khi —~a < 1 hay a 2 -1
2y Khix =y, 2 vé =0 = BDT diing.

arctgx® - arcigy?

Vé6ix>y, BDT < <19

Inx? -in y2

(0,5d)

(0.5d)

(0.5d)

(0.58)

(0,54)

(0.5d)

(0,5d)

{0.54)

Hai ham f(1) = arctgt® va g(x) = Int? tho min dinh ly Cauchy trén doan

[y:x]
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. _ f 4t 2!
=31, e (o Vo= D0 Me 2 2y ey 059)
g, 14ty ¢ 1+1)

3]

Cdch 2: Xét ham F(t) = arcigt® — Int®, véi 1> 0
4!] 2 4 _1\2
2 _ 200

= F@)=

0

1+t (1 +1%)

= F(1) nghich bi€n (0;+x) = véi x 2 y thi F(x) < F(y) (dfcm)

DE 2 (GIAI TICH I K50)
(thai gian S0 phiit)
CauT (2.5 4d)

1) Tim gidi han lim (arcsinx)'*.

x=0"
2) Tim dao ham c4p n cila ham s6 y = xIn(1 — 3x), (n nguyén duong).
Caull 2,54)
1) Xét tinh 1ién 1yc tai diém (0;0) ciia ham s6:

2
cos XZ’ y2 khi (x:y) # (0;0)
f(x.y) = X" +y
a khi (xy) = (0;0)
2) Phuong trinh xe¥” = y + z + 1 x4¢ dinh ham 4n z(x,y). Tinh dz(0:0).
Caulll (259

2 ’ _
. Tinh _[arccos 2 ldx .
h 2X

=sin2
2) Tinh d6 dai cung {x sin <t 0t
y =2t—cos2t
Can IV (254d)
+0 a
1) Xét su hoi tu theo tham s6 « cia tich phan suy rdng I%x
d +X

2. Chifng minh ring v&i moi x, y thod mdn x 2y > 0 ta cé:
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Cau 1. (2.5 @)

)
arccotgx® - arccotgy® 2 In [27]
X

DAP AN

tim 1gx.

1) lim (aresinx)®* = e

x-0*

v

l—‘u’ BICKIN X

hm

In(arcsin x)

t
TE—— (~s|n2x)
lex?

-0

lim
= ex—d)*

In(arcsin x )

corp

=ell: 1

)

khi x
vi
—sin® x ~ —x?; (aresinx)y1-x? ~

DPastu=x,v=In(l-3x) > y=uv=yW= zck
k=0
w=1,u" =0=>u®=0vk>2.
i 1—1— (=3) = (1 = 3x)7(=3), v = (=1)(1 =3x)"(-3)", ...
= V™ = (=1)(=2)...(-n + 1)(1 =33y = @D
1-3x)"
a . _n-l _
Vayy‘“’=x_3 (n-1) +n 3" n %)!
(1-3x)" (1-3x)""
n-1
= T 0D k-
(1-3x)"

Cau I (2,5 d)
1) V8i y = kx thi

x—0

lim f(x,y)
X0

y=kx—(

Kkx?
= limco 5

2.2
-K°x

x“+kx

_ k
35 | = cos

yn- k)

(0,5d)

(0,5d)

(0,5d)

(0,5d)

(0,54)

(0.5d)



Gidi han trén thay déi theo k
= A lim f(x.y) = f(x.y) khéng lién tuc tai (0;0)
x—>{)

y—()

2)F=xeY —(y+z+ 1)

=SF,=e" F =xze¥ - 1;F,=xye” - |
F, F,

y=-2 =1z, =-2L =-1
F/. 4

= dz{(0;0) = dx - dy
Cau II1 (2,5¢)

2
2 — — ) _
1) jarccos,’u ldx = Xarccos 2x-1 - Ix.darccos 2x-1
h 2x 2X 2x

1 |
2
=2.£—1.£+j L ax
6 4 J2d2x-1
2
n | n 1
= — + —/x -1 =—-+-—ﬁ—1
12 2 | 12 2( )

2) x’ = 2cos2t; y' =2 + 2sin2t

r
=>s= j 4(2 + 2sin 2t)dt

o
. n
S| ¢t +—
[ 4]

x n
s = 2.j'\/2(sint+cost)2 dt = 4.j
/4 An/4
= 4. I - J =4 —co{t-ri} +cos(t+£]
0 in/4 4 0 4

=4M1+£J+"5+1] =8
2 2

Cau 1V (2,5¢)

dt

X
39:/4}

In*(3+2x) _ 1In*(3 +2x)

1) Khi x = +m, f(x) =
2+x 3+2x

= g(x)

(0.5d)

(0,5d)

(0.5d)

{0,54)

(0.5d)

{0,5d)

(0,5d)

(0,5d)

(0.5d)

(0,54)
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+a0 +@m

Ig(x)dx I2de
0 0 3+2x

= [In®(3+2x)dIn(3+2x) = |- dl"(3+2xv)a
o o [In(3 +2x)}

héi tu khi & < -1
phan ky khi a > -1
2) Dé& thay x = y thi 2 vé = 0 = BDT ding. (0.5d)

arc cot gx * —arccot gy*

(0,5d)

> -1 “*)

Véix >y, BBT <

Inx? —lny2

Hai ham f(t) = arccotgt® va g(x) = Int’ thoa man dinh }y Cauchy trén

doan [y:x] o0
= 3, € (y;x): VT = f’(lo)
g't,)
v ! 4
) —4t: : 2120_=_ 2[(,K > —1 (dfcm) (0.5d)
t+th 1+,

486

Cdch 2: Xét ham E(t) = arccotgt® + Int?, v6it > 0

403 4 y2
a2 Aol

1+t t t(l+1t7)

= F(t) déng bién (0;+0) = véi x > y > 0 thi F(x) 2 F(y) (dfecm)

=>F(@)=

DE 3 (GIAI TICH I - K50)
{thdi gian: 90 pht)
Caul (2,5 4)
1) Tim gidi han lim (1 -sinx)

x——
2

cot px

2) Xét tinh lien tuc tai diém x = O clia ham s8
{x —sinx)

f(x.y) = < x*sinx
a khix=0

khix =0



Caull25d)
1) Tim cuc tri cha ham s6 z = x* - 2x + arcig(y?)
2) Cho ham s6

xtgy
f(x,y)= x*+ y2
0 khi(x.y)=(0.0)
Tinh £*,(0.0), f*,(0.0).
Ham f(x.y) ¢é kha vi tai diém (0,0)? Tai sao?
Cau IIT (2.5 d)
(2X + l)

khi (x,y) = (0.0)

1) Tinh _[

o

2) Tinh @6 dai cung: y = arcsin(e ), 0 € x < In2
CaulV (254

1) Tinh I—F
(x

arccot g(1 —xz)

2) Cho a(x) = arctgz(l + x) — arctg’x va B(x) = 5

1+x
Chitng minh ring a(x) va B(x) 1a 2 VCB nrong dirong khi x — +w.
DAP AN
Caul 254d)

. —i —cas 0
Jim Il ~xin x} [2) lim ——-——u.“x cox?x (E]
.. px ) L' X |-xinx

1) lim(l -sinx)™'#* =e 2 e ? (0,5d)
.
lun M lim —3cos x.xinx
+ X ~Ls X l
. =e 2 =e'=1 (0.5d)
2) Jim f(x) = lim 22508 SHCX jim 22500 [9] (0.54)
x-0 x2sinx =0 x 0
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1
6 T xo0 6x g

L

1 -cosx [O] L' .. sinx
3 — lim =
v 3x

2
(hoac thay 1 — cosx ~ %—) (0.5d)

= a= % f(x) lién tuc taj x = 0;
a# é , f(x) khong lién tuc tai x = 0 (0.5d)
Caull (2.5 ¢)
2y 7, =0
Nz, =2x-2,2' = < , < (xy) =(150) (0,5d)
l+y y =0
4 1
2" = 2. Z“y =0, "yy = 2(l+y’) 422y4y (0.5d)
(I+y")
Tai (1:0)tac6 A=2.B=0,C=2
2
B TAC<O 150y = £ (0.5d)
A>0
2) £,0:0) = lim {10 _,
x—0 X
£ (0:0) = lim {ON={CO _, (0.5d)
y=0 y
. . . x.tgkx k .
‘Khiy=kx >0, lim f(x,y) = lim > 5 = 5 thay doi theo k
x— () x—l x (1+k ) 1+
y=kx—0
= 3 ['m: f(x,y) = f(x,y) khéng lién tue tai (0:0)
x=(!
y—{0
(0.5d)

= f(x.y) khong kha vi tai (0;0)

Can HI (2,5 4)

+o +0 -2z
n1= (&4 - Taxen®
w € 1S -2
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= —1-[(2;( I -2“"} (0.5d)
2 ()

Vi lim 221D (—JE lim —%— =0

X 0 52" @O =+ 262"

"

l —Zxﬂn ___L -
nénl=-—. I:O—l+e L ]_ Sl-1-1) (0.5d)

—x =2x 22
—-e 2 e t e
Dy = ———1+y" =1+ = = (0.5d)
y '1—6_2‘ l_e—zl ;_0—21 er -1
102 I x
de
J J1+y2dx = (0.5d)
IJez' nf\/cz‘ -1
2 2
= _[ = ln(ws)t2 - 1] =In(2 + \/5) 0.5d)
3 il
Canlv@esd)
xdx x=-D+1 _, _re Mdx e “dx
= e Tdx = + 0.5d)
Ie‘(x~l)2 I(x—l)2 Ix—l J(x—l)2
= ide" + je“d(;l-] (0,5d)
x-1 x-1 '

[(x b IS } f/"ﬁ

2) Ham f(x) = arctg’t lién tuc. kha vi Vt = thoa man Lagrange trén
2arcigt

jz ¢ _+C (05
x-1

[xib+x] = 31, € (x21+x): f(1+x) = f(x) = £°(¢,) = —l—"z— (0.5d)
+t
Khi X > +o0, a(x) = f(1+x) — {(x)
2" —x?
- 22 = T = - are cot g(12 LS B(x) (dfem) (0.5d)
l+x 1+x 1+x
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DE 4 (GIAI TICH I - K50)
(thai gian: 90 phut)

Can 1 (2,5d)
1) Tim gidi han lim(1 —cos x)"**

x = {)
2) Xét tinh lién tuc 1ai diém x = 0 chia ham s&
X —1gx
f(x) = < x%gx
a khix=0

khix 0

Caull (25 d)
1) Tim cyc tri clia ham s6 z = arccotg(x?) - y” + 2y
2) Cho ham s6

xsiny
fxy) = ¢{x*+y?
0 khi (x.y) = (0,0)

khi (x,y) # (0.0)

Tinh £*,(0.0), f* (0,0).
Ham f(x,y) c6 kha vi tai diém (0,0)? Tai sao?
Caulll 2,5 d)

2) Tinh d6 dai cung: y = arccos(e ™), 0 < x < In3
CaulV (25d)
1) Tinh j(l + x)dx

4arcrg(l - xz)

2) Cho a(x) = arccotg2(1 -x) - arccotg2(2 —X)vad B(x)=
2

l+x

Chitrng minh rang o(x) va p(x) 1a 2 VCB wong duong khi x > +o0.



DAP AN
Caul (2,5 4d)

o Intl-coaxy oo . | 2 ()
Im ———— } — v lim SN -xim e xy | —
l) 111’1‘(1,(1 —COSX)IE! = e;-.u voLpx (m] =L ex—ﬂ\l-cu.\x [(l] (O.Sd)
< lim -2nd x.conx
IE er—th s x ==} (0,5d)
|
~ x—tgx (0L —;
2) lim £(x) 2222 jim 221 (—} = Jim —CO8 X (0.5d)
x—(0 =0 x 0 x-Q 3x2
a2
ST L (0.54)
x—=0 3x 3
a:—é:&ﬂﬂﬁﬂ”mﬂﬁxzo; (0.5d)
a# —% = f(x) khong lién tuc tai x =0 (0,54)
Cau Il 2,5 d)
—2x z, =0
Iy z’, = ,Z'y =2y +2 = ¢, < (xy) ={(0:1) (0.5¢)
1+x4 Zy =0
W =20+ xHy+2x4x’ e
2 = Texh) Ty =0.2", =2 (0.54)
Tai (0:1)tac6 A=-2,B=0,C=-2
2 —
B TACO =T (0.5d)
A<O0 2
2) £,(0:0) = lim {XD=FCO _,
x—=0 X
£,0:0) = fim LED-IC0 _, (0.50)
y— y
X.sin kx
Khiy=kx thtf(x,y)= ———— = lim f(x.y) =
Y Y x2(1+k?) ;jk“_m oy +k?
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Gi6i han trén thay déi theo k = {(x,y) khéng lién tc tai (0:0)

= f(x.y) khong kha.vi tai (0:0) (0,5d)
Cau IIT (2.5 d)

Hl= j(lﬁx)dx = j(x—!)dc"‘ = (x-1)e™
U

+ o o
. je“dx (0 5d)
O

e 0
- L
viim &L ity
x—+o @t x~r+m pX
=>1=(0+1)+e‘*:°°=1+(0—1)=o (0.5d)
e-x ) ca2x 1 c?_x
DYy = ——>21+y" =1+ = = (0.5d)
y 1_6_2)( y 1_6-2)( l_e—lx clx —t
in3 _— In3d x inl x
: , : d e d
s = J\/1+y2dx = j' ez X = I ZC (0,58)
0 <\J:‘—l u\/;,‘—!

2 NE
= [ ‘2" = In(t+\/t2—l| =In(3 + V8) (0.5d)
VAR | Zh
Can IV (2.5 4d)
(1 +x)dx dx dx
1) = + (0.54d)
.[ xzel XZCK Ian
L (0.54)
X X
| 1, - e "dx
=——e™ + {—de™* +
X J‘X J X
__& je dx N Jc dx __¢ +C (0.5d)
X X X X

2) Ham f(x) = arccotg’t lien tyc. kha vi Vi = thod man Lagrange trén
(1-x;2~x] = 3, € (1-x32-x): ‘

fd-x)-f2-%) = (1) = ~2arecot gt,,
-1 ¢ 1+1?

(0.5d)

Khi x — +o0, a(x) = f(1-x) - f(2-x)
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-2 darctg(l - x2 ,
ﬂz _ Jarcty( - ) B%$ (dfem) (0.5d)
1 +x I +x*

DE 1 (GIAI TICH I - K50)
(thoi gian: 90 phiit)

Caul 25

1) Tim gidi han lim (1-x) 2 .
x=1
sin
2) Cho han s6 f(x) = —X=L khi x # 1 va (1) = a. Tim a dé f(x) lién
231 4]

tuc tai diém x = 1.
Caull 2.54)

1) Tim cuc tri clia hAm s6 y = '}/(x2 -1t

2) Tinh tich phan J'Lm: dx .
ol +cos® x
Caulll (2,5 d)
2
1) Chohimsd z = DA arctgi. Tinh A = x? Xz —xyZ+ y2.
3x y ox dy
N : 2xy P N s
2) Cho ham so f(x,y) = T 7 nEuxT+y # 0 va f(0;0) = 0.
X" 4y

Tinh £',(x,y) va f,,(0:0).
CaulV(2s5d)

1) Tinh tich phan [ e™¥*"'dx.
L

2) Cho ham s8 f(x) c¢6 dao ham trén doan (0;1). £*(0)f*(1) < 0.
Chitng minh ring 3¢ € (0:1) sao cho f'(c) = 0.
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DAP AN

Caunl (25d)

DA= lim(l-x) 2
x—l”
. b4
InA = lim cos[—x]ln(l -x)|.
x=>1" 2
Patl -x=t=1InA = lim [sin(%[]lm] (0.5d)
=0
n Int L' w . l
= — lim — = — lim (0,5d)
=07 1 (0" ' _“1_‘
( [1
INA=0>>A=¢"=1 (0.5d4)
2) Itm f(x) =0 Vi — +00 cONn sin ! bi chian (0.54)
ol X—= x -1

.

lim f(x) khéng t6n tai vi —» —o0 ¢On sin

khong cé gidi han
x—1" x=1 x -1

= khoéng t6n tai a (0.5d)
Caull 2.5 &)

)y = Yx-1)?

y' = —4X— y'=0 o x =0, y' khong xdc dinh & x = 1] {0,54)
3Wx2 -1
X | -~o -1 0 1 +00
y' - I+ 0o - I«
y +0 @) +o0
\C’I‘/ \CT/
Y=Y =0
Yoo = Y(0) =1 (1d)

(Chu y: péu chi két luan y dat cyc dai tai diém x = O thi trix 0.5d)
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Cach 2: y dat cue tri < f(x) = (x* — 1)? dat cyc tri...

T .
2)1- [ XSE g
6l +cos” x

W, P .
Déibien x = —1= [=— [EZUSM o Mg 1 (054

x 1 +cos’t ,,1+c0521
n osint n 't d(cost)

Suyral= - |———dt = -— | ———

y 2(J,'1+coszl 2'!l+coszl

n o2
= —Ear(:lg(cost{. = T (0.54)
Cau III (2.5d)
2
Hz= y—+arctg1
3x y
2
. y y s o2y X

= - + yLy= — - O‘Sd

L 3x? x%+y? Y3k x%+ yz ¢ )
2 2 2
A=-Y XY I XY Lpg (0.54)
3 X4y 3 X°+y
2) f(ny) = X<, (0:0)= 0.
X +y
. Y(yz -x%) 2 2
fx(x.y) = 2—27‘ (X +y # O) (O.Sd)
X" +y%)
£,(0:0) = lim (X0 =HC0) _, (0.50)
10 x-=-0
f(0.y)~£,(0;0

°,.(0;0) = lim x_(_&’_)__y_(__> = limi =+ :af',y(O;O) (0 5d)

Y x>0 y——O y-0 y2

Cau IV (2,5¢)

HI= je"/"_'_'dx
1
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+@® n
Datt= JVx-1 (t20)=1= 2 fte™'dt = 2 lim [te™'dt
U] b Y]

h h h b
Jo= fre'dr = - Itd(e“) = —te"| + feldt
0 ¢ 33

]

J=2 lim J, =2

b+

(0.5d)

(0.5d)

(0.5d)

2) f ¢6 dao ham wrén [0:1] = f lién tuc trén {0;1] = f dat gid tri 16n nhat

va bé nhat trén doan d6.

Vi £°(0).f°(1) < 0 nén vdi trudng hop £°(0) < 0, f'(1) > 0 = 38, > 0. 38,

> 0(8,.8; < 1) sao cho:
f(0) > f(x) Vx (0, 6,]. f(1) > f(0) Vx €[8,,1]

= f dat gid tri nhd nhat tai diém ¢ € (0:1)

(0.5d)

* Suy ra f dat cuc tién 1ai diém ¢ nén theo dinh Iy Fermat thi f'(c) = 0.

Véi rusng hop: £7(0) > 0, f'(1) < 0 chitng minh fuong tu.

Cach 2:

* Gia st f°(x) = 0 véi moi x € [ab] =

(0.5d)

Trudng hop 1: Néu f don diéu ngat trén [a.b] = f* ludn cing dau trén

[a. b] = tréi gia thiét.

(0.5d)

* Trudng hop: Ja,, b, € {a,b] sao cho a, < by, f(a,) = f(b,). 4p dung dinh

ly Rolle suy ra 3c € [a,.b,]: f'(e)=0 = vo ly.

DE 2 (GIAI TICH I - K50)
(thoi gian: 90 phiit)
Cau 1 (2.5 d)

1) Tim gidi han lim [zarctgx]

x=»+m| TT

4596

(0,5d)



2) Cho ham s6 f(x) = h khi x = —1 va f(-1) = a. Tim a d¢ f(x)
2541 4
ién tuc tai diém x = -1.
Cau2(25d)

1) Tim cuc tri cha ham s6 y = /(1 - x)(x - 2)° .

x/2 3
2) Tinh tich phan [ 1n[141593;35]dX-

it 1 +sin” x

Caul3d(25d)

2
1) Cho ham s6 z = x—+arctgl. Tinh A = y? zl-—xyéiwtxz .
3y X Ox

2) Cho ham s6 f(x.y) = fwziwuﬁ+y2¢omaam=a
X.+y

Tinh £,(x.y) v& £,,(0:0).
Cau IV (2.5 d)

+o
1) Tinh tich phan | e™¥**dx.
-1

2) Cho him s6 f(x) c6 dao ham trén doan [0:1), £°(0).f(1) < 0.
Chtmg minh ring 3¢ € (0:1) sao cho f*(c) = 0.

DAP AN
Ciau I (2.54)
A= lim (Zarc(gx}
T+ U
. 2 . 2 A
InA = fim [ xIn| —arctgx || = lim | x} —arctgx — | r (0.5d)
X — +00 T X =3 + 0| T )
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-?iarclgx—l
= tim B E g || -2 :[-iz] (0.5d)
X =+ l X =>4 7[(1+X ) X

X
I 7. (0.5d)
T
2) lim f(x) =0wvi —» +o cOn sin bt chan (0.5d)
x—(-1y’ x+1 x+1

, . N cooh
lim f(x) khong t6n tai vi — —oo ¢cOn sin
x—¥(=1)" X+1 x+1

khéng cé gidi

han = khéng ton tai a (0.5d)
Caull (254d)

1)y = Y -x)x-2)?

, 4-3x ,
V=—T—7———.y=0
Ya-xx-2)
o X = -‘—;- y' khong xdc diphtaix=1,x=2 (0.5d)
X | - 1 473 2 4+
y’ - I - o + I -
y +m\ Ccb
CT/ \_m
_[4) W
Yer= ¥ 3 3
Yep =y(2)=0 (1d)

(Chd y: néu chi tim dugc x = —;— 12 diém cuc ti€u thi trir 0.5¢)

Cdch 2: y dat cyc trj <> f(x) = (1 - x)(x ~ 2)° dat cyc tri...

x/2 Kl
Hi= | 1:{5&51—"]@

0 1+sin" x
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JU n
Dot binx = — -1t

0 o n/2 PR
—1=- jln 1+51n‘x ix = jln l+sm‘x dx
<12 kl+cos x 0 1+cos™ x

772 A
[= - j ll{w}dx =-I=>1I=0

3
0 I +sin x

Caulll 2,5d)
2

1)z= x—+arctgl
3y X
. 2x y \ x? X
= - - . — 5
3y  xf+y 3y x> +y
2 2
A=—lx2+ XY —Exz— Xy +x2=0
3 x? +y? 3 x? +y?
2 My = —2Y | f0:0) =0,
X“+y
: x -y
flxy)=2—=—, (x“+y* 20
y y (x2+y2)2 ( y )
0.y)-f(0;
£,0:0) = tim OO0 _
y—0 y-0
£, (x,0)- £ (0:0
£7,,(0:0) = limuL) = Iimi = +o :>3f“y,(0;0)
x—=( x-0 x—v(lx2

Cau IV (2.5 d)
D= [eV™lax

-1

+o3 h
Pate=Vx+1 (120)=1=2 fte™dt = 2 lim [te™'dt
O O

b=+

h h b
Iy = freTdt = - frd(e™) = —te”
o )]

h
+ je"dt
0 {

(0.5d)

(0.5d)

(0.5d)

(0.5d)

(0,5d)

(0,5d)

(0.5¢)

(0.5d)
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h

=-be"— e =-be"-e "+ (0.54)
n
J=2tim 3, =2 (0.5d)
h—+os
2) Xem ddp dn dé |, cau 4.2 (1)

DE 3 (GIAI TICH I - K51)
(th&t gian: 90 phiit)

Caul (25d)

1
1y Tim gidi han 1im[ﬂ]" .

x=0l X

3x2 +2

2) Timn tiém can cla d6 thi ham s6 y = -
X" -4

CiulI (25d)

x+4

Vx?+2x -3

2) Tinh do daj dudng cong x = %lﬁ,y =4 - %r“ (0<t< Y8

1) Tinh tich phan j dx .

Cau 1 25 )

() Tim cuc tri cha ham s6 z = 3x%y — x* - y*.

2) Cho z = z(x.y) 1a ham s6 4n xdc dinh b& phuong trinh z — ye*” = 0.
Tinh dz(0;1).

CaulVv (2.5d)

+9

1) Xé1 sur hot tu cha tich phan suy réng j dx
\

3/)(5 )
2) Cho ham s6 f(x) ¢6 dao ham lién tuc trén doan {a.bl.

b
Tinh lim _[f(x)sin nxdx .

o
a
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PAP AN
Caul (2.5d)
|

1A= um(s'“]‘:

x—il X

InA = Mn{%Jnﬂnx]: fim 0% 2 X (0.5d)
x—i x X x> X
X
. -2sin? =
- L SX — . S -
= lun Eg—’%——l = Jim _2 (cé thé dung khati trién Taylor dé tinh)
o 3x =1 3)(2
2
:—mnx,z—l::A:EW (0.5¢)
6x~ 6
3x 42
2)y= +——
xt -4
Tiém can &ing: x = #2. Tiém can ngang: khong cé (0.5d)
3y 2
lim Y = im X2 -4 (0.5d)

x—tn X \—»iﬁx ’x2_4

2
lim (y-3x] = lim {M—3x}= lim [3 x*—4-3x+ 14

N +DH X =+ ’x2 -4 X+ ’XZ -4

- . 1
=3 li1n74+l4 lim = =0
X+ ’X'Z —4 +X x>+ xl_4
= Tiém can xién bén phai: y = 3x
2
Iim [y+3x) = lim MH%X = ... =0 = Tiém cin xién bén

trdic y = —3x (0.5d)
¥ Chii ¥: néu thi€u mot tiém can xién thi trir 0.3d.
Cau Il (2.5 d)

x+4

——dx
Vxt+2x-3

ni=|
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x+

3
I= [ + |- ———d (0.5d)
J‘\./)(2+2x—3 * j\/()(4‘1)2—4 : (

= Jx?+2x-3 +3lnx+l+v‘x3+2x——3!l +C (0.5d)
2)x = it“,y=4— Lt o<t 3.
3 2
¥ i
= [\‘41"‘+41"dt =2 [r'Vt! +1de (0.5d)
O 3]
iR
Y 3
= % [t +1d¢tt +1) = %(t‘ +1)° (0.54)
[} -
3]
k}
I 3 26
s= =8+ -1|= = 0.54
3[( ) ] 3 { )

Caulll25 &)
HDz=3xy-x'—y
{z‘, = 6xy — 3x’ {z‘l=0 {x:O. y=0 {2 didm dirng ta
=

', = 3x — 4y’ 7,=0 X=6,y=3 | M(0:0). My(6:3)

7%z =0y - 6x.2", = 6X. 2”2 = ~l2y2

=B - AC=136x + 72‘y2(y -x) (0.5d)

Tai M;: B - AC = 0. vi z(x.0) = -x" d6i dau rong bit ky 1an can nio
cla gd&c toa A& = M, khong 12 di€m cyc tri. (0.5d)

Tai My: B - AC=-36.18 <0. A = -18 < 0 = M, la di€mn cuc dai va
zep = 27. (0.53d)

2)z-ye” =0

dz(0:1) = 2’ (0:1)dx + 2" (0:1)dy. 2(0:() = I (0.25d)

F(xyz) =z-ye¥ > F, = -%c"” B N N IS %c‘“

Tai d (0:1): z“=—%— = l.z‘,.:—[—}:— =1 (0.5d)

7
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dz(0:1) = dx + dy. (0,25d)
CaulV (2,59

®  dx
NI=

e
I= 217-“ + T LI X (0.25d)

X - 2 Yt -1

. 1
J, hoity vif(x) = ~ - khix—> . md [———
L= 0T T G- e
héi tu. (0,5d)

3, hoi ty vi f(x) ~ -m khi x = +, ma j NIE hoi ty. (0.54)
Suy ra J hoi tu. {0,254)

b
2) I, = ~% [f(x)d(cos nx)
1 L
= —;[f(a)cos na —f(b)cosnb] + - Jeos(nx).f'(x)dx

b
= Ll < %[f(a)hlf(b)l] ¥ %ﬂf‘(x)]dx ©.54)
Do f va f* lién tyc trén [a,b] = 3IM> 0: |fx)] <M., |Px)| <M
vx e [ab] = |L| s-:;[ZM«&M(b—sJ]—-)Okhin-)ao
= lim1, =0 (0,5d)

BE 4 (GIAL TICH 1 - K51)
(thdi gian: SO phar)

Caul(2,549)
!

2
1) Tim gi6i han m:{‘é‘i]‘
xR X
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Ix2 +3

x? -1

2) Tim tiém can cla dé thi ham s6 y =

Can IT (2.5 d)

x+3

1) Tinh tich pha dx .
) Tinh tich p nj'—x\/2——+ﬁx

2) Tinh dé dai dudng cong x = %t",yz 6 - %r" (0t < i/-S_).

Caulll 2.5 &)
1) Tim cye 1ri ciia ham s6 z = 3xy* - y' - x*.
2) Cho z = z(x.y) 12 hAm s& 4n x4c dinh bdi phuong trinh xe?” - z £ 0.
Tinh dz(1.0).
CaulV (254
Todx

1) Xét su hoi wi cva tich phan suy rong § -
1 Yx =1

2) Cho ham s6 f(x) cé dao ham lién tuc trén doan [a.b].
h
Tinh 1im If(x)sin nxdx .
n—»ao

DAP AN
Caul (2.5d)
A

1)A=1m{§1}“
=0 X

InA = lim[—%lnlg—x] = lim[—l—z[-@l—-lﬂ = limw (0.5d)

x—0f x X =0 x x-»0 x!

2

L i Cosxmcosxrxsink XL a g (0.5d)
x -0 3x2 X —{} 3x2 3
2
2y = 2x° +3
x° =1
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Tiém can ddng: x = £1. Tiém can ngang: khong ¢é (0.5d)
. 2x2 +3
lim = = lim —F——= =%2 0.5d)
2 tm X Xx—tom X ’XZ - (

2
lim [y-2x) = lim |23 ox| = fim | 2Vx? —1-2x + f
x>+ X4+ ’x2 -1 X —> 403 x> -1
3 lim ——— 4 S dim
X ¢» ’X2 “1+X x> +m ’XZ -1

= Tién cén xién bén phai: y = 2x

=0

X —s—22) ) S - -]

: ] 2x* 43 . y
lim [y+2x) = lim | —F——=+2x| = ... = 0 = Tiém can xié¢n bén
xvx? -1

trai: y = -2x (0.5d)
* Chii ¥: néu thi€u mot tigm can xién thi trir 0.5d.
Caull(254d)

NI= dex

Vx2 +4x-5

1= X+2
\/xz +4x -5

= \/xz +4x—5 + In

{

dx + | dx (0.5d)
Jix+2)? -9

X+2+yx2 +4x -5

A
2)x=%(6.y=6—jt4 ©O<1< ¥8).

& ¥
s= [V +octd =3 [t + 1ot (0.5d)
Q0 U

+C (0.5¢)

ik i
R s
-3 jJr‘ +ld@P+D) = l(t“ +1)2 (0.5d)
4 I§] 2 0
1
5= %[(3 r1)2 - 1} = 13. (0.5d)
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Cau IIT (2,5 d)

1yz=3xy’ -y - x*

z', = 3y* - 4x' 2,=0 x=0,y=0 2 diém dimng la
{ { = {x =3.y=6 {M.(O:O), My(3:6)

2, =0

e 4
z', = 6xy — 3y’ y

202 = ~12x% 2", = Gy, 272 = 6X ~ Oy

= B - AC =36y’ + T2x*(x - y) (0.5¢)
Tai M,: B’ — AC = 0, vi 2(0.y) = -y* d8i diu trong bat ky 1an can nio
cita M, nén z khong dat cuc tri tai M,. (0.5d)
Tai M,: B - AC = -36.18 < 0. A = -108 < 0 =5 M, 12 diém cuc dai va
2ep =27, (0.5d)
2) dz{(1:0) = 2’ (1:0)dx + 2’ (1:0)dy. z(1;0) = | (0,254)
Fixyn) =xe” -1 F, =" F = 2o/ p,= - ovir
z z
. F' .
:>7_,(l;0)=-r—’ﬁ =1, z2'(1:0)=-1 Q,5d)
dz2(1:0) = dx — dy (0.254)
Cau 4 (2.5d)
0= 5 dx
i
VX =1
2 R
dx dx
T= | + | =J,+J, (0.25d)
Pvxt -1 2 Vx'-1
) I 1 . 2odx
I, hot tu vi f(x) = — ~ khi x — 1. ma
' x*-D"2 3Dt !VI—#I
hoi tu. (0.5d)
J, hoi tu vi f L kni -2 e 0,54
, hai i (X)~W khi X — +%, ma 2]';/—2 WOt . (0.5d)
Suy ra ] hoéi tu (0.25d)
2) Xem ddp én 0 d€ 3, cau 4.2. (td)

506



DE | (GIAI TICH I - K52)
(thai gian: 90 phut)

Caul25d)

a) Tim gidi han lim (sin x + cos’ x)";z’A )
L4

X—>—

2

b) Cho ham s6 f(x) = (x + 1)’ In(2x + 3). Tinh d"" f(-1).

Caull 2,54d)

a) Ching minh ring néb a = b + ¢ thi phuong trinh 4ax* + 3bx” + ¢ = 0
¢6 nghiém trong khoang (-1: 0).

b) Tim cuc tri cha ham s6 Z = (x> +2x - y) e ™.

Cau I (2.5 ¢)

a) Tim giéi han Iim[{sin2l+2sin2—ﬂ+...+nsin E]—l-}

nom n 2n 2n )

b) Tim a d€ tich phan Ie"arctg(l +x)dx dat gid tri nho nhit.

u

CaulV (254)

I
a) Tinh ﬂ X | (1 - 2aretgx) 2dx .
-1
b) Xét tinh lién tuc tai (0; 0) ciia him s8
x* aresin? y—y2 arcsin’ x
f(x.y) = x*+y*
k khi (x;y) = (0:0)

khi (x;y) = (0:0)

DAP AN
Cau I (2,54)

- 2
lim |g2x-ln(sm X+ X}

a)I= lim (sinx+cos? x)* = er—n/2 =
/2
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2
bndsin x+cos” xy

him 5
x-1f2 Lalp” {0
- atpTx ng (0‘5d)
{0
- CONX =2 LA X X W LN_(‘I—?_SIK_HX_l_-:‘_II\‘_K_)
Ig e“"‘“z(axllx-t.\)a:l)Zualgxli—(:l\zn = el--lll (nuxvun.\':xﬂt\b\x (0‘5(“
A
i (I—Z-nnx)(-c:n x) a-2)t=h {
—r/2 2 Y 5
1= cl r 2(an x+ous” a) = e 2 = e? (05d)
Cich khéc:
- ey 2
i ETXNmx-snT X) 3 -
) . s -— | m  (g*x(xmx=xm~ x}
[ = lim [l+smx—sm‘ X).\lnx—f«ln'x = gx/?
‘_‘% )
. . 5 .
hoac Inl = lim 1g~x In(sin x +cos? X) (0.58)
n
o

5

Dua vé dang % va L'Hospital hoac thay thé VCB tuong duong  (0.5d)

Két qua 1= Je (0.5d)
b)PatU=(x+ 1)2. V=h2x +3) > Ap dung cong thdc Leibnitz ta ¢d

f(l\)= ic::u(k)v(n—kl .

{x)
k=0

Dé thdy U¥ =0 Vk 22 va U(=1)=0=U"(-1). U"(-1) =2 (0.5d)
Vi =2.2x+ 3 V=22 (- 12x + 3) 7,
= VT = 2 1)(=2).(-n + 1).Q2x + 3"
= "~ =C}2.2" 8= d"f(-1)= ¢} 2" -8rax

(= 110.2°.81dx'") (0.5d)
Cau IT (2.5¢)

a) Xét ham F(x) = ax”’ + bx”* + cx, dé thay F(x) lien tuc va
F'(x) = 4ax" + 3bx? + c. Vx.

F(0) = 0; r_:(—l) =a-b—c=0> F(x) thoa man Rolle treén [-1:0] (0,5d)



= 13X, € (—1: 0) sao cho F’(x,) = 0 hay phuong trinh 4ax " + Ibxl+c=0

cé nghiém x,, € (—1: 0) hoac ap dung Lagrange trén doan [-1: 0] (0.5d)
b) {Ham s6 xdc dinh V(x.y}

2, =2x+2)e P 2 =(-1). e _ 2t 2x—y)e Y (0.5d)
Z, =0 -- Z% =2¢Y 20, = 22x+2)e
:{ o {x b S (0.5d)
Z,=0 =-1/2 7%, =2 £ 2(4+2x? +ax-2y)e 2
>
Tar (-1:—1/2)1ac6 A=2¢,B=0.C=2e > B*-AC<C
A>0
Vay (-1:=1/2) 1a diém cue véu (Z,,,,, = -e/2) (0.5d)
Cau I (2.5d)
a)§, = [sinj-+2sin2£+...+nsinﬂ L =
2n 2n 2n ) p?
].(nl 2.(1(2 n_fnn)ﬂl
= | —-sin —— [+—sin| =~ |+...+—sin|] ——||—
n 2n/, n (2n n {2 n Jn
-l noilt
8, = —.sin| — — |[— (0.5d)
;n [2 n]n
I
0 = xsinx lien e [0: 11 Tim S, = [xsin Zxdx=1 (0.5
2 n—a : 2
2 2 " on
[=-— J‘xdcoslx = —— x-coslx - J‘cos—xdx =
n 2 n 2 |, 2
1] 1]
i
= L2 O_EASinEﬂ = A4 (0.54)
n n 2 0 ]'[2

E]

b) l(a) = Ie"arcrg(l +x)dx = I'(a) = e"arctg( +2) =0 < a=-1(0.3d)

[}

4 -w -] +
I'(a) 0+ = 1(a)datGTNNkhia=-1 (0.54)
I(a) ~ el
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Cau IV (2.5d)

a)l = 'ﬂx|(1—4arclgx+4arctg2x)dx .Vigx)= |x| arctgx lé
-

]
= .[g(x)dx =0 (0.5d)

= f(x) = |xl(l+4arctg2x)dx chin > 1= 2 Jx(l +4arc(g2x)clx =
\]
|
= _{(l +4arctg2x)d(x2) (0.5¢)

{1

1
=>1I= x2|“ +4_[arcrg2xd(x2 +1) =
Q

= U+4 (x? + D) arctg? x '[M 1)2"‘“‘3" -

(x>F1)

2 \
\
1+42-[£J -2xarclgx‘ -Ix- L dx || =
4 o 4 xP+]

it

[ +4 -’L-z[l-lln(x’+1)| ] = 1+ -2n+4In2  (0.5d)
8 4 2 0 2

Céach khéc:
I o \ 0 ) 1

a)l= J‘ = I +I = I—x(l—Zarctgx)zdx + Jx(l-2mctgx)2dx (0.5¢)

-1 -1 0 =1 Q

R0 = Ix(l‘zamgx)zdx = %j(l—hrcth)dez =

= % x2(1-2arctgx)?® - Ix2 201 ~ 2arctgx) dx

x2+1

(0,54)
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Tim dugc nguyén ham F(x)
2

= 1=-Fo)  +Ff) = 1+ 1‘5— - 27 + 4in2 (0.54)
b) arcsin’x = x* + a.x? (@ - 0khix > 0)
arcsin?y = v2 + B.y° (B — 0 khix - 0) (0.5d)
2.2 2.2
= limf(xy) = lim ——2—@-a) =0vi [ =2 <lig_a—s0
A— A=»l) X +y X +y4 2

y— y—0

= k = 0 thi f(x,y) lién tuc. k # O thi f(x,y) khong lién tyce tai (0: 0) (0.5d)

DE 2 (GIAI TICH I - K52)
(thoi gian: 90 phiit)

Caul(2.54d)

]
a) Tim gidi han lim (cosx —sin? x)“"§™* .
x—()

b) Cho ham s& f(x} = (1 - x)* In(2x - 1). Tinh d'® f(1).
Cau I1 (2,5 d)
a) Chimg minh ring néu a + b + ¢ = 0 thi phuong trinh ax* + 2bx +2c =0

¢4 nghiém trong khoang (0; 2).

b)’l‘lmcgctricﬂahém562=x+y—L.
Xy

CaulIll (2,5d)

a) Tim pidi han lim [COS—T[—+2cc>52—ﬂ+...+ncosE L .
A 2n 2n 2n ) p?

b) Tim a dé tich phan J.c_’arc:g(l —x)dx dat gid tri nho nhat,

b4

CaulV (254d)

1
a) Tinh I| x |(1+arctgx)* dx .
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b) Xét tinh jién tuc tai (0; 0) cia ham so

yarcig?x - xarctgty
f(x.y) = x*+y?

khi (x:y) =2(0:0)
k khi (x;y) =(0.0)
DAP AN
Cau I (2.58)

. . ) ot p2x lim u\lgzx-ln(cus x-xin? 13
a)I= hm (sinx ~cos® x)}"¢ " = et =

x—»l1

fncvs n=stn 2 x)
I ——

3

x -l [Tt
= e £ (0.5d)
o m —tmavaxemx L LIV NN
1 ; e"‘“ (Cosx=sim= 020 e x - el—'“ls‘nq(cusx—\in x) (O.Sd)
fm —(l+'_'cu.\x)cm\x
m————— ———
1 = cx—m 2(cos x+an” x) = c—.\/l (O,Sd)
Ciéch khidc:
¥ d
( calgTx {tos x—sm= x~1})
1= lim (l+cosx—sin2 X—l)un\-x-.\m‘x—l =
=)
hm (e x-vn® x—l)culgzx
= el—»il -
. . 2 )
hoac Inl = lim cotg“x-In(cos X —sin” x) (0.5d)
x—=

Dura vé dang % 4dp dung L Hospital hoac thay thé VCB tuong duong

(0,5d)
Kétqua 1= e V? (0.5d)
by PatU=(x- 1. V=ln@x - )= £3)= Y cruves,
k=0
UM =0vk22valU()=0,0(1)=0,U"=2 (0,5d)

V' =2.02x - D)L V=22 -.02x - )72
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= V™= 2% 1)(=2)..(=n + 1).(2x - D)™
= €9 1= L2220 (1) T = dMf(1) = — €327 Trax™

(= ~90.2%.71dx %) (0.5
Can 11 (2.5¢)

3

a) Ham F(x) = &

+bx® + 2cx lién tuc. kha vi ¥x va

F'(x)=ax'+2bx +2¢: F(0)=0: F(2)=4a+4b + 4c =0

= F(x) thoa man Rolle trén (0; 2] (0.54)
= 3x, € (0: 2) sao cho F'(x,) = O hay phuong trinh
ax’ +2bx +2c=0cd nghiém x, € (0: 2) (0.5¢)
b) Ham s6 xdc dinhxy#0.Z', =1 + +; Z'y=1+ 1 (0.54)
x%y xy’
Z, =0 x=-1 -2 1 -2
=9 o s 2y =— 2y =—— (2], =—= (0.5
{Zy =0 {y.—._l x‘y y x2y2 yy xy"
2
Tai (<li-1)tac6 A= -2, B=-1,C= 2= |5 ~AC<O
A<O
Diém (-1:-1) 12 diém cuc dai (Z,, = -3) (0,5d)

Cau III (2,54)

a)Taco §, = cosl+2cosg—n+...+ncosﬂj—l—‘ =
2n 2n 2n

wn
a
lll

ZL.COS[E.L]L (0,50)
n 2 n)n
f(x)= xcosgx lién tyc trén doan [0; 1]
1
= {imS§, = Ix cosgxdx =1 (0.54)

n=po
O
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514

1
= 3[1—3] - 2nd (0.58)
2|, n n 12

0
a ) i + o
I'(a) + o - = Ka)dat GTLN khia=1 (0.5d)
1(a) el ~

Cau 1V (2,54)
|

a)l = J-lxl (1 + 3arcigx + 3arcig?x +arcig’ x) dx
A

kbl )
o J-[x] (3arctgx +arctg ' x)dx = (0.5d)
-
!
[= I|x|(1+3arctg x)dx= 2 x(1+3arctg x)dx =
0

= I(l +3arctg?x) dx (0.5d)

0

!
1
== )(2|U +‘3,'|‘arctg2xd(x2 +1) =

2arctgx

Il

1+3[(x2 +l)arctg2x| J'(x e ]:(nhudé n

(x* +1)

2
=1= 1+3| 2~ m2 (0.5d)
8 2



Céch khac:
1

I 0 ! 0
a)l= I = j +.{ = J‘—x(l+arctgx)3dx + Ix(l+arclgx)3dx (0.5d)
-1 -1 ¥ -1 0

Fx) = Jx(l+arctng‘dx = %J(l + arctgx)idx2 =

= % x2(1 + arcigx)’ - Ix2d(1+arctgx)3 (0.5d)

Tim dugc nguyen ham F(x)
2

= 1=-F),+Fo, = 1+3[%-§+1n2] (0.54)
b) arctg’x = x* + a.x’ (ot = 0 khi x - 0)

arctgly = y2 + By (B = Okhix > 0) (0,5d)

1,2 2,2
= lmf(x.y) = lim Y — (e~ ) =0 v | -2 <li@-p>o
x‘+y 2

x={ x—=0 y +y

y—0 y—0

= k = 0 thi f(x,y) lién tuc. k = O thi f(x,y) khéng lién tuc tai (0; 0) (0,5d)

pE 3 (GIAI TICH I - K52)
{thdi gian: 90 phit)
a) Tim gi6éi han lim

(sinx-sin\11+x2)

b) Tim GTLN va GTNN cda ham s6 Z = xy(3 - x — y) trong mién kin

Caul (25d)

0<x<2;0<yc<2.
Caull 2,54)
a) Cho ham s6 f(x,y) = x¥. Tinh d* f(1;1).

(arcsin x)" <:osl khix#0
X

b) Cho ham s6 f(x) =
0 khix=0

515



Tim 8 nguyén k d€ £*(x) lién wc tai x = 0.

CauIl1 (2.5 4)
a) Tim gi6i han lim\:cotg“‘x J.xz sin tdtl
1=+

U J

b) Cho hinh phing D gi6i han bai y = vx arccotgx: x = [ va hai truc toa
d6. Tinh thé tich vat thé V tao bai hinh D quay quanh truc Ox.

CaulV (2.5d)

3e+200
Tinh {'(x). (x).
2

{
(=
a) Cho ham s6 y = f(x) x4c dinh bai 4
fy=te
b) Xét su hof ty cua tich phan suy rong JM dx

2xIn(l + 2vx )

PAP AN
Caul (2.5d)
, Xx+Vl+x? . x-vI+x’
a) I = lim 2cos sin
x—® 2 2
2 -
=2]imcosx+ ’1)+x sin -1 (0.5d)
= 2(x+\/1+x2]
2
Vi cosx+ Lrx <{va limsin———ﬂ—=0:>1:0 {0.5d)
roe 2(x+Vl+x2J

7' =3y-2xy-y? =y(3-2x-y)
b) Z = 3xy — xly - xy’ = Y 2y yo=y Y (0.5d)
Z, =3x-x" = 2xy =x(3-x-2y)

1

2 =0 ,
Trong D = (0;2) x (0;2) he {Z,‘ -0 ¢ 1 diém dimg (1:1): Z(1:1) = |
=

(0.5d)
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Trenbitnx =0.(y=0)=>7Z=0.
Trénbién x =2, (y=2) = Z =2y - 2y*. v € [0:2]

maxZ:Z(l)=
Y \2

minZ=72(2)=-4

N | —

Vay rén D ta cé maxZ = 1. minZ = —4. (0.54)
Caull 2.5y
) £, = 2y xP7 Yy = 2xInx, £y = 2y T

= 2xP7 + 4y 3 nx, £y, = Ax¥(1nx)? (0.5d)
=, (11) = 2, £, (1:1) = 2, £, = 0 = d’f(1:1) = 2dx* + 4dxdy (0,54)

b)OZxe (-1

- k-t
. .4
= {'(x) = M— -COS— + (arcsmx)k- -l—z-sm— (0,5d)
1 -x? X X X
. 1
(arcsinx)* .cos — “) 1
f'(0) = lim—— % = limx*'.cos— (vi arcsinx ~ x)
x—»() X x—() X

= I O)>k>1vaf(0)=0 (0.5d)

. kel
l . + Y
Véik> 1= lim <) ol 0 himfx) =£(0)=0
x—>} 2 X x=(
1—x
NN
= limﬁmvsin-l— =0 1'1mxk_2.sinl =0ok>2.

x>0 X< - X x—l) X

Vay f'(x) lientuc tar x = 0 & k > 2, (0.5d)

CaullI 2.5 d)

X X
t2 sin tdt Itz sintdt

ayl= lim*——— = lim&——— (1gx ~ x khi x - 0) (0.5d)
X Ig X x—) X
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. 2 X
1E im 292 _ L Ginh vien c6 thé tinh it sintar. sau a6 mei L.
A0 4y 4 :
ding cho di€m t8i da) (0.5d)

518

I !
b) Ap dung cong thitc V = . J‘xarcco[glxdx = %jarccorgzxclx2 (0.5d)
0 1]

1
==X J’arcco(gzxd(x2 +1) =
2 {

e —
U av
I
I
=T (x2 + L)arccotgle + f(xz + 1)de = (0.5d)
2 oy x? +1
2 2 !
= E[[21[——ﬂ—]+2J-an:<:0rgxdx} =
2 16 4
4]
N
_n -’ 2 {
=Sl * )(arccotgxlu-t-jx-x2+l
n| —n? n PN
== +2—+In{l+x )l =
21 8 4 o
_ 2 2 3
] B SO OO IS . L. (0.50)
2 8 2 4 16 2
CaulV (2,54)
it 2,12 t
a)f'(x) = _dl = c_iﬂi_ = € _ (0,5d)
ax 3+2.31 3
" l: I2
(x) = df'(x) _ 2te 2te (0.54)

dx  3.(3+6t1)  9.(+2Y)

0

o)1 = l'[cosx—cosm( Icosx-cos2x

x+ | ——————dx =1, +1,,Théit
Jx i1+ 2%) Ix? In(L +2vx) ?

< cal val, hoitu (0.5d)



l 2s.in—3ix-sin~’2S
I, = |—%— %~ dx.
1 by x? ln(l+2~,/;)

. 3x X 3x x
2sm—sm§ 2?»2— 31
Vif(x) = ~ = =~ —= (khix > 0)
xIIn(1+2dx)  x22dx 4 Jx
Yl
ma |—dx hoitu = I, hoi w (0,5d)
=

+ao

~ J‘ COS X — COS 2X
x2 In(1 + 24x)
tu = [, hoi tu tuyét déi.

dx.Khix 2 1tacé | f(x)] < % va jlzdx hai
1 X Ix

VayI,. L hoi ty = Thdiw (0,5d)

DE 4 (GIAI TICH I - K52)
(thdi gian: 90 phit)
Caul(2.54d)
a) Tim gigi han lim [cos«/x-l —cos VX +1 ] .
b) Tim GTLN va GTNN ciia ham s8 Z = x* + y* + x + y trong mién kin
gidihan boi x +y+2=0,x=0,y=0.

Caull (2,54)
a) Cho ham s6 f(x,y) = y™*. Tinh d2 f(1;1).

eo 1o

b) Cho ham 6 f(x) = (arctgx) " sin " khix#0
0 khix=0
Timn s6 nguyen k dé £*(x) lién tye tai x = 0,

Cau IIT (2.5 d)

n/2
a) Tim giéi han lirr({(g"x J‘(R—2t)costdt}.
a
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b) Cho hinh phing D giéi han bai y = s/;arctgx: x = | va hai truc toa
d¢. Tinh thé tich vat thé V tao bé&i hinh D quay quanh truc Ox.

CaulV (253

_ \
a) Cho ham s6'y = f(x) xdc dinh bai {© '~ ° . Tinh £'(x). £(x).
y=2t-e*
2sin x —sin 2x
b) Xét sy hoi wu cua tich phan suy rong I————d .
x* 11 +3vx)
DAP AN
Caul(25d)
\/x 1+«/x+l sin J;—I—Jxﬂ
aYI= lim|-2sin =
X—>al 2
- tim| s YXTLESRAL G D) (0,5d)
x> 2 Ix-1+Jx+1 |
IXZLAVRHL) s fimsine—— =0
2 | T T aee Rolexel
=I=0. {0.54)
Z;=0 = — 2
b)Z', =2x+1,Z',=2y+1 = 3 _, = X t
Z, =0 y=-1/2

11 1
SR 0.5d
Z{ 2 2] 2 0>

Trenbieny =0 = Z(x)=x>+x,x € (-2,0)
{twong wr x = 0) {max Z=7(-2)=2
=

) (0,5d)
minZ=2Z(-1/2)=-1/4

Trénbien x +y+2=0 = y=-x-2=Z=2C+4x+2=2(x + 1)’

Vay maxZ = 2. minZ = -1/2. {0.5d)
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Caull 2S5 q)

a) ', =3y"Iny, £, = 3xy™".
M = 3%y ™(ny)2 £y = 9xy*'Iny + 3y™'
',y = 3x(3x - DY y™™?
= (1) =0, (L) =3, P, (L) =6
= d?’f(1;1) = 6dxdy + 6dy’

b) (Tuong ty dé 3)

k-1
x#=0 =>f'(x)= k(aLrgx)__ i ———IT(arctgx)" cosl
%% +1 X x X
(arcrgx)k sinl 1
0= tim——— % = fimx*' sin—
x—0) X x=»{) X

= O ok>1vaf’'{0)=0
(arctgx)k l
_..co

Vaik>1= Iimf'(x) = lim-
x—() x={ X X

x— ) X

Vay £'(x) lién tuc tat x =0 & k > 2,

Cau ITI (2,5 d)
a)Tacol = lin}‘tg"x =0
n/2 n/2
lim I(n—2t)cos tdt = I(ﬂ—2t)cos wdt =T (hitu han)

x=>(}
x

x—0

/2
=N 1im[ng-‘x- I(n—2()costdt] =0

X

1
b) Ap dung céng thic V = 7. J-xarc(gzxdx = % Iarctgzxdxz
0 4]

= lim(—xk'z cos l] = F(0)=0k>2

(0,5d)

(0.5d)

(0.59)

(0.5d)

(0.54)

(0.5d)

(0,54

(0.5d)
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n
=3 Jarclg xd(x® +1) =
()]
= Il x? + Darcig? x I(&nzm‘gx (0.5d)
2 x2+1)
12 ! )
T 7 |
V= —| — -2| arct - dx =
2| 8 [ gxl" Jx x%+1 J
2 3 2
SN R g o F_x  Rln2 | (0.5d)
21 8 2 16 4 2
Can IV (2.54d)
2 ‘
a) f'(x) = 9 e =21 -¢Y (0.5d)
X 1+e'
‘ i
£(x) = df* (x) - 2e (0.5d)
dx l+e'
: 2sin X —sin 2x T2 sin x - sin 2x .
b= |[————dx T T dx =], +L,Thdit
';{x Y in(1+ 3vx) lj.x-‘ (1 + 3vx) L
o cal,val,hoitu (0,5d)
2
2sinx —sinx 2x-£ 1 1
Khi x — 0 ta c6 f(x) = — -2,
Clal+3vx)  x*3vx 3 Vx
J'—dx hoi tu = 1, héi (0,54)
Khix>1= lf(x)| < = J—dx hoitu = I, héditu
x'
= Thoiw (0.54)



DE 1 (GIAI TICH I - K53)
(thai gian: 90 phdat)
Cau1(2.5 d)

a) Tim gidi han lim (sinx)'gz‘A

A=/2
b) Tim gi4 tri 16n nhat va nho nhat cua ham s6 f(x) = n - Ix? - 6arccotgx2.
véi-1<sxs 3.
Caull (2,5d)
a) Tim cye tri clla ham s6 Z = 3xy - x' - y".
b) Phuong trinh x + 2y + z = ye'’ xdc dinh ham 4n Z = Z(x.y). Tinh dZ(0:1).
CaulIll 2.5d)

N

jln(l ~20)dt

a) Tim giéi han lim = -
x>0 xsin x

Jx

4! _2!

b) Xét su hoi tu ciia tich phan suy réng I
13

Cau IV (2,54)

2/
a) Tinh I
1/1

dx

x23x+0)?

b) Chitng minh ring véi moi x > 0 ta cé

3arctgx + arctg(x + 2) < 4arcig(x + ).
DAP AN

Caul(2,5d) .

n{sim x)

wle lim (gllln(.\inx) x—I:.:.II 3 L

. . . o ]

a) lim (sinx)® ¥ = g2 =e CHETX(G) = (0,5d)
«—x/2
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unx
m - - -

_ ot /2 «mx2uxl;.u L/an® x = C-ll;‘
3
— x -1
b) f(x) =~ 6x = & 2X4=—6x- — =0 © x=0.x=%]
1+x X +1

f(0)=-—2T[. f(il):—:&— 12(._ f(i/g)=_3_\/§

So sanh cac k&t qua trén = Max f(x) = -3 - —: Min f(x) = -

oA

Cau I1 25 &)
:VWAN —?y 3xi 7', = 3x —3y =

{ = XI=O. y|=0

X, =1 y,=1
7", =-6x. 2" =3. 2", = -6y.
Tai (0:0) = B* - AC> 0 => (0:0) khong la di€ém cuc tri.
Ta(l:l)>A=C=-6B=3=
. {32 ~AC<0

= (1:1) la diém cyc dai. Z,,,, = 1
A <O

)Pt Fxyz)=x+2y+z-ye"' =0=Z(0:1) = -
F,=1-yze". F' =2-¢" F, 6 =1-xye"
= Z'(0:1) = =2, 2’ (0:1) = - | = dZ(0:1) = —2dx — dy

Cau III (2.5 d)

3
X xz

jmu ~204dt Iln(l —21)dt

al=lmt —  _ fim2— [0 _—l:
x=0  yxsint x (VCB~) x-30 x?

. 2xIn(1-2x?%)

= llm—‘
x— () 4X-

=) (=2x2

= lim _2x (=2x7) =-]

x =0 4x°
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{0.5d)

(0.5¢)

(0.5d)

(0,5d)

(0.5¢)

(0.54)

(0.5d)

(0.5d)
(0.5d)

(0.5d)

(0.5d)



L4

b)I—I J--I+I2 [hoiww < cal, val, hoi .

0 |

Vx Vx

Khi x — 01a¢é f(x) = - = —
2*2* -1) xIn2 In2

N dx . .
Vi j 3 hdi tv = [, hétw

(»x

+
Ux 2 1 tacé f(x) < -1;—.v%1 ’[Lxdx hoitu =
i

= I, héitu (& I héi tw) = T héi tu

CaulV(2s5d)
ayPatt=3x=>1I= 3J
]

((+1)

1 ] l
(r+1) t o+l
1

Tacéd

= f(x)s —— = L2+ L 2[1__]

e+t (e’ t

2
=1-3-1- Lo [’”] = 3(3+2zn—
t o1+1 t 1, 3 4

b) Céch 1:
B.di1 < f(x)=VT ~VP<O0. vx>0.
4x* +25x% +34x +4

f'(x)=..=
(l+x)2[1+(x+2)2}[1+(x+1)2]

= f(x) ddng bién (0, +x). Vi lim f(x) = 3— + 5 —45 =0

x> +1

= f(x) < 0. Vx> 0. (dpem)

]=2+ 6ln2
4

>0,Vx>0

{0.5d)

(0.5d)

(0.5d)

(0,5d)

(0.5d)

(0.5d)

(0.5d)

(0.5d)
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Cach 2:
3 ] R .
Bdi o= Zarctgx+zarctg(x+2) < arctg(x +1) (*). Ham s6 f(1) = arctpt

cOf'(y>0. f(1y< O ¥x >0 /\p dung b.d.t ham 161 trén doan [x: x+2] =

VT(*) < arctg[%x X +2} = arctg[x +%] < VP (dpcm. (0.5d)
Cach 3:
Bdt o arctg(x +2)—arcig(x + 1) < 3 (*). Hai ham f(t) = arctg(t + 1) va

arcig(x + 1) —arctgx
g(x) = arctgt thod man dinh ly Cauchy trén [x; x+1].
f'(c) _ 1+c?

= 3¢ € (X X+1)sao cho VI(*) = —— = 2
g'c)  1+(+c)

< 3 (dpecm) (0,54d)

(hodc 4p dung Lagrange).

DE 2 (GIAl TICH 1 - K53)
(thoi gian: 90 phiit)

Caul(25d)

V143 Y+ 4x -1
2) Tim giéi han lim .
a0 “ —X - 1
b) Tim gia tr 1dn nhat va nhd nhat cia ham s6 f(x) = 2n + Ix? - 6a:ccotgx2.
vai-Y3 <x<1.
Cau Il (2,5 d)
a) Tim cuc trj clia ham s6 Z = x* - y' - 3xy.
b) Phuong trinh xe”” = 2x — y — z xac dinh ham 4n Z = Z(x,y). Tinh dZ(1;0).
CauIll (2.5 d)

1
X

Itgtdt

a) Tim gi61 han Iim -6
-0 x 2 In(l+x*)
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\

b) Xét su hoi tu cia tich phan suy r0ng

(I

CaulV (2 3d)

a) Tinh I

272 X (3x
b) Chitng minh ring vai moi x > 0 ta c6

2arccotgx + arccotg(x + 2) > 3arccotg(x + 1).
DAP AN
Caul(25d)

V1+3x Y1 +4x -1

a)I = lim =

x=5{) )] —-x =1

= lim \/l+3J~Jl+4x J i Jl+3x 1
x—= () ,/1_ l x——b(l ,“ X - l

Khix - 0. Yi+ax -1 ~ 2 5
n
Vi+3x-x .. «x

= = lim————+lim—=-2-2=-4 (0,5d)
x—0 X x— X

2 2
4_

2 =6)c-x.1 1=Oc>x=0.x=il (0.5d)
f+x X" +1

£(0) = 2. f‘(+l)—3+  P-Y3)=3 (0.54)

(0.5¢)

byf'(x)=6x- 6-

So s4nh cdc k& qua trén = max f(x) =21, mun f(x) =3 + % (0,5d)

Cav 11 (2,5 d)
a)Z', =3x"~3y,2', =-3y’-3x =

=x? =0, =0
:{y X C)[x' Yi (O\Sd)
0

x+x* = X; =-1,y,=1
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2" = 6%, 27, = -3, 7", = -6y.

Tai (0: 0) = B? - AC > 0 = (0; 0) khong !4 diém cuc tri. (0.54)
Tai(-1:11)>A=C=-6B=-3=>B - AC<0vaA<O,
= (~1:1) la di€m cuc dar. Z,,, = 1. (0.5d)
b Pi o Fixy2)=xe - 2x+y+z=Z2(1:0) =1
F'o=¢"-2: Fy=xze¥ + 11 F',=xye” +1 (0.5d)
= Z2',(1:0) =+1: 2’ (1:0) = -2 = dZ(1:0) = dx - 2dy (0.5d)
Can I11(25d)
J(gtd( I(gtdt
: 3x2egx”
ayl = lim — = lim - EQJ £ i (0.5¢)
xoll oy © ln“+x4)(") =) X6 O x—() 6)((
=) 'S
2 fim X x 1 (0.5d)
=0 Gy 2
a s | _a
byl = J'_‘/—"_“ - j + j =L+ = Theiw <
0 9 -3 0 (
<> cal val, hoi . (0,54)
1 1
Khi x = 0, f(x) = J; ~ J;:~l— 1?.
31%3*-1) xIn3 (a3 ¥~
rd
vi [ boinu =T hoi (0.54)
9] X
x>, f(x)si‘ Id—x hoi tu >
X h 3K
= I; héttu (val, hoi tu) = Thoéitu (0,5d)
CanlV (254)
_ *oat
a)Datt=3x—l:l=3J‘ﬁ (nhu dé 1) (0,5d)

l(t+l)t
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1 I 1 I 1
ftys ———— = —+ - 2[———] 0,54
(t+1)2t2 12 (1+1)2 ( )

2
1= 3(~1-L+21nﬂ]
tot+i t

b) (Tuong tu dé 1)

=2+ 6ln% (0,5d)

Cach I:

Bdte=f(xX)=VT-VP>0, Vx>0,

3 2
£x) = - 2x7 +15x +26x+7<0.‘v‘x>0 (0.54)
C Yy Yo )

= f(x) nghich bién (0, +). Vi lim f(x) =0+0-0=0

X=>+m

= f(x) >0, Vx > 0. (dpcm) (0,5d)
Céch 2: (trong ty dé 1)
£2(x) < 0. Ap dung b.d.t ham 16i =

VT > arccot g[x +§] > arccot g(x+ l) (dpcm). (0,5d)

Céch 3:

Ap dung dinh 1y Cauchy hoic Lagrange (nhu dé 1)

arccot g(x+2)-arccotg(x +1)
arc cot g(X +1) —arc cot gx

Bidto

<2 (™).

2
VT(*) = l+—c2 <2 [c € (x.x+])], (dpcm) (0,5d)
l+(1+c)

DE 3 (GIAI TICH I - K53)
(thdi gian: 90 phit)

Caul(2.54d)
—
a) Tim giéi han lim YSAX—vsinx

x=n/2 coslx
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b) Tim cuyc tri claham s6 y = (x3\/4 + x)2 .
Cau Il (2,5 d)

a) Dang vi phan todn phan cla ham s6 d€ tinh gdn ding gia tri bi€u thic
1n[0,02+3/1.03 ).

b) Phuong trinh y(z-s/x2 ~z)= -2 x4c dinh ham 4n Z = Z(X.y). Ching
- : 1 ] 2714
minh rang —2, +y“Z, = 2.
X

Caulll (2,5d)

a) Tinh Iarc cotgv2x~1dx.

b) Tinh dién tich mat rén xoay tao bdi dudng tron (x + 3)? 4+ y2 =]
quay quanh truc Oy.

Can IV (2,54)

sin x(sin X + cos x)

n/2
a) Tinh j

dx.
1+ sin 2x{
-n/2
2 4_ 2
. ' X +ax” —-sin“ x Khix=0
b) Tim a d€ ham s6 f(x) = {  x? In(1+x?) kha vi tai x = 0.
0 khix=0
DAP AN
Caul (2,54)
a) Cich 1:
cos X _L cos X
Jsin x — 3fsi , [s; 3 3_/‘-"1
[= lim YSMX=VsIX (OVL' ym M (0,5d)
x> /2 cosix 0 x—1/2  2cosX(-sinx)
12 1 1
. 3/ ~ 4 -1
I= lim 2+sin x ‘3\/smx —1= 2 3 = 1 (0.5d)
x—ml2 -2sinx -2 12
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Céch 2
e - - (N -1
Part= VYsinx = [=1lim = lim = —

-0 -2 =L (Nt ++ )y 12

Ciéch 3: (Nhan lién hgp — dat) (hoac 4p dung L’'Hospital)

2 3(4+x)+x
b)y‘=2x1‘}(4+x)2 +x2. =2x- =0
Wa+x 3V4+x

& x=0, x=-3& Ay'(-4) (0,5d)
X -4 -3 0
y' | - Il + 0 - 0 + (0.5d)
y N 7 ~N el

D Yoa =Y =y(0) =0y, =y(-3)=9 (0.5d)
{Chu ¥: khong xét téi x = -4 cho 16i da 0,5d).

Cau IT (2,5¢)

a) fxy) = nfe+ Yy ). Ldy x, =00 yo= 15 Ax =002 Ay = 0,03,

A = f(X,+ A% y +AY) f(X6¥a) = In(0+1) =0 (0.5¢)

L

1
= ——, = ——— = L,y =1 £ (XY= =~ (05d)
X +y T 3(x+iy) ( ’ 3

A = (X, +AX. Yo+ AY) = f (X0.¥0) + £(XoYo)- AX + £y (X0.Y0). Ay =

—0+1-002+ §.0,03=0.03 (0.5d)
-2xy 1
by FFi= —— . F,=z- x?-z, F, y{l+7J (0.5¢)
2Vx? -z ' 2Vx° -z
2
— —y(z—dxz—z)
L, Wxi-z | ... =262
PR S T T
%
1+ - |+ ———— L+ - -
Wx? -z 2Wx? -z 2Wx? -2
= Z , + Y2, =2 (dpcm) (0,38
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Cau ITII (2,5d)

) Datt= V2x-1 = x= - 2” =

2
= I= Iarc col gtw = % Jarccot grd(t2 +1) (0.5d)

1 2 2 —l
= — tpt)(t D-—la +1)- dt| =
2{(2““03)( 7 I( ) 1+1? ]

= %[Zxarccotgs/Zx-l +v2x -1 ]+C (0.54)

b) Dién tich S cén tinh bing téng dién tich do 2 nira dudng tron

* ‘/l—y2 .y=-3+ y1-x? quay quanh Ox.

2
y2 =2 (0.54)
1=-x-
! 2
S, duguaou‘:y=—3+\/l—x2 =8§,=2n w-3+\/l-x2 [+ X 2c!x
R 1-x
! 2
S, duge lz_xon]yz—f&—\/l—)(2 =S§,=2x ﬂ-3— 1-x2 X 2d)(
. 1-x
-1
(Thay y bing x va x bang y) (0.5d)

1
:>S:S]+Sz=2nIG

1
- Vl—’(z

dx = 12 arcsinx|' = 12n* (dvdt) (0.5d)

Cau IV (2,54)

%2 d w2
A= J sin? xdx _sin” xdx sin X cos X x =1, + I, (nhut dé 4),
l+|sm2xl I+|sm2x
-1 ~nf2
fx)1e =1, =0 (0.54)
R/2 . ) n/2 )
_ d
fixychan=> [, =2 J‘—Su = IM; (0.54)
) 1+|sin2x | J (sinx +cosx)



2 oo 2
S1,=2 _%31; jde:
o (sIn X + cos X) a (sinx+cosx)2
x/2 [ ( r/2
- m
= ‘———n—dx = —2—‘COI g[x+—w =1 (O\Sd]
o 2sin?(x+-) N -
4
b) f(x) kha vi ta1 X = 0 <> 3 | hiru han =
2 42 2 4 .2
_ 1imx +1ax sin” x _ limx +ax® —sin® x (0.5d)
=0 ) n(f+x?y ) a0 x*
[a+l]x"+0(x5)
x¢ < 3
sinfx=x"- — +0(x") = I= lim~—2~4 |
3 x>0 %*
- {
I hitu han < a=—§ (0.5d)

DE 4 (GIAI TICH ! - K53)
(thoi gian: 90 phiit)

Caul(2.54d)

a) Tim gidi han lim(cosx)*'&* .
x={)

b) Tim cuc tri cita ham s6 y = (xi/8+x)z .

Caull (2.5 d)

a) Dung vi phan toan phén clia ham sé dé tinh gin ding gid tri biéu thuc
V9D + 8¢

b) Phuong trinh x(z-,/y-* —z): 3 xac dinh ham 4n Z = Z(x.y). Chiing

L 1
H 2 ! ’ —_—
minh rang x°Z\ -—7Z, =-3.
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Cau Il (25 d)

a) Tinh |aretgy2x + 1 dx.

b) Tinh dién tich mat rdn xoay tao bdi dudng tron (x + 4 + y* = {

quay quanh truc Oy.

CaulV (25 d)

/2 . -
a) Tinh J‘ osx(cos‘x—smx)dx
l+|sm 2x|
-n/2
2 4 2
o A Xx“+ax” ~In(l+x7) Khix =0
b) Tim a dé ham sd f(x) = x"(ez‘ -1
0 khix=0
kba vitai x = 0.
DAP AN
Caul(2s5d)
lim ug2x-ln(‘ S X} bm Inteosx)
ay[ = lim(cosx) ™5™ = gD = ' 7" wh (9] L
x—() 0
ll]‘n =-sinx -
x—0 08 x-2 g ____|_
- e €O X-2(gx cont x = c—m
2 2x
b)y' =2xY(8-x)? +x?-=. = [3(8—x)—x]=
3 ¥s-x  3e—x
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_ 8x(6-x)

T 3Ygex

X

8

1

y

0 6
-0+ 0 -1 =+

~ I N 7

= Yo = YO = Y(8) =0, Ypur = ¥(6) =36¥4

(Chu y: khong x€t tdi x = 8 chao 0,54d).

(0,5d)

(0.5d)

(0.5d)

(0.5d)

(0,5¢)



Cau 1 (2.5d)

/ Xy =2= Ax=-0,03
a) f(x.y) = Vx? +4e? ; { ! — A :3[(1‘97)2 +a.eMb

Yo =0=Ay= 006

= f(Xu+AX~}’n+Ay) = f(X..,&".) + ' (X Ya)AX + f‘y( X Yo)Ay (0.548)

2x 4¢’
f'l = f‘y = —— ™
3Y(x? +4e?)’ 3Y(x? +4e%)?
1 1
= (" (XoYo) = ;« f’y(xm)’u) = ‘3‘ 0.5d)
DA= 2+ %-(—0,03)*— %'0.0622.01 (0.5d)

b) P.t & F(x,y.2) = x(z—\/y" —z)—- 3=0,

2
F‘,=z—\}y"'—z.F‘y=L_y.F‘,=x 1+-——,z: (0.5d)
2’)’_‘_2 A

-3
x(z-ﬂy"—z] ol
17» -3 L, 2y -z
= xZ,= - I = I . —22 v= —I__
L+ 1+ - y 1+ =
2Vy ' +2 My -z Wy -z
= x'Z', + LZ‘,=-3 (0,5¢)
"

Cau III (2,54)

2
a)Patt= Yy2x+l = x= ‘ 5 1 Jdx =tdt =

aut+1 1 ¢ 2
S EJ'mgtd(n +1) (0.5d)

= I= J-arr:(gl
1 2 2 di 1, 2
[= —|(arcig) (1 + )= [(t* +1) ——| = =" + Darcrgt —t|+-C =
2[( g0’ + - [¢ )MZ} 2[ gt

= %[2(x+l)a.rctg\/2x+l—d2x+l ]+C (0,5d)

535



b) Dién tich S cin (fnh bing téng dién tich do 2 nira dudng tron
x = -4t y/l-y? quay quanh Ox.

2
x? =Y (0.5d)
l—y2

S, duge tao tlr x = ~4+ Ji-y? =S, = 2n I]—

S, dugc tao try =~4 - \/1— = S, = 2n ”—

(0.5d)

=>8=8§+S5,=2n JS dy =16 arcsiny|l_l =160 (dvdt) (0.5d)

Joy-y?

Can IV (2,5d)

mie 2 e €OS X sin X
ayl= J _COS X gy J—,—dx =1, - L.
l+|sm2x| l+|sm2x1
2 2
Vifyx) = —2XM0X e 1,20 (0.5d)
1+|mn2x|
cos® x M costx
Talaic6 )= —=2 X thin= =2 | —> 2 4x =
L+{sin2x | l+[sm2x|
mi X f cos” x
=2 J cos’ j _eostx (0.54)
l+51r12x bs (sin x + cos x)?
sin’ xdx
biatx = ——t = I,=2 J-—--——
2 (sin x + cos X )
+cos? x e 1 A\
32[11_:2-[.511&_([)(:2 4dx=-—c0(g(x+—j
(sin X +cos x) 4 0

n
0 2sin?(X+—
4)
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> 2[=1+1=2 > 1=1,=1 (0.5¢)

b) () khi vi tai x = 0 & 3 lim LO=FO) _

x— X

x2+ax® —n(1+x2)

= lim - = | hitu han
x o Vet =)
x > 0= x*e”™ - 1)~ 2x°. (0.5d)
. [%+a}x4+0(x<)
In(! + x> =x- 2 +0(x") = 1= lim
pi ol e
Zlhftuhan < a= —% (0.5d)
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